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Abstract

The use of Biot theory for modelling ultrasonic wave propagation in porous media involves the definition of a ‘critical frequency’
above which both fast and slow compressional waves will, in principle, propagate. Critical frequencies have been evaluated for
healthy and osteoporotic cancellous bone filled with water or marrow, using data from the literature. The range of pore sizes in bone
gives rise to a critical frequency band rather than a single critical frequency, the mean of which is lower for osteoporotic bone than
normal bone. However, the critical frequency is a theoretical concept and previous researchers considered a more realistic ‘viscous
frequency’ above which both fast and slow waves may be experimentally observed. Viscous frequencies in bone are found to be
several orders of magnitude greater than calculated critical frequencies. Whereas two waves may well be observed at all ultrasonic
frequencies for water-filled cancellous bone at 20 °C, it is probable megahertz frequencies would be needed for observation of two

waves in vivo.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Ultrasonic techniques for the non-invasive detection
of osteoporosis have received considerable attention
during the last decade. There has been an increasing
tendency to move from empirically based approaches to
those that have a sound theoretical foundation [1].
Cancellous bone is a complex material that demands
sophisticated approaches if the basic phenomenology is
to be modelled adequately. Among the models that have
been discussed in this context is that of Biot’s theory
for porous media [2]. A detailed summary of its appli-
cation to bone has been given by Hughes et al. [1]. The
theory distinguishes between propagation in low and
high frequency ranges, which are divided by a ‘criti-
cal frequency’. However, a second parameter called the
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‘viscous frequency’ may be of greater practical value.
The present note discusses the evaluation of these fre-
quencies for normal and osteoporotic cancellous bone.

2. Viscous skin depth and the critical frequency

An essential element of Biot’s theory [2] is the pre-
diction of the propagation of two types of compres-
sional wave in porous media. In the first (fast) wave the
fluid and (porous) matrix are locked together and move
in phase. The locking can arise through the action of one
of two dynamic coupling forces: viscous or inertial. The
second kind of wave (the ‘slow’ wave) requires relative
motion between the fluid in the pores and the matrix.
Biot’s theory assumes that the motion of the pore fluid,
relative to the solid, follows Poiseuille flow.

A viscous fluid in Poisecuille flow in a cylindrical tube
is characterised by a parabolic velocity gradient in a di-
rection perpendicular to the tube wall [3]. For stationary
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pore walls, in general at a distance y from the wall, the
fluid velocity parallel to the wall, #, is

o 1/2
i = Uhmay €XP [J'w’_(Hj)(Z_:) y] v

for maximum velocity, #,.x; fluid shear viscosity, #; fluid
density, p; and angular frequency, w. If the wall oscil-
lates harmonically in a direction parallel to the length of
the tube, a disturbance is set up in the fluid. This has the
form of an harmonic wave travelling in the y direction
whose amplitude decays exponentially with distance
from the wall. For different profiles of viscous flow,
boundary layers are often based on the distance where
the velocity attains a certain percentage of its maximum
value [4]. For Poiseuille flow in a porous medium the
characterising boundary layer is known as the viscous
skin depth, d, and is expressed as

d = (2n/wp)"? (2)

The viscous skin depth is frequency dependent. Poiseu-
ille flow only occurs when the viscous skin depth is
greater than the pore radius, ». The assumption of a
parabolic flow profile fails when the skin depth is equal
to or less than the pore radius. The equality therefore
represents a key condition that occurs at a particular
frequency known as the ‘critical frequency’, e,

Werit = 2’7/,0”2 (3)

Fig. 1 summarises the frequency regimes for Biot’s the-
ory, which is applicable at wavelengths much longer
than the pore size. In the low frequency range (o < e
for d > r) Poiseuille flow occurs. The locking of fluid
and solid motion arises from the fluid viscosity, resulting
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Fig. 1. Frequency regimes in Biot’s theory, showing regions differen-
tiated by the value of ratios between viscous skin depth, d, wavelength,
A; pore radius, r.

in propagation of a fast wave. The relative motion of
solid and fluid required for slow wave propagation
cannot be realised in this frequency range. The oscilla-
tion of the matrix yields a disturbance in the fluid
characterised by a diffusion equation [5].

Above the critical frequency (w > wig, 4> 7, d <)
Poiseuille flow is not established. The relative motion of
the solid and fluid is not impeded by viscous drag so that
the slow wave can propagate. In this regime viscous
coupling is dominated by inertial coupling which locks
the solid and the fluid together, as required for fast wave
propagation. Inertial coupling occurs when a solid body
accelerates in a fluid and drags with it an additional
body of surrounding fluid. The amount of fluid involved
in this process depends on the porosity and surface area
of the matrix. Biot discussed the effect in terms of a
parameter called the tortuosity. The latter is a key factor
and various expressions have been derived for its eval-
uation [6-9]. Many relate to matrix geometry, whilst
other factors introduce frequency dependent effects.

Thus above the critical frequency both fast and slow
waves will propagate and may, in principle, be observed.
In practice however, Johnson and Plona found that in
some porous media, the slow wave could only be ob-
served if the viscous skin depth was considerably less
than the pore size [5]. They devised a second limit,
known as the ‘viscous frequency’, Wyiscous»

21
pr2l®
where ( is the scaling constant with an empirically de-
rived value of the order of 0.01.

4)

Wyiscous =

3. Evaluation of the critical frequency and phase velocities
for cancellous bone

Egs. (3) and (4) show that changes in both matrix
geometry and fluid viscosity, #, will affect critical and
viscous frequencies, mqi; and wyiscous- The analysis above
uses a single value for the pore radius. An individual
skeletal site will contain a range of pore sizes, and such a
range will result in a critical band rather than a single
value of wgs;. Furthermore, there is a variation in the
average pore sizes between individuals in the popula-
tion. Mellish et al. [10] gives mean values and standard
deviations within groups of 15 females, with typical pore
radii of 285+50 pm for young normal bone, and
4554130 um for aged or osteoporotic bone. Such
variations will result in a range of w; between, and
within, population groups. Another effect is that the
presence of interstitial marrow rather than water (the
usual in vitro case) significantly affects ultrasonic prop-
agation in bone, owing to its higher viscosity [11,12].

Fig. 2 shows the viscous skin depth as a function of
frequency for water at 20 °C (y = 0.001 Pas [13]), and
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Fig. 2. Viscous skin depth versus frequency, for marrow at 20 and 37
°C and water at 20 °C, with means and standard deviations of pore
radii for normal and osteoporotic bone.

Table 1
Critical frequencies for normal and osteoporotic group, in bone with
different fluids

Critical frequency range (mean)

Normal group Osteoporotic group
3.3-6.9 Hz (4.5 Hz) 0.1-2.9 Hz (1.4 Hz)

156-341 Hz (224 Hz) 48-148 Hz (76 Hz)
490-1042 Hz (705 Hz)  143-451 Hz (231 Hz)

Water at 20 °C
Marrow at 37 °C
Marrow at 20 °C

for marrow at 20 and 37 °C. Since viscosity values of
human marrow were not available, values for bovine
marrow at 20 °C (y = 0.15 Pas) and 37 °C (n = 0.05
Pas) were used [14]. In all cases a fluid density, p, of
1000 kgm~3 was assumed. Also shown are the means
and standard deviations (within population groups) of
pore radii for normal and osteoporotic bone. The ranges
of weit, calculated from Eq. (3) are given in Table 1,
whilst corresponding values of wyiscous are the table
values multiplied by a factor of 10*. Fig. 3 shows fast
and slow wave phase velocities evaluated from Biot’s
theory using the method in Ref. [9], for normal bone
filled with water or marrow at 20 °C. Each wave is
represented by two curves: at 1 MHz, the upper curve in
each case is for osteoporotic bone, whilst the lower curve
is for normal bone [9].

4. Discussion

Clearly, changes in pore size and the interstitial fluid
viscosity both affect the critical and viscous frequencies
in bone. First, the greater the viscosity, the higher are
these frequencies. For normal bone, in theory, both fast
and slow waves will propagate in cancellous bone at
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Fig. 3. Phase velocities of fast and slow waves predicted by Biot’s
theory for cancellous bone at 20 °C: (a) water filled (b) marrow filled.
Each wave is represented by two curves: at 1 MHz, the upper curve in
each case is for osteoporotic bone, whilst the lower curve is for normal
bone.

frequencies above about wgj = 700 Hz. However in
practice, their observation may require working fre-
quencies significantly greater than this. For the usual in
vitro condition (water-filled bone at 20 °C) both waves
should be seen above about wyiscous = 40 kHz (i.e. most
ultrasonic frequencies). In contrast, the in vivo case
(marrow-filled bone at 37 °C) yields myjscous = 2 MHz.
This emphasises the importance of the presence of
marrow in vivo when attempting the clinical application
of in vitro results. Since the in vivo limit is above the
bandwidth of clinical testing (200-600 kHz), it could
explain why fast and slow waves have not been con-
firmed in vivo. However, the fact that both waves were
seen in vitro at frequencies below wyiscous = 7 MHz in
marrow-filled bone [1], is a reminder that Eq. (4) is an
empirical rule.

Second, larger-pored osteoporotic bone yields lower
values of wqy and yiseous than normal bone for the
same fluid conditions. However, the curvature of the
graphs in Fig. 2 (on a logarithmic scale) causes the range



368 E.R. Hughes et al. | Ultrasonics 41 (2003) 365-368

of we¢rir Within a population group, to be narrower for
osteoporotic bone, even though pore distributions are
wider than for normal bone. In the case of a spread of
pore size at a specific skeletal site, where there exist
bands of w¢i and wyiseous, the only statement that can be
made with any certainty is that onset of slow wave
propagation will be expected to occur above the upper
limit of a band, determined by the small-pore sizes in the
distribution.

The variation of critical and viscous frequencies with
pore size suggests the idea of an instrument with care-
fully controlled detection levels and specific frequency.
With this, the detection of a slow wave could, per se, be
used as a positive indication of a certain level of oste-
oporosis (measured in terms of mean pore size).
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