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1. INTRODUCTION

Many engineering structures have complex geometric and physical properties which are
subject to statistical uncertainties. For a specific set of values of these properties, the finite
element and boundary element methods can give a deterministic solution at low frequencies.
As the frequencies of interest increase, large computation effort may be needed to obtain good
accuracy. In general, such a model can not represent real structures because it is merely one
member of an ensemble and the results are valid for that model only. Due to statistical
uncertainties of the geometric and physical properties there is little value in detailed

information. Thus simple methods giving qualitative characteristics need to be developed.

Such an alternative approach is to use statistical energy analysis (SEA) which is widely used in
the noise and vibration field to study structures, such as spacecraft, ships, buildings and
automotive vehicles. SEA is a powerful technique in which structures are characterised at high
frequencies and high modal overlap using only a few global parameters for each subsystem,
e.g. the mode count, the damping loss factor, the coupling loss factor (CLF) and the input
power. There are, however, many uncertainties and potential errors in using SEA, as for

example Fahy and Mohammed [1-2] and Mace [3] have investigated.

The CLF, which is used to define the transmission of energy from one subsystem to another, is
one of the most important parameters used in SEA. It should be realised that it is a statistical
quantity. The “actual” CLF is defined in terms of an ensemble average and as such it is not
uncertain once this ensemble of systems is defined. However, the “effective” CLF for a given

realisation (member of the ensemble) differs from the statistical average.

Once the subsystems have been defined and the respective CLFs are correctly obtained, then
SEA is very straightforward. However, there are many methods, numerical, analytical or
experimental, to evaluate the CLF. Conventionally the CLF between two structures, such as
two plates, is obtained by anaiysing the wave transmission for semi-infinite structures [4-6] or
by a modal approach [5]. Finite Element Analysis has also been used to study the CLF for
specific systems at low modal overlap by several authors [7-9]. The CLF obtained from the
wave approach generally overestimates the actual value at low frequencies (low modal
overlap). Significant fluctuations with frequency are also observed in this low frequency

region.
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2. THEORY
2.1 SEA Theory

In the SEA approach, a system is modelled in terms of the power which is input, dissipated and
transmitted between subsystems. The power balance equations for two conservatively coupled

subsystems | and 2 excited separately one at a time, as illustrated in Figure 2.1, can be

expressed by [5]
B, =Ry + By =0(nE +n,E -m,E,) @.1)
0=P) 4o + B, =0 (n,E, +1m,E; —1,E} ) (2.2)
By = Pl + B 0 (mE +n B -moE?) 3
0= By + B =0 (NE +15E ~ 14 E; ) (2.4)

where P;, and Py, are the time-averaged input and dissipated powers, P, (=-Py;) is the net
power transmitted from subsystem 1 to 2, 1; and 1}, are the internal loss factors, E; and E, are
the total time-averaged energies, and 712 and 7)z; are the coupling loss factors. The superscript,
1 or 2, means the excitation is applied to subsystem | or 2 and *“ ~ ” denotes an ensemble
averaged quantity. The “actual” CLFs are defined in terms of this ensemble average. The
equations (2.1) - (2.4) also hold for individual realisations, in which case the CLFs are replaced

by ﬁl.j , the “effective” CLF.

l R}in l P22.in

1 1
R,=-F, £ P P, =-F; R

2, tot 1, tot 2, tot

i ! l 1 l 2 l 2
H, diss 132, diss E, diss PZ, diss

Figure 2.1. Two subsystem model
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B, —onE =P, -P. =P, 2.11)

Lin 1,diss
and

Pl ~wnE; =P

,in 2,in

— Py =P (2.12)

Therefore the “effective” CLF for a particular realisation of the system is given by

. a
{"m}m[ 5 _Ef} {P} @.13)
n?.l _El EZ })21

This is the same concept as performing “experimental” SEA based on the power injection
method [12]. Alternatively, exciting only one subsystem and using the reciprocity relation

(2.9), the CLF can be obtained from

. B N P
e = lZN Or 7}, = ?’12(60) (2.14), (2.15)
w1 E —-—LE, wsE,——1—E,
N, n, (@)

where N; and N, are the actual number of modes in a given frequency band and »;(w) and
nx(w) are the asymptotic modal densities. For example, the modal density of a simply

supported uniform isotropic plate can be approximated as [4]

1/2
n(@) = (% ](P‘Dﬁ] (2.16)

where § is the area of plate, p is the material density, # is the thickness of plate and
ER Y, I : ,
D :W is the flexural rigidity. Tt can be expected that equations (2.13) - (2.15) will

give different estimates of 7, . This will be evaluated in section 4.1.

2.2 Analytical result for CLF

For two-dimensional subsystems coupled along a line, the CLF can be estimated from

analytical results for semi-infinite structures {4]
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is related to the CLF, closely match the fluctuations in the spatially averaged point mobility of

the receiver subsystem. An empirical expression for the CLF at any frequency is given as [13]

Re(Y,)

Relt,) (2.21)

Tz =M.

where 7,,.. is the CLF for semi-infinite structures, Y; is the spatially-averaged point mobility

for the receiver subsystem and ¥,_ is the point mobility of the equivalent infinite system.

Although no derivation of this is given in [13], the relation between the spatially-averaged
point mobility and the coupling loss factor can be seen from the fact that the modal density can

be expressed by [5]
n(@w)=2mRe(Y )/n (2.22)
where m is the total mass. The reciprocity relationship (2.9) can thus be written as
Ty Re(¥,.. )m =1y Re(¥,. )m, . (2.23)

The real part of the spatially-averaged point mobility can be found by summing the

contribution from all modes given as [4, 5]

Re(Y(@))=Y a),.nm{l+[&—2] %H (2.24)

0 @ ;1

where @; is the resonance frequency of the ith mode. If the response is dominated by a single
mode, the peak mobility Y, where @ equals @, is given by

Y= (2.25)
wnm

which is real.

Thus the ratio of the peak mobility for a finite system ¥ to the real part of the mobility for the

equivalent infinite system Y, is obtained from equations (2.22) and (2.25)
Y 2 2

= = (2.26)
Re(Y)) monn(w) =nM
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Therefore, the lower limit for the CLF ratio is given by Craik ef al. [13] as

(ﬁij)mjn _ fg
Nijeo T

(2.33)

These relations will be compared in Chapter 5 with simulations for a two plate system.

2.4 Calculation of energies of coupled plates based on the Dynamic Stiffness
Method

In the present study, to obtain the energies and powers in equations (2.1 and 2.3), the dynamic
response of a two plate system is obtained by using the dynamic stiffness method (DSM) [10,
16-18]. This gives an analytical solution which is valid over a wide frequency range. The main
disadvantage is that it can only be used for particular continuous elements. For plate structures,
these must be simply supported on two opposite edges which must be parallel. The dynamic
properties of a structural component are determined exactly in the form of a frequency-
dependent dynamic stiffness matrix. The equations of motion of coupled subsystems can then
be solved to yield the dynamic response of the structure. In the current analysis, the in-plane
motion of longitudinal and shear waves as well as the out-of-plane motion is considered, since
bending waves and in-plane waves can be coupled at the joint between the two plates. The use

of the DSM for two coupled plates was presented in reference [10].

Since a point force excites components of vibration with different numbers of half-wavelength
r across the plate width, a study was performed [10] to establish how many components should
be included to achieve convergence of the solution. The maximum number of Fourier
components nmay 18 chosen such that all components with cut-on frequencies lower than the
frequency band considered are included [10]. The cut-on frequency of waves with Fourier

component # is given by

Tin : D >
=== = 2.34
fcut—uu Z(b] {ph] ( )

where b is the width of plate, D (= Er*/12(1-v?)) is the bending stiffness, p is the material

density and 4 is the thickness of plate.
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3. VALIDATION OF MODELS

This report concentrates on the power flow between two coupled plates. Initially, however,
some results are given for a single plate to validate the numerical accuracy or the correctness of

the formulation.

3.1 A single plate

As a preliminary study, validation was performed for a single plate model to examine the input
and dissipated powers. The single plate, as shown in Figure 3.1, is assumed to be simply

supported along two opposite longitudinal edges (y = 0 and y = b) in order to apply the DSM.

Figure 3.1. A single plate: width » = 1.0 m, length L = 0.5 m, thickness % = 3.0 mm, material:
aluminium (Young’s modulus E = 7.24x10"" N/m?, Poisson’s ratio v = 0.333, material density
0 = 2794 kg/im?).

3.1.1 Validation of the input power calculation for a finite plate

The input power, when a point force is applied at the centre of the left-hand edge (x = 0), was
calculated by equation (2.35) (see section 2.4) and compared with that for a semi-infinite plate
excited on its edge. For a harmonic force of amplitude F, the time-averaged input power for the

semi-infinite plate is given by

1, 2 1
) = — 3.1
B 2|F| Re{z } (3.1)

)

where Z_ is the impedance of the semi-infinite plate [4, 19] corrected by [20]

11
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as it is a quantity more amenable to measurement. This relies on the equality [15]
Ekjn = Est_rain = E (3.6)

where £ is the time averaged total energy. This is satisfied in a broad-band sense, but not

necessarily at single frequencies except at the natural frequencies.

In a steady state, the power balance between the predicted input power and the predicted
dissipated power should be satisfied. To investigate whether this is the case, the single plate
(Figure 3.1) was considered with a point force applied at the centre of the left-hand edge.
Figure 3.3 compares the input power with the dissipated power, the latter calculated from
either the strain or kinetic energy. The right-hand figures show the error in each case, and are

plotted against modal overlap factor, M = nw n(®), rather than frequency.

This shows that if the kinetic energy is used to calculate the dissipated power, the error in
regions of low modal overlap is'very large. The error decreases as the frequency increases due
to the higher modal overlap. On the other hand, the error produced when using the strain
energy is extremely small, within about £ 1 %, and these powers coincide very well. The
remaining error is due to the numerical integration. Thus, it is clear that the strain energy
should be used when the dissipated power is evaluated in the low and mid frequency range,
whereas the Kinetic energy is widely used because of simplicity, both experimentally and
analytically. It should be remarked that the current simulations use a damping model in which
losses are introduced by making the Young's modulus complex. In practical structures other
damping mechanisms may be present, such as friction at joints, which may be more related to

kinetic energy rather than strain energy.

13
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3.2 Two coupled plates with a point force applied along an edge

Two rectangular plates are considered, coupled at right angles, as shown in figure 3.4, and
simply supported along the longitudinal edges (y = 0 and y = b). A point force is applied first at
the centre of left-hand edge (x; = 0) of plate 1 and then at the right-hand edge (x; = L) of plate

2, in each case perpendicular to the plate surface.

o Ll
o v X
Plate 1 <
1
y
f V &J’CI ” Lz
pay T Fay
h D
Plate 2
¥
y P
b ﬁZZ
hy *2
—|
L b

Figure 3.4. Two perpendicular plates: width b = 1.0 m, length L; = 0.5 m, L, = 1.0 m, thickness
h1=30mm, k;=2.0 mm, the damping loss factor 7; = 717, = 0.1, material: aluminium
(You?g’s modulus E =7.24x10'"° N/m?, Poisson’s ratio v = 0.333, material density p = 2794
kg/m").

3.2.1 The power balance for two coupled plates

The input and total dissipated powers for the two plates as described in equations (2.5-2.6), are
shown in Figure 3.5. Here only flexure is considered, in-plane motion being suppressed. These
powers were evaluated at frequencies spaced equally on a logarithmic scale such that three
points are contained in each one-third octave band. The results are then converted to one-third

octave bands. The input and dissipated powers coincide very well, within less than + 1 %.
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location of the applied force, on plate 1 or on plate 2, coincides well with the power dissipated

for the respective receiver plate. As above, the error is less than £ 1 % in the range considered.
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(a) The dissipated power for plate 2 for excitation on plate 1; —, Pq, and the coupling power;
---, P12, and the error between them.
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(b) The dissipated power for plate 1 for excitation on plate 2; —, Py, and the coupling power;
---, P33, and the error between them.

Figure 3.6. The dissipated power for the receiver plate and the coupling power between two
plates.
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Table 3.1. The natural frequencies of in-plane vibrations for the receiver plate.

Length Width Thickness )
Natural frequencies [Hz]

L [m] b [m] h, [mm]

0.3 1.0 2.0 608.1, 2530

0.5 1.0 2.0 867.6, 2509

1.0 1.0 2.0 1188, 2203, 2899

2.0 1.0 2.0 1368, 1571, 2203

4.0 1.0 2.0 1423, 1440, 1695, 1932

0.5 1.0 3.0 871.8, 2501
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4. CLF AND RECIPROCITY

4.1 The evaluation of CLFs using different methods

As described in section 2.1, there are a number of methods to evaluate the CLF; these are
compared here. By exciting one plate and taking account of the actual number of modes in
each frequency band, or using the asymptotic modal densities of the plates, the CLF can be
calculated by using equation (2.14) or (2.15) respectively. The actual number of modes in each
frequency band has been obtained from the determinant of the inverse of the dynamic stiffness
matrix of each individual uncoupled plate for the various Fourier components n. The mode
count for the two uncoupled plates is presented in Figure 4.1. These are summarised in Table
4.1 - 4.2. A simply supported boundary condition is imposed at the edge normally joined to the

other plate.

(2) (b)

10

Number of modes per band
Number of modes per band

g1 O i

3 2 3

1/3 Qctave Band Centre Frequency [Hz] 1/3 Octave Band Ce(-)ntre Freguency [Hz}
Figure 4.1. The mode count for two uncoupled plates; (a) plate 1 and (b) plate 2; —, the
number of modes counted from the “frequency function” (i.e. det (K')=0); —, asymptotlc

modal density from equation (2.16).

Alternatively, the CLF can be directly evaluated by using equation (2.13), in which case each
plate has to be excited in turn. These results have been calculated with 400 randomly selected
forcing points on each plate, which will be explained further in Section 4.5. The input power,
transmitted power and dissipated power are calculated at discrete frequencies (three per 1/3
octave band) and averaged into 1/3 octave bands before applying equations (2.13-15). The
results of these three methods are compared in Figure 4.2 with the conventional CLF estimate

obtained from the wave transmission approach on semi-infinite plates, .., equation {2.17).
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Table 4.2. The number of modes for plate 2 (1.0 m xX1.0 m, A, = 2mm) with 3 simply supported
edges and one free edge in each 1/3 octave frequency band from n=1 to 15: fi = lower
frequency, f; = centre frequency, f, = upper frequency of band.

S
g B S : simply supported edge
F: frec edge
S

i | f fo [1]21314[5(6|7|81910 |11 |12 |13 |14 |15 |sum
447 | 5 | 562

562 | 63 | 7.08 |1 1
7.08 8 8.91

8.91 10 11.2

1.2 | 125 | 141 | 1 | 1
14.1 16 17.8

17.8 20 22.4 | I
22.4 25 28.2

282 | 315 | 355 |11 2
35.5 40 | 447 1 i
44.7 50 56.2 1)1 2
56.2 63 708 | 1 1
70.8 80 89.1 112 4
89.1 | 100 j 112 [1|1|1]1 4
112 125 141 |1 1f1]2 5
141 160 178 1 121 5
178 | 200 | 224 |1 (111112 7
224 1 0250 | 282 |1 {14{111|1]|2]3 10
282 | 315 | 355 |1{1|1]1|1]|1}2{3 11
355 | 400 | 447 | 1j1[1H|1 (112121213 14
447 | 500 | 562 |11 (21211 |1}|23]| 4 18
562 | 630 | 708 |1 (1 |1j2(1|2|2|2|2| 3 {4 22
708 | BOO ¢ 891 |2 |2(1i1|2(|1|2|2|2| 21} 3 4 29
891 (1000 | 1120 (1 {ti2(2|2(212|2(|2| 2|3 4 16| 2| 36
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energy ratio. These peaks correspond to peaks in the CLF in Figure 4.2. Over nearly all
one third octave bands, the receiver plate has a lower energy level than the source plate, see

Figures 4.3 (c) and (d).

: (a) (C) —_ ES (piatet)
~10°t i = p ---E {plate?)
w AL I — g e ST 1
c -
W 5 -
2 -10
10 : . 10 : .
10;3 10° 10° 10' 10° 10°
1/3 Octave Band Centre Frequency [Hz] . 1/3 Octave Band Cenire Frequency [Hz]
r . 10 . .
(b) (d) — Es (plate2)
100t i - -.- E (platet}
o o ~ 2 r
u 810°F .- R N N ]
i &5 Tl
2 =10
10 : L 10 s .
10! 107 10° 10' 10° 10°
1/3 Octave Band Gentre Frequency [Hz] 1/3 Octave Band Centre Frequency [Hz]

Figure 4.3. The ratio between the energy of the receiver plate and that of the source plate and
the energy of each plate; (a) and (c): plate 1 - the source plate, plate 2 - the receiver plate, (b)
and (d): plate 2 - the source plate, plate 1 - the receiver plate.

The energy results are related to the global modes of the coupled plates, especially the peaks in
the energy ratio occurring at lower frequencies, where global modes may occur (see Figure
4.3 (a) and (b)). Figure 4.4 shows the frequency response function for the two plate system (a)
and the uncoupled plates (b and ¢) with each plate simply supported at the joint. In
Figure 4.4 (a), the first and third peaks at approximately 6 Hz and 14 Hz result in peaks in the
energy ratio when plate 1 is excited (see Figure 4.3 (2)) and in 7j,, (see Figure 4.2 (a)). These
peaks correspond to the two resonances of the uncoupled plate 2 (see Figure 4.4 (c)). The
second peak, at approximately 12 Hz, results in a peak in the energy ratio when plate 2 is
excited (see Figure 4.3 (b) and in #,, (see Figure 4.2 (b)). This 12 Hz peak corresponds to first
resonance of plate 1 (see Figure 4.4 (b)). Thus the CLF estimates at low frequencies, which
correspond to the first few modes, are dominated by the uncoupled modes of the receiver plate.
It is also possible that the source plate may also affect the CLF. This will be investigated

further in a subsequent study.
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4.3 Effect of plate thickness on high frequency asymptotic behaviour

In the previous sections the results obtained for two finite plates were compared with
equivalent results obtained for two semi-infinite plates, and it was shown that the results
converged at high frequencies (see Figure 4.2). Nevertheless some discrepancies remained. In
this section the results are compared at high frequencies for a range of plate thicknesses. Plate
1 is fixed at #; = 3 mm and plate 2 is varied between A, = 0.949 and h; = 9.4%9 mm.

In order to compare these results for finite and infinite plates more readily it is more
convenient to express them in terms of a transmission efficiency 7; rather than a coupling loss
factor 7;. The reason for this choice is that 7; is independent of frequency and also of plate
dimensions"'(other than thickness). The equivalence between the two parameters is given by
equation (2.17) for the infinite plate case. Here equation (2.17) is used in reverse to infer an
equivalent transmission efficiency 7 for the finite plates. The finite plate results comprise the
average over the frequency range 400-4000Hz, to give an approximation to the high
frequency asymptotic behaviour. The finite plate simulations are based on two square plates
with width » = 1 m and length L = 1 m, joined at a right angle. In-plane motion is not included
in this section. The infinite plate results are the angular averaged transmission efficiency for a
right angle joint (see [4] and Appendix A).

Figure 4.5 compares the results. Although good agreement is found for dissimilar thicknesses,

there is a discrepancy when k; = h;.

10° . 10

B ] S 107

t‘l
-
o
Ty

—— infinite plates infinite plates
framn,, . fromm,,

+

167! hl%’z 10' 107 ’711%:2 10
Figure 4.5. Comparison of the transmission efficiencies for finite plates with the angular
averaged transmission efficiency defined by equation (2.18); ——, the angular averaged

transmission efficiency, + +, the transmission efficiency obtained for finite plates.
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4.4 Reciprocity relationship

The reciprocity relationship, described in equation (2.9), is not assumed in the "numerical
experiment” method of equation (2.13). The difference between n1,, and n,7,, was examined
and the result is presented in Figure 4.7. The ratio n,1,, /ny),, for the two coupled finite plates

fluctuates at low frequencies and converges to 1, as expected, as frequency increases.
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Figure 4.7. Comparison of the reciprocity relationship for two coupled plates obtained from
numerical experiment and with that for plates using the semi-infinite plate coupling loss
factors; —, AT}, === Myfly; -.s MiMi2e and M2Thi. 1y and np are the asymptotic modal

densities of plate 1 and plate 2 obtained from equation (2.16).
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The confidence intervals were examined for these 6 different sized sets of forcing points.
Figure 4.9 shows the mean values and 95% confidence intervals for these different sets. It can
be seen that the confidence intervals are large for small numbers of forcing points and reduce

as more points are taken. They are not strongly dependent on frequency.

Figure 4.10 shows the range of the 95% and 67% confidence intervals relative to the mean
value, for three particular frequency bands (100, S00Hz and 1kHz). This shows, for example,
that using a single excitation point (set size of 1) can be expected to introduce an uncertainty of
up to 10 dB (i.e. £5 dB) in the CLF. As the number of forcing points increases, the CLF

estimates become more reliable, so that for a 95% confidence interval of £1dB at least

10 points should be taken.

Figure 4.11 shows the variation of the mean values of the effective CLFs for these 6 different
set sizes. The mean value of the effective CLF for 400 sets of 1 is systematically higher at low

frequencies, but the differences become small as the set size increases.
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Figure 4.10. Relative 95% and 67% confidence intervals, (a} 7}, and (b) 7l,,, for different
number of forcing points, 400 sets of 1, 100 sets of 4, 50 sets of 8, 20 sets 20, 10 sets of 40 and
8 sets of 50 at three different frequencies; —, 95% at 100 Hz; -, 95% at 500 Hz; ——, 95% at
1 kHz; -o-, 67% at 100 Hz; -x-, 67% at 500 Hz; -a-, 67% at 1 kHz.
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Figure 4.11. The mean values of the CLFs, (2) Ty w20 (b) Tl mean » fOr different number of

forcing points; ..., 400 sets of 1; ---, 100 sets of 4; =, 50 sets of 8; ___, 20 sets 20; -a-, 10
sets of 40: -o-, 8 sets of 50.
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definition of the cut-on frequency and that of the modal density, equations (2.16) and (2.34),
i.e. fouron o< 17 and n(w) = 12

If the thicknesses of the plates do not vary but the lengths vary, the cut-on frequency for each
case is the same, since it is independent of the length of the plate. However, the peaks move to
lower frequencies as the length is increased, since the modal density is proportional to the area
of the plate, as shown in Figure 5.2 (a) - (b). If the width of the plate is varied, it affects the
modal density, n < § (=L b), as well as the cut-on frequency, feuton o< 1/b?, of the source or
receiver plate. Thus the peaks move to the right for every case in Figure 5.3 as the width of the
plate b is reduced. Figure 5.4 shows the CLF ratios for different damping loss factors, As the

damping loss factors of both plates increase, the variation in the effective CLF becomes small.

In general, for modal overlap greater than 1, the variation in the effective CLF is small,
although the effective CLLF does not always converge to that for the semi-infinite plate as the
latter does not take into account the in-plane vibrations. At low modal overlap most of the
results fluctuate considerably and fall within the bounds described in section 2.3. The
percentage of the values falling within these bounds has been investigated, discounting results
below the first resonance of either plate, and is shown in Tables 5.1-5.2. When the CLF ratio is
plotted against the geometric mean modal overlap factor M), this shows better agreement than

that against the modal overlap factor for the source or receiver plate. Virtually all of the results

fall within the slightly wider range fmin / 3 < f; < 37Jmax (the upper and lower bounds + 5dB).

There are two things under investigation here; one is the validity of the Craik's upper and lower
bounds and the other is to determine whether the variability in the CLF depends on the modal
propertics of the source subsystem, the receiver subsystem, or both the source and receiver
subsystems. It appears from the results presented that Craik's upper and lower bounds are a
useful measure of variability in the CLF, although the best agreement occurs when modal
overlap of both subsystems is taken into account rather than that of the receiver as proposed by

Craik. These issues will be studied further in a subsequent report.

35



9¢

(€€'Z ‘62°7) suonenbo wolj spunoq Jomof pue raddn
C— P60 - ST 1A OS] -0- Y681 “X- 18T “—I00'E - 18L7E V- CLY 0~ 166'S ibEL
L6 o (3 o @) puR By oo TS o000 = (@) ‘ZH p¢'L = 1Y) 616°0 01 6176
WOl soueA (senawyiu ur) g oeld Jo SSOUNDIY) dU) pue paxIy st (Wi ¢) | aerd jo ssouxony
o 10108y depzsao pepour oy isureSe panord (%y/ly) onel ssouyONy) Ioj onel 17 '1°S 21n31

[2'p7] J0108] dejianc [epow ueaw dmjewoad ayi jsurede papord oner I o) (9)

z1 b
o [ W]J:d?e; dejlano |9§)0E;tfosl.5€13.'\v 0l oL [?’ w]z:d?e; depano |epottjoal_ﬁmanv ol
T e OZ- F T i ol
i’;,” R
£
N 101-
A / ot R‘:j>
," / ) i /H n_};- _;
v, ! g
= S . ¢ 4 0 8
< v ! vy ‘a oy
‘e o2} @
' @ 3
Jor T -
o< 074
oyeld FoATa001 AU 10§ 10joe] defrsao fepous ays isurede panofd onel 1D Yl (9)
o1 [L{b{mxae} depano |:a_%ciw oL ol [z‘g\blmme; depano ]?_FE)OLW oL
. o (17 T e
10—
£ s
= =
B oy
G g ?
e B
3 @
oo T .
(674 o
91E[d 20IN0S ) 10] 1010e] d‘B[.IQAO [epoua a3y} 1811!‘332 lelO{d oner 4710 =243 (E’)
z
d 3
ot { [ﬂ}lmmei =TT |?_%0Lw Lot ot { ﬁBlJOlUB} depano |ﬁ%11w 01
. e 0g— T T 0c—
4 2>
= 5
v B
B B
3 &
0e

0g



204

= 1o}
= =
e @
[2a]
kel g
d 2 0
= =
ad -
o -
4 <«

1 -20 5 7 )
10 M]::%al overap iacmrl%ai 10
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(b) the CLF ratio plotted against the modal overlap factor for the receiver plate
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Figure 5.2. CLF ratio for length ratio (Li/L;) plotted against the modal overlap factor; the
length of plate 1 (0.5 m) is fixed and the length of plate 2 (in meters) varies from 1.58 to 0.158

(frntonl = 7.34 Hz, (@) = 0.0085, foyronz = 4.90 Hz and ny(@) o< Ly); -—, 1.58; -, 1.26; —

,0.79; -0-, 0.63; -a-, 0.50; -o-, 0.40; -x-, 0.32; -0-, 0.25; -v-,0.20; -+, 0.16; —, upper and
lower bounds from equations (2.29, 2.33).
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Figure 5.4. CLF ratio for different damping loss factors plotted against the geometric mean

modal overlap factor; —, n=0.03;—, n=0.1; -, 1= 0.3; —, upper and lower bounds from
equations (2.29, 2.33).

Table 5.1. The average percentage of values of 7}, /1, falling within the upper and lower

bounds when plotted against the modal overlap factor for the source plate M;, that for the
receiver plate M, and the geometric mean value (MMr)” 2

Parameter M, M, (MM

Thickness ratio 78 57 70

Tha/ Mo Length ratio 76 81 77
Length / width ratio 75 38 52

Thickness ratio 49 70 60

T/ .. Length ratio 65 78 74
Length / width ratio 32 68 52

(Unit: %)

Table 5.2. The average percentage of values of 7, /1, falling within the upper and lower

bounds * 5dB when plotted against the modal overlap factor for the source plate M, that for
the receiver plate M, and the geometric mean value (MSMr)”z_

Parameter M, M, (MSMF)” 2

Thickness ratio 98 98 98

Tlio /s Length ratio 97 97 97
Length / width ratio 93 71 74

Thickness ratio 88 97 95

T /M. Length ratio 92 97 96
Length / width ratio 62 95 84

(Unit: %)
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APPENDIX A: Expressions for the coupling loss factor between two plates

joined at right angles

A.1 Introduction

The whole area of coupling loss factors is a source of confusion to would-be users of SEA.
Even for the relatively simple case of two plates joined at right angles there are a number of
apparently conflicting results in the literature. This appendix surveys and compares some of

these results, for the case where in-plane vibration is assumed to be negligible.

A.2 Preliminaries

Consider two plates joined along a line of length L. They have thicknesses %;, areas S;, Young’s

moduli £;, material densities p; and Poisson's ratios v;.

The group velocity of bending waves in plate i,

Coi = 2¢p = 2(@ K; CL;")U2 (A1)
where k; = h; / V12 is the radius of gyration and
E 172
cy'= [———" > ) (A.2)
p;1=-v,")
is the longitudinal wavespeed. The wavenumber,

1/2 142 12 1 2 1/4
kaﬂz( @ ) ,—_(EJ_] ( pl( —V; )) (A3)
Cpi K.cp;' h, E,

i !

The asymptotic mode count (number of modes below frequency w),

Skl So12 _ Sw

_ (A4)
A Amhc,' 3.6hc,,’

N,(0) =

(see e.g. [24], page 489)

The asymptotic modal density of each plate is given by #(®) = dN/dw = dN/dk; . dk/dw
By definition, dk/dw = 1 / ¢,;. Hence from equation (A.4)
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NB The power transmission coefficient ;2 should be derived on the assumption of diffuse
incidence at the edge. In order to be consistent with equation (A.6) it is necessary for Ty # Ta1.

In fact

,\ 172
&_ anchSl _ h[CLl
(A.12)

hyepy'

Ty NucnSs

A.4 Normal incidence power transmission coefficient
Equation (A.8) contains the random incidence power transmission coefficient 7;;. Several of
the textbooks consider first the coefficient for normatl incidence, 715(0) for a line connection for

a right-angled joint.

Lyon [5], page 194, gives this in the form

AR'\_R',.
Tp(0) = ——=—*

(A.13)
|z, +Z",.]

where Z'i. 1s the line impedance of semi-infinite system i at the connection and R'.. is the real
part of Z';... For the case of two plates joined at an angle, the appropriate impedances are the
moment impedances (because the displacement at the connection is effectively pinned) of a
semi-infinite beam of unit width (variations across the width of the joint are eliminated by the
assumption of normal incidence). Thus, from [4] page 317

hoc, .
Z', z—pék' 2 (1- ) (A.14)

[

Substituting from equations (A.1) and (A.3),

52, 32
_ phTey

m‘W

1

1-7n (A.15)

Noticing that Z';. = (1-) R'is, equation (A.13) can be rearranged as

2
1 ' 2
R loo + R S
R,. R
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Figure A.1. Oblique angle power transmission coefficient for two plates of identical material
and different thickness ratios joined at right angles (based on equation (A.20), from [4]).

To obtain a diffuse field incidence power transmission coefficient from the above, it may be
assumed that energy is equally likely to propagate at all angles. Then the incident power is
given by

wi2 wi2

P,y= | cosOP, (©)d6 =P,.(©) [ cos6d6 =P, (6) (A.21)
0 0

inc.d inc

and the transmitted power by

xi2 wi2
B, = j T,,(0)cos 6P, (6)d8 =P, (0) j 7,,(0)cosBdO (A.22)
0 Q
Hence
w2
Tig = [ 71,(8)cos6dd (A.23)
]

Evaluating this numerically (in Matlab), curves are found for 724 and, by reversing &, and hy,

also for 7 4. These results are shown in Figure A2
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These expressions are compared with those computed above in Figure A.3. In fact equations
{A.24) produce expressions which satisfy 7124 = 7234, which is invalid according to equation

(A.6).

In Figure 4.11 of Craik [6] Ry2 is plotted. This shows a result which is asymmetric in hi/ha.
This suggests a mistake in Table 4.3 of [6]. Figure A.3 also shows the result of using equation
(A.24a) for all values of y. However, this function also does not satisfy equation (A.6) and is
clearly not intended. The numerical values given in Table 4.5 of [6] correspond to those of the
‘exact’ curve from equations {A.20) and (A.23). For hy/hy>1, equation (A.24a) gives results

which are within 0.03 dB of the numerically integrated results of Figure A.2, as also claimed in

[6].

10 — -
T
'|0-1 3
1072} ,'/ -
e — 742 from Cremer + Heckl
[ -+ 712 = 1 from Craik (table 4.3)
---= 115 from equation (24b)
-3
10 : . b
10" 10° 10"
/by

Figure A.3. Diffuse incidence power transmission coefficients for two plates of identical
material and different thickness ratios joined at right angles (based on numerical integration of
equations (A.20), (A.23) and on equations (A.24)).
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where &f, is the average modal spacing, which equals 1/27n(@). This means that equation {A.6)
is satisfied provided that the remaining terms are symmetrical when 1 and 2 are exchanged. It
has been seen earlier that this is the case for 7j2(0). The term Beor is a correction for the
damping effect of other parts of the structure and is not needed here. The term I, represents an
integral over angle of incidence, but it is not the same as equations (A.24). For the particular

case of bending waves in perpendicular plates, a ‘convenient curve fit’ for [, is given as [5}

L k 4k 4 i/4
] I S A27
’ 4(&;‘%;‘] e

Note that I}, is symmetrical in k/k,. Therefore equation (A.26) satisfies the reciprocity relation

equation (A.6).

In order to compare these results with the above, it is necessary to compare coupling loss
factors rather than power transmission coefficients. Selecting two plates of aluminium, a
frequency of 1000 Hz, and setting ~; = 0.003 m, S; = S; = ! m? and L = 1 m, the coupling loss

factors 1712 and 1y are as shown in Figure A.5.

Although the curves agree for low and high values of Aj/h,, there is a difference around the
peak of the curves. However, this can be attributed to the term 2—7,5(0) in the denominator of
equation (A.26). Replacing this by 2 leads to agreement within less than 0.08 dB over the

whole range shown.

The origin of this term, is that Lyon considers waves normally incident from a semi-infinite
undamped plate. If the incident energy is E;., the transmitted energy 712(0)E:.. and the

reflected energy [1—712(0)]Ein.. Thus the total energy in plate 1 is [2—712(0)) Eye.
On the other hand, Cremer and Heckl’s analysis is based on an underlying assumption that the

field is diffuse, that is that energy is equally likely to flow in any direction. This corresponds to

the case where the internal losses are greater than the coupling losses.
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