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The coherent processing of signals from multiple hydrophones in an array offers improvements in

angular resolution and signal-to-noise ratio. When the array is steered in a particular direction, the

signals arriving from that direction are added in phase, and any signals arriving from other direc-

tions are not. Array gain (AG) is a measure of how much the signal arriving from the steering direc-

tion is amplified relative to signals arriving from all other directions. The subject of this paper is

the manner in which the AG of an acoustic array operating in water that contains air bubbles is

affected by scattering from nearby bubbles. The effects of bubbles on acoustic attenuation and dis-

persion are considered separately from their effects on AG. Acoustic measurements made in bubbly

water using the AB Wood tank at the Institute of Sound and Vibration Research, University of

Southampton, in June 2008 show that as bubble density increases, relative phase shifts in individual

hydrophone signals increase and signal correlation among the hydrophones is reduced. A theory

and numerical simulation linking bubble density at the hydrophone to the AG is in good agreement

with the measurements up to the point where multiple scattering becomes important.
VC 2011 Acoustical Society of America. [DOI: 10.1121/1.3658473]

PACS number(s): 43.60.Fg, 43.30.Re, 43.60.Cg [EJS] Pages: 3812–3826

I. INTRODUCTION

It is well known that gas bubbles in water scatter and

attenuate sound and can greatly affect acoustic propagation

(e.g., Refs. 1 and 2). The magnitude of these effects depends

on the relationship between the acoustic wavelength and the

size of the bubbles, as well as the density of the bubbles. In

addition, when hydrophones are used in the vicinity of air

bubbles, scattering by nearby bubbles can alter the phase and

amplitude of the received signals. In this way, bubble scat-

tering can reduce signal correlation between hydrophones

and thus reduce beamformer and array gain, and that is the

subject of this paper.

The analysis presented here depends upon the following

assumptions. First, because the hydrophone spacing is much

smaller than the dimensions of the bubble cloud, we assume

that the bulk effects of the bubble cloud to attenuate signals

and modify sound speed are applied equally to all hydro-

phones. This means that bubble cloud-induced signal attenua-

tion and dispersion will not affect array gain as long as the

attenuation is not so great as to reduce signal power at the

array output to less than about 10 dB above the noise power.

Second, we assume that bubble-induced changes in hydro-

phone sensitivity affect all of the hydrophones equally. The

analysis here is applied to signal and noise power after trans-

duction and thus will not be affected by sensitivity changes

that have occurred equally to all transducers. If either of these

assumptions are not valid, then the effects of dispersion,

attenuation, and sensitivity changes could further degrade

beamformer and array gain in a manner that we have not con-

sidered in this paper.

Array signal processing (or beamforming) exploits the

spatial coherence (or compactness) of the signal and the spa-

tial incoherence (or spread) of the noise. Beamforming pro-

vides an increase in the signal to noise ratio when the signal

arrives from one direction only (i.e., is spatially compact or

coherent), while the noise or interference arrives from many

directions (i.e., is spatially incoherent or at least less coher-

ent). If necessary, the main beam of the array can be steered

toward the direction of the acoustic signal arrival either by

physically changing the orientation of the array or by adjust-

ing (delaying or advancing) each of the outputs from the indi-

vidual elements in the receive array so as to align their

phases. The array gain (AG) is a measure of how much beam-

forming improves the ratio of signal power to noise power rel-

ative to that at the output of a single hydrophone. Expressed

in dB, AG is 10 log10 of the linearly-expressed signal-to-noise

power ratio (SNR) at the array output divided by that at the

array input:3,4

AG ¼ 10 log10

SNRarray output

SNRarray input

� �
(1)

where

SNR ¼ signal power

noise power
: (2)

In general, power is the squared magnitude of the appropri-

ate bin of the discrete Fourier transform (DFT) of the output

of a hydrophone or the beamformer (a digitized voltage).

Signal power is obtained when signal is present at the
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hydrophones; noise power otherwise. Although AG is the

appropriate measure for quantifying array performance, it

depends upon the directional characteristics of the noise

field. Accordingly, we investigate the effects of bubbles on

beamformer gain (BG), which is the gain in signal or noise

power provided by beamforming, and then predict AG when

the noise is uncorrelated across the array. Equations (1) and

(2) can be combined to relate AG to BG:

AG ¼ 10 log10

signal power @ array output=noise power @ array output

signal power @ single hydrophone=noise power @ single hydrophone

� �

¼ 10 log10

signal power @ array output

signal power @ single hydrophone

� �
� 10 log10

noise power @ array output

noise power @ single hydrophone

� �
¼ BGsignal � BGnoise;

(3)

where BGsignal and BGnoise refer to gains against signal and

noise, respectively. In this paper the beamformer simply sums

the hydrophone outputs. Therefore, if the signal is perfectly

coherent across all hydrohones, the signal power at beamformer

output will be N2 times the signal power at the output of a sin-

gle hydrophone so that BGsignal¼ 10log10 N2 (N is the number

of hydrophones). If the noise is completely uncorrelated (i.e.,

the phase is random) across all of the hydrophones, then the

expected value of the noise power at the beamformer output

will be N times the noise power at a single hydrophone output,

so that in the mean, BGnoise¼ 10 log10 N. As an example, for a

three element array, perfectly correlated signal and completely

uncorrelated noise, BGsignal¼ 10 log10 (9) ¼ 9.5 dB,

BGnoise¼ 10 log10 (3)¼ 4.75 dB, and AG¼ 9.5 – 4.75

¼ 4.75 dB, which is equal to 10 log10 N. When the signal is not

perfectly correlated across the array, BGsignal will be less than

10 log10 N2. When the noise is not completely uncorrelated

across the array, BGnoise will be greater than 10 log10 N. In ei-

ther event, AG will be less than 10 log10 N.

The objective of this research was to understand and

quantify whether the effect of the bubbly wake on the AG pro-

vided by a line array of hydrophones towed at shallow depth

behind a surface ship would simply attenuate sound and thus

reduce SNR at all elements, or would there be, in addition,

some adverse effect on the AG? For example, would scatter-

ing by the bubbles add correlated interference to the array ele-

ments, or would it reduce signal correlation across the array?

The first step toward answering these questions was to

find an applicable theory. In a sufficiently diffuse distribution

of bubbles, acoustic propagation can be described using the

“first-order multiple scattering” model presented in Chapters

4 and 6 of Ishimaru.5 Single scattering is similar to the Born

approximation, in which the field incident on a bubble is

approximated by the attenuated incident field. The approxima-

tion is valid if at least one of the following conditions is satis-

fied. First, the albedo (ratio of the scattered power to the total

incident power) must be much smaller than one. Second, the

optical distance (the integral of bubble density times the

extinction cross section) must be much smaller than one.

Third, the receiver must have a narrow angle. The measure-

ments reported in this paper satisfy all but the third criterion.

The received field is composed of the coherent sum of an atte-

nuated direct path arrival and attenuated signals scattered by

each of the bubbles. Ishimaru postulates that the field scat-

tered by different bubbles is, on average, uncorrelated and

derives Eq. (6-11) for B(r1, r2) the spatial correlation of the

scattered contribution to the field at points r1 and r2. With the

further assumption that no bubbles are close to the receiver,

Ishimaru derives Eq. (6-17) (repeated below):

BðdÞ ¼ rs

2rt

ðp=2

0

gðc; hÞJ0ðkd sinhÞ sinh dh: (4)

Here d is the distance between points r1 and r2, J0 is the

zero-order Bessel function of the first kind, h is measured

from the plane between points r1 and r2, rs and rt are the

scattering and total cross-sections of a single bubble, respec-

tively, and c is the attenuation coefficient along the path to

the bubble (discussed further below). The function g(c,h) is

defined by

gðc; hÞ ¼ expð�cÞ � expðc= cos hÞ
1� j cos h

: (5)

Note that Ainslie and Leighton have provided corrected

expressions for the damping constants which are required to

calculate rs and rt.
6

An initial effort was to numerically integrate Ishimaru’s

equation [Eq. (6-11)] using random distributions of bubbles

in the volume separating the projector and hydrophone but

with no bubbles close to the hydrophones. This result

matched Eq. (4), thus validating that approximation.7 How-

ever, when bubbles were placed closer to the hydrophone,

the numerical result did not match Eq. (4). The spatial corre-

lation of the scattered field remained high despite increasing

hydrophone separation, which is inconsistent with the Bessel

function in Eq. (4). This led to a hypothesis that bubbles

near the hydrophones would add correlated interference and

thus reduce the gain normally provided by beamforming.

By good fortune, the Office of Naval Research was will-

ing to fund a direct measurement of bubble scattering effects

on an array in order to test the hypothesis and numerical pre-

diction. An opportunity to conduct the measurement was

provided by the Institute of Sound and Vibration (ISVR),

University of Southampton using the A B Wood acoustic

tank, which has been fitted with a means of generating

clouds of small bubbles.8
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In June 2008, an acoustic source and a 3-element hydro-

phone array were used to measure the characteristics of acous-

tic propagation as bubble density at the array changed.

Acoustic frequencies between 25 kHz and 35 kHz were

employed. As shown in Sec. III, the phase and amplitude of

the received signal with and without bubbles nearby indicates

that increasing bubble density at the array reduces the correla-

tion between signals received at the different hydrophones.

This result pointed to a mechanism that differed from

that predicted by the earlier numerical results, so the first-

order multiple scattering model was revisited. A numerical

simulation was developed to calculate the received signals at

the hydrophones by coherently summing the direct path and

bubble scattered signals. Bubbles were positioned randomly

around the hydrophones at distances reflective of the bubble

density. Section VI presents distributions of the phases of

the received signals calculated using the numerical simula-

tion. The agreement between the measurements and the nu-

merical results is discussed in Sec. VII.

Note that the AB Wood experiment included a separate

measurement to estimate the density of the bubbles in the

tank. Acoustic attenuation measured over several paths

through the bubble cloud and used to estimate the bubble

density integrated over those paths. A Gaussian spatial bub-

ble distribution was fitted to the integrated bubble densities,

and the bubble density at specific points within the cloud

was obtained. These results are presented in Secs. IV and V.

II. BEAMFORMER GAIN MEASUREMENTS

A. Measurement setup

The AB Wood water tank measures 8 m� 8 m� 5 m

(l�w�d). Figure 1 shows the measurement hardware, which

was positioned approximately in the tank center, near the

source of small bubbles located at the tank bottom. A means

of generating small (10 lm – 400 lm) air bubbles such as

those found in the ocean is an important capability of the AB

Wood facility. For example, see Fig. 5 of Ref. 8. Air bubbles

are generated using a venturi and then directed into a smaller

tank approximately 1.2 m� 2 m� 1.2 m in size which allows

the larger bubbles to rise to the surface. The water in the

smaller tank turns a milky color due to the many small bub-

bles. Bubbly water containing only smaller bubbles is then

pumped from the smaller tank into the AB Wood tank and

discharged through a diffuser placed on the bottom near the

center of the tank. The discharged bubbles form a roughly

conical cloud as they rise slowly to the surface. Although the

instantaneous distribution of the bubbles varies with time in a

random fashion, the statistics of bubble density are assumed

to be stationary in time.

The acoustic measurement reported here utilized a locally

manufactured directional acoustic projector pointed horizon-

tally and placed approximately 3 m from the center of the

bubble cloud and 1.9 m below the water surface. The projec-

tor provides relatively flat source level over a large frequency

band, varying by less than 15 dB from 25 kHz to 120 kHz.

The projector position was fixed, and the main beam was

directed toward the center of the bubble cloud. At 30 kHz, the

projector has a 3 dB beamwidth of 27.7�, and a sidelobe at

50� which is 24 dB down. In addition to the direct path

through the main lobe, the measurement geometry results in a

surface bounce path that leaves the transducer at 52� angle

and arrives about 1.2 ms after the direct path. This angle is

within the projector sidelobe, but the transmit level is 24 dB

lower than the main beam level. Thus the surface bounce path

is not expected to interfere with the direct path signal, and the

results shown below seem to bear this out.

FIG. 1. Geometry for beamformer

gain measurements. The upper panel

shows a view looking down on the

tank and the vertical hydrophone

array. Moving the hydrophone array

closer to the bubble cloud center

results in increased bubble density at

the array. The projector beam pattern

@ 30 kHz is shown in the inset. The

3 dB beamwidth is 27.7� and there is

a �24 dB sidelobe at 50�. The bot-

tom panel shows a side view of the

geometry. Details of the hydrophone

array are shown in the inset in the

bottom panel.
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A 3-element vertical line array of Neptune D140 hydro-

phones was located at the same depth as the projector and at

a variable distance from to the bubble cloud center. The

hydrophones are omnidirectional up to 160 kHz. To form the

array, they were spaced 0.025 m vertically, with the middle

hydrophone placed at 1.94 m depth. The array element spac-

ing is approximate (acoustic wavelength)=2 at 30 kHz, how-

ever the noise field was found to be correlated between the

elements at all frequencies used in the acoustic measure-

ment. Bubble density at the three element array was

increased (or decreased) by moving the array closer to (or

farther from) the bubble cloud.

The acoustic frequencies used in the array gain measure-

ment were 25 kHz, 30 kHz, and 35 kHz. About 120 transmis-

sions were made at each position of the array and at each

frequency. The transmit signal was a 3 ms pulse composed

of a 1 ms ramp-up, a 1 ms constant amplitude portion, and a

1 ms ramp down. Received signals were sampled at 250

kHz. A measurement made with the bubble generator off

showed little variability and thus utilized 24 transmissions at

30 kHz only.

Signals were transmitted with the vertical array posi-

tioned at four different distances from what was estimated

by eye to be the bubble cloud center: (1) 0 cm, (2) 30 cm, (3)

60 cm, and (4) 90 cm. Subsequent to the AG measurements

and as discussed in the next section, acoustic attenuation was

measured in the plane of the acoustic source and hydrophone

array in order to estimate bubble density, and the center of

the bubble cloud was found to be displaced about 30 cm

from the assumed location. This result has been accounted

for in the results reported here.

B. Measurement results

Figure 2 shows received signals at two distances the bubble

cloud (and thus, two different bubble densities). With the array

60 cm from the center of the bubble cloud (left panel), the am-

plitude and phase of the signals are very similar for all three

hydrophones. However, when the array is moved 30 cm closer

to the bubble cloud center (right panel), differences in amplitude

and phase at the hydrophones are evident. Note too that there is

no indication of interference by a surface bounce arrival.

FIG. 2. Signals received at hydrophones 1, 2 and 3 with the array at two different distances from the bubble cloud center. The right panel corresponds to a

higher bubble density at the receive array and displays larger phase differences between the signals.
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One set of acoustic measurements were made before

introducing bubbles into the tank and with the hydrophone

array positioned 60 cm from the assumed center of the bub-

ble cloud (had it been present). This result is referred to as

the “no-bubble” case. When no bubbles are present, assum-

ing all hydrophones have the same phase response, any dif-

ference in signal phase among the hydrophones is solely due

to array tilt. In the presence of bubbles, however, phase dif-

ferences could also be caused by superposition of bubble-

scattered signals at the hydrophone, or possibly by differen-

ces in sound speed along the two paths. However, because

the hydrophones are so close together (2.5 cm separation)

relative to the path length (2 m) and bubble cloud size (1 m),

we assume that sound propagating from the projector to the

two hydrophones passes through virtually the same medium

and experiences the same propagation speed and attenuation.

Bubble scattering is left as the primary cause of phase differ-

ences. Also, we hypothesize that since the bubbles are ran-

domly distributed in space, phase differences induced by

bubble scattering should average to zero. Thus, the mean of

measured phase differences, if non-zero, indicates that the

array is tilted. This is consistent with the observation that the

mean phase difference is seen to increase linearly across the

array (this result is not shown in the paper).

A measurement of maximum beamformer gain requires

that the array be steered in the direction of the arriving signal.

As shown in Fig. 1, the hydrophone array was attached to a

long rod suspended from rails laid across the tank opening.

This arrangement resulted in the hydrophone array sometimes

being tilted a few degrees from the vertical. The phones were

moved a number of times for different measurements and the

array may or may not have been tilted slightly for a particular

measurement. Therefore, when necessary, the mean phase dif-

ference was set to zero to correct for array tilt.

The discrete Fourier transform (DFT) method was used

to estimate signal phase using the 1-ms (250 point) constant

amplitude portion of each received signal.9 The complex DFT

coefficient X(m) taken from the proper frequency bin contains

the signal amplitude and phase. The power at a single hydro-

phone is the squared magnitude X mð Þj j2. The power at the

beamformer output is X1 mð Þ þ X2 mð Þ þ X3 mð Þj j2, where the

subscript indicates hydrophone number and signal phase

alignment to account for array tilt is assumed.

The upper four panels of Fig. 3 show individual hydro-

phone and beamformer output power measured at 30 kHz for

the no-bubble case. Panel (a) compares the power in the

received signal for the three hydrophones with the beam-

former output. There is no ping-to-ping variation due to high

SNR and no interference from bubble scattering. Panel (b)

shows the gain provided by beamforming when no bubbles

are present, which is the difference between the two lines in

panel (a). The measured value matches the theoretical predic-

tion of 10 * log10 (32)¼ 9.5 dB. Panel (c) shows the hydro-

phone and beamformer output power measured 10 ms prior to

the signal arriving. These levels represent the background

noise present in the AB Wood tank. From panel (a) the single

hydrophone signal power is about 40 dB, while (from panel

(b)) the single hydrophone noise power is about �40 dB, so

that the SNR for a single hydrophone is about 80 dB for this

no-bubble case. In panel (d) the solid line shows the beam-

former gain against noise, which is the difference between the

beamformer output and the (linearly) averaged hydrophone

power in panel (c). The beamformer gain against noise is

quite variable; the (linearly) averaged gain (dashed line) is

about 7.8 dB.

That BGnoise � 7.8 dB in panel (d) of Fig. 3 indicates

that the noise is not completely uncorrelated across the array.

The theoretical prediction for uncorrelated noise is 10

* log10(3)¼ 4.75 dB. Using Eq. (3), the mean AG calculated

for the no-bubble case is (9.5� 7.8)¼ 1.7 dB. The AG in

uncorrelated noise would be (9.5� 4.75)¼ 4.75 dB.

Note, that the mean measured AG is less than 4.7 dB

not because the signal is less than perfectly coherent across

the array, but because the noise is not completely incoherent

across the array. The source of correlated noise at 30 kHz in

the AB Wood tank is unknown, but it is virtually unchanged

for all of the measurements, with and without bubbles pres-

ent and regardless of the array proximity to the bubble

cloud.

The lower four panels of Fig. 3 show the signal and

noise power and beamformer gains for 30 kHz with bubbles

present and the array 30 cm from the bubble cloud center.

The signal levels at a single hydrophone and at the beam-

former output are significantly lower and more variable than

for the no-bubble case [panel (e)], but the noise levels (single

hydrophone and beamformer output) are not that different

[panel (g)]. The BGnoise is still about 6.9 dB [panel (h)], how-

ever the BGsignal has dropped to about 6.5 dB [panel (f)].

While the presence of bubbles close to the array has not had

much effect on the correlation of the noise, it has caused a

significant drop in signal correlation across the array. The

mean AG calculated for this case is �0.4 dB, which means

that the beamformer is actually reducing mean SNR.

Histograms of BGsignal for three measurement frequen-

cies and different bubble densities are shown in Fig. 4. The

columns correspond to measurements made at (left to right)

25 kHz, 30 kHz, and 35 kHz. The upper three rows corre-

spond to measurements made with the array at (top to bot-

tom) 30 cm, 60 cm and 90 cm from the center of the bubble

cloud. The bottom panel is the no-bubble case.

Figure 4 shows that as the array is moved closer to the

center of the bubble cloud and thus, the bubble density at the

array increases, the distribution of BGsignal becomes more

and more spread out. Also, the mean BGsignal drops from 9.5

dB, the maximum value for perfectly correlated signals, to

approximately 6.5 dB as the array moves closer to the bubble

cloud center.

The reduction in BGsignal is due to differences in signal

phase among the hydrophones, histograms of which are

shown in Fig. 5. The arrangement of the columns and rows

are the same as in Fig. 4. The mean phase difference is zero

because the array is steered toward the projector.

The distribution of the phase difference is very narrow

for the no-bubble case (bottom panel); it is essentially a delta

function. As the array is moved closer to the bubble cloud

center and the bubble density increases (moving up in the

figure), the variance of the phase difference increases and

the histograms flatten out. The phase difference approaches
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a uniform distribution in the top row, which corresponds to

when the array was closest to the bubble cloud center.

The von Mises distribution has been used to describe

the phase distribution of the superposition of sinusoidal sig-

nals affected by weak scatterering.10 Also, the probability

density function of the total phase of a random sinusoid in

the weak-scatterer case has been derived.11 In Ref. 11, the

phases of the individual sinusoids are assumed to possess a

von Mises probability density function as well. The closed

form expression for the von Mises distribution of phase

angles x is given by

f ðx l; jÞj ¼ ej cosðx�lÞ

2pI0ðjÞ
(6)

where the parameters l and j are analogous to the mean and

inverse variance of the distribution. The phase distributions

shown in Fig. 5 all can be fitted by the von Mises function.

III. BUBBLE DENSITY MEASUREMENTS

This section describes measurements that were made to

estimate bubble density at the locations of AG measurements.

Bubble density measurements were made in the same envi-

ronment (physically) as the AG measurements, i.e., the same

bubble generation and injection procedures were followed, so

that the bubble clouds would be statistically identical. The

same projector and hydrophones were used for both measure-

ments. The projector and hydrophones were placed at the

same depth as for the AG measurements. However, the hydro-

phones were removed from the array fixture used in the AG

measurements and placed at separate locations at the same

depth as the projector. The distances between the projector

and hydrophones varied from 2.0 to 3.0 meters. Tone bursts

3 ms long (unshaded) at 2 kHz steps from 25 kHz to 99 kHz

were transmitted in order to estimate bubble density over a

range of radii. Approximately ten pings were transmitted at

each frequency. Only the 30 kHz measurements were used to

FIG. 3. (Color online) Signal and

noise power at the individual hydro-

phones and at the beamformer out-

put for the no bubble case [panels

(a) – (d)] and for the array 30 cm

from the bubble cloud center [panels

(e) – (h)]. Panels (a), (c), (e), and (g)

show signal and noise power at the

hydrophones and beamformer out-

put. Panels (b), (d), (f), and (h) show

beamformer gain against signal and

noise.
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estimate the spatial extent of the bubble cloud. The sample

rate for the bubble density measurement was 2 MHz.

The measurement geometry is shown in Fig. 6. Bubble

density measurements were made with hydrophones at the

locations marked 1A, 2A, 3A, …, 3D. Locations 2B, 2C, and

2D (marked with squares) are 30, 60, and 90 cm from the

(initially assumed) bubble cloud center and are the positions

of the AG measurements discussed in the previous section.

The filled circles and squares indicate the density measure-

ment that were used to find the best fit bubble cloud as

described below. Open circles and squares indicate positions

that were not used to estimate bubble density because they

were outside the main lobe of the projector beam pattern at

30 kHz. Position 2A was initially thought to be on the verti-

cal axis of the bubble cloud. However, based upon the den-

sity measurements, the bubble cloud center was eventually

estimated to be at the location indicated by the star. The bub-

ble cloud appears to be wider in the direction of the bubble

diffuser axis. Dashed lines are the estimated axes of the bub-

ble cloud.

The number of bubbles along the propagation path that

are resonant at a particular frequency can be deduced from

the acoustic attenuation, which is estimated by subtracting

the received signal level when the bubble cloud is present

from the received level without the bubble cloud present.

Received levels were estimated using 20 log10 of the magni-

tude of the appropriate DFT bin. The only locations at which

the received levels were measured with no bubbles present

FIG. 4. Histograms of BGsignal, the

beamformer gain against signal. The

columns correspond to frequencies

of (left to right) 25 kHz, 30 kHz, and

35 kHz. The upper three rows corre-

spond to measurements made with

the array at (top to bottom) 30 cm,

60 cm, and 90 cm from the center of

the bubble cloud. The bottom panel

is the no-bubble case. Note that the

vertical scales are different among

the panels.

FIG. 5. Histograms of the phase dif-

ference between signals received at

hydrophones 1 and 2. The columns

correspond to frequencies of (left to

right) 25 kHz, 30 kHz, and 35 kHz.

The upper three rows correspond to

measurements made with the array

at (top to bottom) 30 cm, 60 cm, and

90 cm from the center of the bubble

cloud. The bottom panel is the no-

bubble case. Note that the vertical

scales are different among the

panels.
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were 1A, 2A, and 3A. No-bubble received levels for the

other locations were estimated using these measurements

and correcting for the projector beam pattern and the dis-

tance from the projector to the location. Bubble densities

were estimated from the attenuation measurements using the

method presented by Ref. 12.

The radius of the bubble (in meters) that is resonant at

frequency fR (in Hz) can be calculated using Eq. 6.3.11 from

Ref. 1,

a ¼ 1

2pfR

3cPAbb
qA

� �1=2

(7)

where c is the dimensionless ratio of specific heats for the

gas [not the same as the c appearing in Eq. (4)], PA is the am-

bient pressure (N=m2), qA is the ambient density of water

(kg=m3), and b and b are functions that correct for the adia-

batic assumption and surface tension. For the frequencies of

primary interest to the present work, fR¼ 25, 30, and 35

kHz, the corresponding bubble radii a at 2 m depth are 142,

118 and 102 lm, respectively.

Each attenuation measurement corresponds to the total

path from the projector to the hydrophone. Therefore, the

bubble density estimated from each attenuation measure-

ment corresponds to the density integrated over the projec-

tor-to-hydrophone path. Bubble density is usually expressed

in units of m�3 in a 1 lm bin, which means that bubble den-

sity integrated along a path would have units of m�2 in a

1 lm bin. As an example, Fig. 7 shows bubble densities esti-

mated for propagation paths between the projector and

FIG. 6. Geometry used to measure bubble density. Points 1A, 2A and 3A, …, 3D indicate the positions of single hydrophone attenuation measurements. Filled

circles and squares indicate the positions of density measurements that were used to find the best fit bubble cloud. The star marks the estimated location of the ver-

tical axis of the bubble cloud. The dashed lines are the axes of the bubble cloud, which are assumed to be oriented by the bubble diffuser.

FIG. 7. Bubble size distributions

estimated for hydrophone locations

(top to bottom curve) 3A, 2A, and

1A. The corresponding projector-to-

receiver path length are 3.5 m, 3 m,

and 2.5 m, respectively.
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hydrophones at locations 3A, 2A, and 1A, respectively (top

to bottom). The corresponding path lengths are 3.5 m, 3.0 m,

and 2.5 m, respectively. The upper curve is associated with

the longest path, while the middle and lower curves indicate

fewer bubbles and are associated with shorter path lengths.

All bubble density estimates appear to display a power law

dependence on radius with an exponent of approximately

�3.3. For comparison, the oceanic bubble size distributions

summarized by Leighton et al. (Fig. 5 of Ref. 8) display an

approximate power law dependence with a coefficient of

approximately �3.0 to �3.3.

Using the integrated bubble densities along the projec-

tor-to-hydrophone paths, the next step is to calculate the spa-

tial distribution of the bubble density in the plane of the

projector and hydrophones. This is accomplished by assum-

ing that the mean bubble density obeys a two-dimensional

Gaussian spatial distribution in the horizontal plane. Bubbles

of all radii are assumed to have the same spatial distribution,

but only bubble density derived from the 30 kHz measure-

ments were used to estimate the spatial distribution. There

are five parameters associated with the Gaussian spatial dis-

tribution: the coordinates of the bubble cloud center, the

standard deviations of the bubble density in each direction,

and the orientation of the distribution axes (a single angle).

The bubble cloud center and density standard deviations

were estimated from the bubble density measurements. The

angle of the distribution axes was taken to be 30� because

that is the orientation of the bubble diffuser.

The search for the unknown parameters was accom-

plished as follows. Two-dimensional Gaussian distributions

were calculated for each set of possible parameter values.

The modeled Gaussian distributions were then summed

along the direction parallel to the line 1A – 3A to obtain

two-dimensional surfaces that are proportional to the cumu-

lative sum of the bubbles between the projector and a point

along the projector-hydrophone path. The cumulative distri-

butions were then normalized to have a maximum value of

one. For the measurement results, the integrated bubble den-

sities corresponding to the locations marked by filled circles

and squares in Fig. 6 were normalized by the maximum

value. The mean difference between the measured and mod-

eled cumulative bubble sums was calculated by subtraction,

and the mean squared difference calculated. The parameter

set corresponding to the smallest mean squared difference

was selected as the best fit.

The location of the center of the best fit bubble cloud

center was found to be (x¼�0.2875 m, y¼�0.2375 m),

which is marked by a star in Fig. 6. The standard deviations

of bubble density were estimated to be rx0 ¼ 0:3766 m,

ry0 ¼ 0:3688 m in the directions of the dashed lines shown in

Fig. 6. The mean square difference between the best fit and

the measured bubble density based upon the 30 kHz attenua-

tion measurements was 0.0132.

The bubble densities at the locations identified in Fig. 6

as 2B, 2C, and 2D (corresponding to 30 cm, 60 cm, and

90 cm from the center of the bubble cloud in the AG meas-

urements) for the three bubble sizes of interest are given in

Table I. The units of bubble density in Table I are m�3 in a

1 lm bin. These are the bubble densities against which the

AG measurements are plotted in the next section. Note that

strictly speaking, the number of bubbles at a single radius is

zero. The densities reported in Table I could be interpreted

as the number of bubbles with radius 142, 118 and 102

lm 6 5 lm, where the range of radii is estimated from the

3 dB width of the resonant peak calculated assuming a bub-

ble quality factor Q of ten.

IV. BEAMFORMER GAIN VS BUBBLE DENSITY

Figure 8 shows the mean beamformer gain for the signal,

BGsignal, at 30 kHz (i.e., the mean of the center column of

Fig. 4) plotted against the bubble densities given in Table I

for 30 kHz (118 lm bubbles). The mean BGnoise at 30 kHz is

also shown. The measured beamformer gains for the no-

bubble case are plotted versus the calculated bubble density at

150 cm from the bubble cloud center, which was about

8 W að ÞDað Þ1=3
, where Da is the bubble resonance width. The

gain against the signal decreases relatively slowly over about

a 500-fold increase in bubble density, but drops quickly when

the density increases by about another factor of six (from

about 400 to about 2300). The critical density above which

beamformer gain drops precipitously is approximately 1300

m�3 in a 1 lm bin. The beamformer gain against noise shows

a steady decrease with the log of bubble density, but there is

no precipitous drop and no critical bubble density. This may

indicate that the decrease in mean BGnoise is due to increasing

bubble attenuation rather than scattering by nearby bubbles.

Figure 9 shows the variance of the phase difference

measured between hydrophones 1 and 2 at 30 kHz (i.e., the

variance of the histograms in the center column of Fig. 5)

plotted against the bubble densities given in Table I for

30 kHz (118 lm bubbles). The theoretical prediction is dis-

cussed in the next section. Clearly the variance of the phase

difference increases with increasing bubble density. The

phase difference variance increases by a modest amount in

response to a 500-fold increase in bubble density, but then

increases sharply as the density increases by another factor

of six. Comparing Figs. 9 and 8 indicates that the reduction

in beamformer signal gain is correlated with the increase in

phase difference variance. In terms of cause and effect, it

makes sense that increased phase variation among the hydro-

phones is responsible for the reduction in beamformer gain.

V. THEORY AND SIMULATION

A. Description

The measurement results presented in Figs. 8 and 9 indi-

cate that variation in the signal phase among the hydro-

phones is strongly correlated with the gain achieved by

TABLE I. Estimated bubble density (units: m�3 in a 1 lm bin) at the mid-

dle hydrophone of the array at specified distances from what was originally

thought to be the center of the bubble cloud.

35 kHz (102 6 5 lm) 30 kHz (118 6 5 lm) 25 kHz (142 6 5 lm)

30 cm 4100 2300 1000

60 cm 2700 1300 400

90 cm 1000 400 50
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coherent processing (i.e., beamforming) of the hydrophone

signals, and that both depend upon the bubble density at the

array (the local bubble density). The connection between

phase difference and beamformer gain is that phase differen-

ces reduce correlation between the signals, and beamformer

gain depends upon the signal being correlated and the noise

being uncorrelated among the hydrophones. This section

presents a theory that quantitatively explains the dependence

of phase difference on bubble density and directly links

phase difference among the hydrophones to the distance

between a bubble and the hydrophones. However, the distan-

ces between the bubbles and the hydrophone varies over

time because the bubbles are not stationary; they are rising

past the hydrophones and the bubble positions change over

time and from one transmission to the next. The simulation

presented here computes phase and beamformer gain statis-

tics by randomly placing bubbles in the vicinity of the array,

taking into account the local bubble density, and computing

the effect of the bubbles on signal phase and beamformer

gain. The simulation shows that as bubble density at the

array increases, the phase variation among the individual

hydrophones increases and beamformer gain is degraded at a

rate that is consistent with the measurements. Signal attenua-

tion by other bubbles along path from the source to the array

is not considered in the simulation because it has an equal

effect on all hydrophones for both the direct and bubble scat-

tered signals, and thus does not directly affect array gain.

As discussed previously, an appropriate model for scat-

tering by distributions of bubbles like those considered here

is Ishimaru’s first order multiple scattering approximation.5

The simulation geometry is shown in Fig. 10, which is

adapted from Ishimaru’s Fig. 6-2. The medium is populated

with bubbles for z> 0. A plane wave is incident from the left

at z< 0. It propagates to an array of hydrophones located on

FIG. 9. Variance of the phase differ-

ence between two adjacent hydro-

phones vs measured bubble density.

The theoretical prediction is dis-

cussed in the next section.

FIG. 8. Mean beamformer gain for

the signal and noise at 30 kHz vs

bubble densities given in Table I for

30 kHz (118 lm bubbles).
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a vertical line at z¼L. The plane wave is attenuated by all of

the bubbles along the path. The mth resonant bubble located

at (xm, ym, zm) is ensonified by the incident field and scatters

energy in all directions, including toward the hydrophones.

The total signal received by hydrophone j is the sum of the

direct path signal and the signals scattered by all bubbles:

pjðtÞ¼Re U0 expðixtÞ expðikL�c=2Þþ
XN

m¼1

f ðÎj;m;ÔmÞ
Rj;m

"(

�exp ikzmþ ikRj;m�
c0;m

2
�

cj;m

2

� ���
: (8)

Here, Re indicates the real part of a complex number,

U0 is the plane wave pressure amplitude, x is radial

frequency, k is the acoustic wave number, Rj,m is the range

from the mth bubble to hydrophone j, and f ð̂Ij;m; ÔmÞ is the

scattering amplitude of the mth bubble, with Îj;m and Ôm the

incident and scattered directions, respectively. The c’s are

the attenuation coefficients (with units of nepers) along

the paths from z¼ 0 to z¼L, from z¼ 0 to z¼ zm and from

the mth bubble to the jth hydrophone:

c¼
ðL

0

ð1
0

reðaÞWðaÞdadz; c0;m¼
ðzm

0

ð1
0

reðaÞWðaÞdadz

and cj;m¼
ðRj;m

0

ð1
0

reðaÞWðaÞdadR: (9)

re(a) is the extinction cross section for the bubble (units are

m2). It is the sum of the absorption cross section ra(a) and

the scattering cross section rs(a). Also W(a) is the bubble

density (with units of m�4). Other variables are defined in

Fig. 10. The direct path signal is referred to as the coherent

component because it does not change (i.e., remains coher-

ent) between the hydrophones and from one transmission to

the next. The sum of the signals scattered by the bubbles is

referred to as the incoherent component because it is not

coherent among the hydrophones and because small changes

in bubble location from one transmission to the next cause

the signal at a single hydrophone to change and thus be

uncorrelated. Note from Eq. (8) we see that the incoherent

component increases in magnitude as the distance from the

mth bubble to the jth hydrophone Rj,m decreases. The aver-

age value of Rj,m depends upon bubble density because as

density increases, the mean distance between bubbles (and

between the bubbles and the hydrophones) decreases. For

this reason, increasing bubble density increases the incoher-

ent component in the received signal.

For numerical evaluation, two approximations can be

made to Eq. (8). First, c is approximated as being equal to

c0,m for all m. This is a good approximation when the bubble

is close to the hydrophone and zm is approximately equal to

L. When the bubble is far from the hydrophone such that L is

much different from zm, the incoherent term is negligible and

the approximation has no effect. The second approximation

is that cj,m is much less than c0,m and thus can be ignored.

This is a good approximation when the bubble is close to the

hydrophone and R1,m is small and much less than zm, and has

no effect when R1,m is large and the scattered term is negligi-

ble. With these approximations, the total signal received by

hydrophone j becomes

pjðtÞ �Re

�
U0 expðixt�c=2Þ

� expðikLÞþ
XN

m¼1

f ðÎj;m;ÔmÞ
Rj;m

expðikzmþ ikRj;mÞ
" #)

¼Ref ~Pj expðixtÞg; (10)

where ~Pj is the complex envelope of the pressure, defined as

~Pj � U0 expð�c=2Þ expðikLÞ þ
XN

m¼1

f ðÎj;m; ÔjÞ
Rj;m

"

� expðikzm þ ikRj;mÞ
#
: (11)

The summation in Eq. (11) accounts for all the bubbles that

scatter sound to the hydrophone. The term in brackets

reduces to exp(ikL) if there are no bubbles, or at least none

close to the hydrophone. When bubbles are close to the

hydrophone, the incoherent component (second term in

brackets) increases. The incoherent component depends

upon three quanities: the scattering amplitude f ðÎ1;m; ÔmÞ,
the distance between the bubble and the hydrophone Rj,m,

and a phase term that depends upon the wave number k and

the range R1,m. The scattering amplitude is taken to be

FIG. 10. Plane wave incident on a

semi-infinite medium containing

bubbles, of which one is shown. The

hydrophones are located at (x1, 0, L),

(x2, 0, L) and (x3, 0, L).
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independent of incident and scattering angles, a common

assumption for bubble scattering. It does have a frequency

dependence. From Ref. 13,

f ðÎj;m; ÔmÞ
		 		 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rsðf ; aÞ

4p

r
� aresonant

d
(12)

where aresonant is the radius of the resonant bubble and d is

the bubble damping constant due to reradiation (scattering),

thermal and viscous losses. The radius of the resonant bubble

was given in Eq. (7). The damping constant is approximately

0.08 for 25 kHz to 35 kHz (see Fig. 6.3.1 in Ref. 1). Using

this value and Eq. (7) in Eq. (12) yields scattering amplitudes

of approximately 0.002 for 25 kHz to 0.001 for 35 kHz. For

the incoherent component to become important, R1,m must

be less than or equal to this value. In other words, when the

bubble-to-hydrophone distance is much larger than 0.002 m,

the coherent component will be dominant and the incoherent

component will be insignificant. However, as the distance

approaches 0.002 m, the incoherent component will become

more important.

The simulation utilizes the expression in Eq. (11) to com-

pute the complex amplitude and phase of the signal produced

at each hydrophone in a three-element vertical line array with

0.025 m spacing. The voltage corresponding to pressure ~Pj is

denoted ~Vj. A Monte Carlo simulation is carried out in which

the positions of a large number of bubbles are randomly

selected using a spatially uniform distribution that is consist-

ent with a given density. The number of bubbles simulated

increases with density. Each hydrophone receives an identical

direct path signal. The bubbles also receive the same incident

signal, which is then propagated to the hydrophones using the

second term in brackets in Eq. (11). The bubble scattered sig-

nals received by each hydrophone are summed coherently

with the direct path signal. The total power of the signal

received by the jth hydrophone is ~Vj

		 		2, and the power at the

beamformer output is ~V1 þ ~V2 þ ~V3

		 		2.

B. Results

Figure 11 shows histograms of the simulation results.

The left column shows distributions of the difference in sig-

nal phase at adjacent hydrophones. Bubble density is

increasing from bottom to top. Similar to the measurement

results shown previously, phase difference in the simulation

FIG. 11. Results of simulation. Panels in the left column show histograms of the difference in signal phase at adjacent hydrophones. The right column shows

histograms of beamformer gain BGsignal, in dB. In both columns, bubble density is increasing from bottom to top. Note that the vertical scales are different

among the panels.
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result becomes more variable with increasing bubble density.

Starting from essentially a delta function, the distribution

evolves into a flatter von Mises form, and for higher bubble

densities the distribution approaches a uniform distribution.

The right column shows distributions of BGsignal for the

same bubble densities. Here again the simulation results dis-

play the same trends seen in the measurements. Starting

from essentially a delta function, the distribution flattens out

as bubble density increases.

The upper panel of Fig. 12 compares measurements and

simulation results for the AG that would be achieved by a

three hydrophone array operating in bubbly water in the

presence of uncorrelated noise. The measurement results are

computed using Eq. (3) with the values for BGsignal taken

from Fig. 8 and BG noise¼ 4.75 dB, the theoretical predic-

tion for beamformer gain against uncorrelated noise. The

theory=simulation curve is 10 * log10 ðj ~V1 þ ~V2 þ ~V3j2Þ
minus 4.75 dB. The theory compares favorably with the first

three measured values up to a density of about 1100

bubbles=(m3 � lm). For higher bubble densities, the theory

predicts that the decrease in AG with increasing density is

not as rapid as that reflected by the measurements. Further

discussion of these results, as well as the bottom panel in

Fig. 12 are discussed in the next section.

VI. DISCUSSION

The upper panel of Fig. 12 shows that the theory is con-

sistent with the 30 kHz measurements in predicting that AG

falls off rapidly with increasing bubble density beginning

around 1000 – 2000 bubbles=(m3 � lm). The theory and nu-

merical simulation calculates phase variation among the

hydrophones due to scattering from nearby bubbles and pre-

dicts an increase with increasing bubble density. Array gain

computed from the numerical simulation output is shown to

be degraded when phase variation increases and signal corre-

lation among the hydrophones drops. That the theory pre-

dicts the same trend seen in the measurements lends some

credence to this mechanism.

However, the theoretical prediction and the measure-

ments are inconsistent for the highest density in the upper

panel of Fig. 12. Our suspicion is that the theory is correct,

but that the largest bubble density measurement, against

which the lowest measured values of BG and AG are plotted,

is in error. As discussed previously, the resonant bubble den-

sities at the locations of the AG measurements were esti-

mated from an entirely separate set of acoustic attenuation

measurements. If the highest bubble density measurements

are erroneously low, then the values of AG corresponding to

the highest density would be plotted vs an erroneously low

density value. For the 4th data point, the estimated density

appear to be a factor of 5 low.

An indication of why bubble density might be under esti-

mated can be found in Clay and Medwin,1 who cite Ref. 14

and state that “When scatterers are packed together closely

enough for their scattered fields to interact, … the result of the

interaction is that the resonance curve of a single bubble is

broadened and the scattering cross section of a group of bub-

bles is less than the sum of the individual cross sections.” Inter-

action begins to occur at separations equal to a wavelength.

It is shown in the Appendix that the expected distance

between the hydrophone and the nearest bubble is approxi-

mately 0.554 * (W(a)Da)�1=3, where Da is the bubble reso-

nance width. The mean hydrophone-bubble minimum

distance is plotted in the lower panel of Fig. 12 as a function

of bubble density. Note that the mean distance is 0.05, which

is the acoustic wavelength at 30 kHz, when the bubble den-

sity is about 1400 m�3 in a 1 lm bin. This is consistent with

the point at which the simulation and measurements begin to

diverge in the upper panel of Fig. 12.

As discussed by Clay and Medwin, the effect of interac-

tion between the bubble is to broaden the resonance peak.

The width of the resonant peak is inversely proportional to

the quality factor Q and proportional to the damping constant

d. Since the extinction cross section at resonance is propor-

tional to d�2, interaction will cause this quantity to decrease.

A two-fold increase in d will produce a four-fold decrease in

extinction cross section. If the extinction cross section used

to estimate bubble density from measured attenuation is a

factor of four higher than the true value, then the bubble den-

sity estimate will be low by a factor of four. To summarize,

the idea is that the lowest measured value of AG shown in

Fig. 12, about 1.75 dB, has been plotted vs an erroneously

low bubble density. Moving this point to the right by a factor

FIG. 12. (Upper) Mean AG at 30 kHz from measurements and simulation.

The measurement result utilizes Eq. (3) with the BGsignal taken from Fig. 8

and BGnoise¼ 4.75 dB, the theoretical prediction for uncorrelated noise. The

theory=simulation prediction is 10 * log10 ðj ~V1 þ ~V2 þ ~V3j2Þ minus 4.75 dB.

(Lower) Mean distance between resonant bubbles calculated using an

expression derived in the Appendix. The acoustic wavelength at 30 kHz is

also shown for comparison.
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of five would bring the measurement curve into much better

agreement with the theory.

Another other possible explanation for the model-

measurement divergence is that the “first-order multiple

scattering” model used in the simulation breaks down at

higher bubble density and fails to predict the amount of

phase variability corresponding to a particular bubble den-

sity. In fact, the simulation does predict less phase variability

between the hydrophones than that observed in the AG

measurements, as can be seen in Fig. 9. However, the bubble

density estimation error discussed above would also cause

the measured phase variance to be plotted vs an erroneously

low density value in Fig. 9. Correcting this error would bring

the phase variation measurement into agreement with the

simulation. Also, as discussed earlier, two of the possible

three conditions for validity of the “first-order multiple

scattering” approximation are satisfied by the experimental

conditions. Thus, it seems likely that the model remains a

valid approximation for the present measurement results.

One aspect of the theory=simulation which may contrib-

ute to errors is that the receive hydrophone is taken to consist

of a single point. The finite size of the hydrophone active

element, if properly accounted for, would in many cases

reduce the distance between a bubble and hydrophone. From

Eq. (11), reducing R would increase the contribution of scat-

tering by the bubbles, increasing the phase variation and

lowering the AG, potentially improving the agreement

between theory and measurement.

VII. SUMMARY AND CONCLUSIONS

The effects of the nearby air bubbles on the gain achieved

by beamforming with an array of underwater hydrophones

has been measured and investigated theoretically. Measure-

ments using a three hydrophone line array show that received

signal phase variance and array gain (AG) are dependent on

the bubble density near the array. Histograms of measured

phase differences between the receive signals indicate that

phase variability increases with increasing bubble density at

the array, reducing correlation among the received signals and

causing AG to be reduced. A theory and simulation have been

developed that directly connect the AG provided by a hydro-

phone array to the density of nearby resonant bubbles. The nu-

merical simulation calculates the effect of scattering by

nearby bubbles on phase variation and signal correlation, and

the results compare favorably with measured phase variation.

The simulation predicts AG degradation with increasing bub-

ble density that is quantitatively the same as the measured AG

for all but the highest density measured.

There appears to be some difference between the bubble

density estimate at the location where AG was most

degraded and the density at which degradation is predicted

to occur. Bubble density was measured separately from the

AG measurements, and there is some evidence that the high-

est bubble density may have been under estimated. This kind

of error reportedly occurs at densities for which the average

distance between bubbles is roughly equal to the acoustic

wavelength, as was the case here. At higher bubble densities,

when interaction occurs between the bubbles, the resonance

peak flattens out and the extinction cross section is reduced.

Since bubble density estimates are obtained by dividing the

measured attenuation by the extinction cross section, using

an erroneously high cross section will result in an errone-

ously low bubble density estimate.

The most important result of this paper is as follows.

Except at the highest bubble density, the simulation results

quantitatively agree with the phenomena observed in the mea-

surement. The simulation is therefore capable of predicting the

effect of specific bubble densities on the gain that that an array

can produce. In answer to the question that motivated this

study, the measurement and simulation results indicate that the

effects of the bubbly wake on the AG provided by a line array

of hydrophones towed at shallow depth behind a surface ship

go beyond attenuation. Scattering by bubbles close to the array

has been shown to reduce signal correlation across the array

and in turn reduce the AG. Specifically, the theory and simula-

tion provide a means of predicting how shallow an array can

be towed behind a surface ship with known wake acoustic

characteristics without compromising the gain available from

the array. It would be interesting to validate these predictions

with full-scale data. It would also be interesting to further

investigate how higher bubble density and multiple scattering

affect the extinction cross section of resonant bubbles.
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APPENDIX: MEAN DISTANCE BETWEEN BUBBLES

Consider a three-dimensional space in which resonant

bubbles are randomly distributed with known bubble density

q¼W(a)Da, where Da is the bubble resonance width. The

units of q are m�3. We want to calculate the mean value of

R, the distance from an arbitrary point (e.g., the origin) to

the nearest bubble. This calculation requires knowledge of

the probability distribution function of R.

Begin by writing the cumulative distribution function

of R:

FRðrÞ ¼ ProbðR � rÞ ¼ 1� ProbðR > rÞ: (A1)

Prob(R> r) is the probability that there are no bubbles

within a distance r from the origin. In general, the probabil-

ity that there are k bubbles in volume V (no relation to the

wavenumber k used previously) follows a spatial Poisson

process described by Ref. 15:

Probðk bubbles in volume VÞ ¼ ðqVÞke�qV

k!
: (A2)

Note that the average number of bubbles in volume V is qV.

Setting k¼ 0 in Eq. (A2) and setting V¼ (4=3)pr3 gives
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ProbðR > rÞ ¼ Prob no bubbles in volume V ¼ 4

3
pr3

� �

¼ exp � 4

3
pr3q

� �
: (A3)

The probability density function of R is

fRðrÞ ¼
dFRðrÞ

dr
¼ 4pr2q exp � 4

3
pr3q

� �
: (A4)

The distance from the origin to the nearest bubble is distrib-

uted according to Eq. (A4). The expected value of this dis-

tance is

E½R	 ¼
ð1

0

rfRðrÞdr ¼
C

4

3

� �
4

3
pq

� �1=3
� 0:554
q�1=3: (A5)

Similar analyses can be performed for the 1-D and 2-D

cases. The result for 2-D is

E½R	 ¼
ð1

0

rqpr expð�qpr2Þdr¼
C 3

2

� �
ðpqÞ1=2

� 0:5
q�1=2 (A6)

and for 1-D

E½R	 ¼
ð1

0

rq expð�qrÞdr ¼
C

2

1

� �
ðqÞ ¼

1

q
: (A7)

1. Distribution of r using order statistics

Another approach involves the use of order statistics.

Consider a geometry in which N points are randomly distrib-

uted within a sphere with radius R. Each of the points is in-

dependent and identically distributed with a known density.

We are interested in the distribution function in the radial

direction, fR(r). Since global density is assumed to be con-

stant, the enclosed number of bubbles is proportional to the

volume. Therefore, the distributions in the radial direction

are

FRðrÞ ¼
r3

R3
; (A8)

fRðrÞ ¼
dFRðrÞ

dr
¼ 3r2

R3
: (A9)

Using order statistics,16 the distributions of the minimum

distance is expressed as

fRmin
ðrÞ ¼ N½1� FRðrÞ	N�1fRðrÞ (A10)

Using Eqs. (A9), (A8) and substituting N ¼ q 4pR3

3

� �
, and

Eq. (A10) can be written as

fRmin
ðrÞ ¼ q

4pR3

3
1� r3

R3

� �ðq4pR3=3Þ�1
3r2

R3
: (A11)

For an infinite space with density q we take the limit of

Eq. (A11)

lim
R!1

q
4pR3

3
1� r3

R3

� �ðq4pR3=3Þ�1
3r2

R3
¼q4pr2 exp �q

4pr3

3

� �
:

(A12)

This is identical to Eqs. (A4) and (A5) follows directly.
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