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FIGURES

Figure 1. A geometrical arrangement of 9 point monopole sources and 9 microphones.

Figure 2. Comparison of MSE(f3), V() and V(f3) for the model of Figure 1: r,,,=0.5r, (the
1st row), 2r,, (the 2nd row), 3r,, (the 3rd row), 307, (the 4th row), r,=0.1m.

Figure 3. A method of finding the regularisation parameter f3,, by minimising the residual
R(w,B) between the desired solution S, and the regularised solution Sggz.

Figure 4. A method of finding the regularisation parameter gcv by minimising the generalised

cross-validation function V().

Figure 5. Geometry of a simply supported rectangular plate mounted in an infinite baffle used

for the computer simulation.

Figure 6. Geometrical arrangement of the discretised plate and microphones: (a) 4 source and 4

microphone model and (b) 144 source 144 microphone model.

Figure 7. Condition nmumbers of the matrix H"H of 4 source and 4 microphone model (thin
solid, a=L,/4) and 144 source and 144 microphone model (thick solid, a=L,/24).

Figure 8. A comparison of the desired (solid) and reconstructed (by the least squares solution,
dotted) volume velocity (per unit force) auto-spectra of sources (a) 3, (b) 4 and cross-spectra
between sources 3 and 4 ((c) magnitude, (d) phase) of 4 sources and 4 microphones. No

measurement noise is assumed.

Figure 9. A comparison of the desired (left) and reconstructed (by the least squares solution,
right) volume velocities (per unit force) of the 144 source and 144 microphone model. No
measurement noise is assumed: (a), {¢) auto-spectra and phase of cross-spectra at the frequency
of (2,2) (444Hz, ka=0.129) structural mode, (b), (d) auto-spectra and phase of cross-spectra at
the frequency of (2,3) (786Hz, ka=0.228) structural mode.

Figure 10. The ratio of acoustic pressure to noise for (a) 4 source and 4 microphone model and

(b) 144 source and 144 microphone model.

Figure 11. A comparison of the desired (black) and reconstructed (by the least squares
solution, grey) volume velocity (per unit force) auto-spectra of sources (a) 3, (b) 4 and cross-
spectra between sources 3 and 4 ({c¢) magnitude, (d) phase) of 4 source and 4 microphone
model. Measurement noise (Figure 10(a)) is present.
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present.

Figure 20. A comparison of the desired and reconstructed (by singular value discarding)
volume velocities (per unit force) of 144 source and 144 microphone model at the frequency of
structural mode (2,2) (444Hz, ka=0.129) when measurement noise (Figure 10(b)) is present:
(a) auto-spectra and (b) phases of cross-spectra.
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1. INTRODUCTION

In the reconstruction of acoustic source strength by inverse techniques, the accuracy of
reconstruction is largely determined by the conditioning of the matrix to be inverted.
This matrix can often be ill-conditioned. This can occur despite the choice of
geometrical arrangement of microphones being made to account for the behaviour of
the condition number of the acoustic transfer function matrix. This is described in full
in reference [1]. For example, when we wish to identify the contribution to the total
acoustic field made by a vibrating surface (e.g., a plate-like structure excited by
dynamic forces) from the viewpoint of a discrete inverse problem, this surface has to
be discretised into a large number of small elements cach of which is regarded as an
acoustic source. In this case, we need also a large number of microphones, which is at
least equal to the number of acoustic sources. However, such a system can result in ill-
conditioning because the condition number of the matrix to be inverted increases as
the dimension of this matrix increases. This ill-conditioning makes the problem ill-
posed. In the ill-conditioned problem, finding a good estimate of acoustic source
strength by the least squares method becomes problematic. This is because the effect
of measurement noise and/or modelling error appears in the reconstructed acoustic
source strength, giving a large deviation from the desired values [1]. For this reason,
we demonstrated in reference [1] that Tikhonov regularisation and singular value
discarding could be used to enhance the accuracy of reconstruction of acoustic source
strength. In this case, the success of these regularisation methods depends on the
appropriate choice of the Tikhonov regularisation parameter and the singular values to
be discarded. (Note that in the field of inverse problems both Tikhonov regularisation
and singular value discarding are referred to as “regularisation methods”, but here we
take the term “regularisation parameter” to mean the Tikhonov regularisation
parameter).

This report deals with the methods for choosing these values. In association with
the choice of the regularisation parameter, one method for choosing this is based on
the minimisation of the mean squared error between the desired (“true™) source
strength and that deduced from the Tikhonov regularised solution. Similarly we can

use the method based on the minimisation of the mean squared error between the
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q; =H"H+p)"'H"p, (1)

where we have used the subscript R to denote “Tikhonov regularised”. In this solution
H is the matrix of acoustic transfer functions relating the vector p of desired (or
modelled) acoustic pressures to the vector q of desired (or modelled) acoustic source

strengths and p is the vector of measured acoustic pressures. The regularisation

parameter is denoted by B. Similarly, we showed that for acoustic sources having a

stationary random time history, the Tikhonov regularised solution for the source
strength cross-spectral matrix could be written as

Spr = {(H"H+ D' HY}S , (H"H+ D" HY ), 2)

where S, is the matrix of cross-spectra of measured acoustic pressures. In this

report, we first describe established techniques for choosing 8 in the solution for
source strength given by equation (1). We then proceed to apply the same techniques
to the solution given by equation (2} on the grounds that a good solution for ¢z will

lead to a good solution for S p.

In applying Tikhonov regularisation, we have to consider two factors: the
manner by which the result should be regularised and the amount of regularisation.
The method of regularisation will be determined by the choice of “regularisation
operator” which here is chosen as the identity matrix I, although this can be replaced
by a number of linear matrix operators. Also, the degree of regularisation is
determined by the regularisation parameter . We shall here concentrate on only the
method for choosing the regularisation parameter. Further discussion regarding the
choice of the regularisation operator is given in reference [3]. The choice of a good
value of regularisation parameter in Tikhonov regularisation has received a great deal
of attention [2-8]. Here we will introduce some established methods with the

modifications necessary to enable them to be oriented towards our problem.



-anbruyse; vonepiea
-$80I12 pasielousd oyl pue onbluydsl UOHEPIBA-SSOID 9] JO SN Y] UO SNOOJ oM
19y ‘J12A9MOH Q] poyiaurl POOYI[SYI] WIRUIXBW ) pue ‘[/] poylew 2AIMI-T U3 “[7]
anbruyoa) uonepieA-sso1o pasijerauas oy ‘[4] snbruyos) uonepleA-SSOID QUI SB YOS
‘oewered uonesuengel oy Jurunuelep ul pasodord usaq Ay ISIOU Y IO PAIOISAI

2q 0) anfea oY) Jo Ioynd jo adpemouy Joud Sumumbar jou spoylew [eI9ASS
NOILVAI'TVA-SSO¥D AYVNIAQRIO €T

‘[9] 7v 12 uosdwioy ], Aq uoAIg st ASWdgf
pue 28 siojowered uonesLenSar oY) ueamiaq drysuoneal ay] JO UOISSNISIP IOy
v -o8peimouy rond p yons moyiim ‘1oowered uonesirengol Alojoejsnes e Sursooyd
IO} POYIaUI 2ATJRUIA}R UR 2AeY 0) 1duIa)e ue oxewr 03 A1eSSadau snyj s1I] 2[qe[IeAR JoU
ST 98pa[mouy SIy) ‘Swra[qold 9SISAUT JSOUI JOJ ‘ISAMOH 'PRIONIsuodal 9q o1 b onjea
po11sap oY) Jo o8popmouy Joad axnbar spoyjowr yroq e ‘() pue (g) suonenbe woy

1ea1o st 1] (IS Sursturuiut 1jowered uonesureingar oy se SN ourgep am pue

() ‘[ (g bH -bHIT = (§HASNd

Aq paurjap (4SIAG) to1a paxenbs ueaw pajorpaid
Q) SuISTWTUUI £q 9Pt 9q Ued Jojoweled UONBSLIB[NGDI 1] JO 92I0UD Ioyjouy
SN £q (¢ )ASTA Suisturur f 1ojeureied

uoyesuendar o) Qqousp 219y op Ioerado uopeoadxs 9yl SIJOUdP T 2IUM
(€) “ LI b-blz=(g)asn

Aq pauyop st sty (f)*b
uonn[os pasuemSar AcuoyL], 3y pue b uonnos peusep 2yl usamieq (SN Jous

parenbs ueow ot astwrunm o) ST o8pe[amotry Jouxd Jurnnbal spoyjew ay Jo 2UQD

HOAITMONS JOTId ONTIINOTY SAOHLAN T'C



Allen [4] proposed a method, called Allen’s PRESS (which stands for predicted
sum of squares), in order to select a good ridge parameter in ridge regression analysis.
This parameter is tantamount to the regularisation parameter in our problem. This
method usually referred to as the ordinary cross-validation (OCV) technique. This was
also suggested by Wahba and Wold [9] in the context of smoothing splines. This is a
widely recognised method in the field of statistical data analysis. The advantage of
this approach is that it does not require prior knowledge of either the value to be
restored or the noise.

The essence of the method, when viewed in the current context, is to first find

the vector of complex acoustic source strengths qg(f,k) which minimises the cost

function

M, 2 H
J(B.K)= 2Pn-Pal" +Pa7q, (5)

m=1
mEk

which is the usual cost function for minimisation as described in reference [1], but

with the k’th values of measured and modelled pressures ( p, and p;) omitted from the

calculation. (In this sense the ordinary cross-validation technique is also sometimes
referred to as “the leaving-one-out method”). Having arrived at the source strength
vector qx{f,k) that minimises this function, we then evaluate the effectiveness of this

vector in predicting the value of the measured pressure p, that was “left out” of the
calculation of the cost function. We denote the predicted value of p, by pi,k) which

is the k’th component of Hqx(f,k). The ordinary cross-validation function V,(B) is
then defined in order to measure the success of this prediction when the “leaving-one-

out” process is tepeated for all the available data points p, (i.e., for k=1 to M). The

ordinary cross-validation function is thus defined by

1 M.
V,B)=—-2[h — (BT 6)

k=1
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_P1(ﬁ,k)_ rbu b12 o by by
P (B.k) bz1 byy - byy Pa

: : : : : , .
p(B.k) by by by || pr(B.K) (h

_pM(‘B,k)J By Byn bMMJ Pu

where b; are the components of matrix B(f3). Now note that the solution to the M-
point minimisation problem with no changes made to the vector of measured

pressures P can be written as
q(B)=(H"H+ )" H"p, (12)

and thus the corresponding set of estimated pressures can be written as

p(B)=Hq()=B(B)p. When written in full, this relationship can be expressed as

— - ~

_Pl(ﬁ)_ by, b, - by 4
P2(B) by by o by || P2

Col : : : : - (13)
Pk(ﬁ) by by v by Pr

B Lot bz - bt || By

From the above two matrix expressions we can derive a relationship between py(f.k)

and pi(B). It follows that
Pe(Bky=b,p +bpy+ ... +byp (BEY+ ... +byyDys (14)

and also that
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2.4 GENERALISED CROSS-VALIDATION

It was pointed out by Golub et al [2] that the ordinary cross-validation technique
described above may be expected to fail in cases where the matrix B(f) is close to
diagonal. (This would be the case, for example, in our acoustical problem where
sensors were placed symmetrically with respect to the source array and close to source
array such that H becomes close to diagonal). It is clear that if B(f}) is diagonal, then
the cross-validation function V,(f) given above reduces simply to ( 1/M)||f)]|§ (i.e., 1/M
times the sum of squared measured pressures) which is entirely independent of the
choice of B. This shortcoming led Golub et al [2] to suggest the use of “generalised
crosé—validation” (GCV) which follows from their argument that any good choice of 8
should be “invariant under rotation of the measurement coordinate system”. Here we
follows the analysis put forward by Golub er al in deriving the GCV function

appropriate to the case considered here.

Firstly we employ the SVD of the matrix H [1] to write the relationship

p=Hg-+e in the form
p=UsVig+e, (20)

and since the unitary matrix U has the property U"U=I, then pre-multiplication of this

equation by U™ results in
U p=xVig+ UMe. (21)

Note that this equation describes the relationship between the “transformed” pressure
p=U"p and the “transformed” source strength § = Vq as described in reference

[1]. This equation is further transformed by pre-multiplication by the matrix W which

has the ik’th entry given by
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[(1/ M) Te(I-B(BHT

V(B (26)

Furthermore, it can be shown [12] that V(f) is a weighted version of the ordinary

cross-validation function V,(f§) (equation (6)) such that

2
_ i M\ by - P (B)
Vb= Mgl[ 1~ b, } Wi @7)
where
B 1-by, ?
Whe = (1—(1/M) TrB(B)J ' 28)

Note that the term (1/M)TrB(f) evaluates the average of the sum of all diagonal
elements of the influence matrik B(f). Thus, the weighting factor wi(f3) represents the
contribution of each diagonal element relative to the sum of all diagonal elements of
B(p). The generalised cross-validatory choice of the regularisation parameter Sgcv is
made by minimising the function V(f). Also note that when B is a circulant matrix
(i.e., when H is circulant), V(f) is identical to V,(f3) since in this case wy=1. Finally
consider the denominator and numerator of the function V{f3). The denominator is
given by [(I/M)Tr{I-H(H"H+BI) 'H"])> and thus evaluates the perturbation in the
matrix H'H caused by the presence of regularisation parameter in improving the
conditioning of the matrix H'H. As B is increased, the denominator will become
progressively smaller than unity, thus tending to increase V{f3). Also, the numerator is
given by (1/M)llp-Hq R(ﬁ)lli and thus represents the residual sum of squares.
Therefore, the function V() evaluates both the error in the solution and the inaccuracy
introduced into the matrix to be inverted by the inclusion of the regularisation
parameter.

Since the GCV technique does not demand any prior knowledge, this seems to

be a promising method for choosing the regularisation parameter in practical

11
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away from the source array (rs = 2rg;, 375, 30r,;) and in these cases, clear minima are
observed in the functions Vy(B) and V(B) (corresponding roughly to values of f§ of
107, 10™ and 1073 ). In all three cases, the values of f that minimise V(f3) are similar to
those that minimise Vy(B). In none of the cases is there a clear correspondence
between the behaviour of MSE(f) with V() and Vi(f), although in the second and
third rows of results MSE(ff) obviously increases once the optimal values of are f§
exceeded. Reference to Figure 14 of reference [1] shows that the optimal values of
identified from the minima of V() and Vy(f) do indeed however give a reasonable
estimate of the values of 3 necessary to best resolve the source distribution.

It is of course impossible to draw general conclusions from the results of this
illustrative simulation, but it does at least demonstrate that for the type of case
considered here, clear minima of Vy(f) and V(B) do exist and that the values deduced
have the correct order of magnitude. Again, although in these cases there are no clear
differences between the behaviour of Vy(ff) and V(f), we shall generally continue to
use the generalised cross validation function V(f) since its superiority has been
thoroughly argued by other workers [2, 10]. Furthermore, we will demonstrate with
the computer simulations presented below, that the use of the GCV function V(fj) is
highly effective in restoring the strength of acoustic sources when the inverse problem

is badly conditioned.

3. THE CHOICE OF TIKHONOV REGULARISATION PARAMETER USED FOR
RECONSTRUCTION OF SOURCE STRENGTH CROSS-SPECTRA

3.1 METHODS REQUIRING PRIOR KNOWLEDGE

Firstly, by analogy with the method based on the minimisation of the mean
squared error given by equation (3), we can consider the residual R,,(®,[3) between S,

(the desired solution) and S 4z (the Tikhonov regularised solution) defined by

R, (@, B)=NS , (0)-S gz (. B, . (29)

13
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Ry (w,B) = I-DS,, D", = IDS,,,D". . (32)
Substituting D=(H"H + A1) 'H" into equation (32) produces
Ry(0.f) =I{(H'H + Iy H¥}S,,.{(H"H + g0 H"}7 ), . (33)

It is obvious from this expression that we need a priori knowledge of the noise S, in
order to find f,; by minimising R,(®,B). However, it is not guaranteed that this
knowledge will be available in practical situations and therefore this approach is
limited in its practical limitation.

As an alternative method for finding the regularisation parameter, we can
consider another residual defined by

R, (@,8) = IS, (w)-HS H" (@B, . (34)

44R
Note that this approach is analogous to the method using the minimisation of the
predicted mean squared error given by equation (4). In this approach the choice of a

satisfactory regularisation parameter can also be made by minimising this residual

Rpp(@,5). We shall denote this regularisation parameter as f3,,. The detailed procedure
for finding f,, is the same as that described previously (i.e., as in Figure 3) except

using Rp,(@,f) instead of qu(a),ﬁ)-. Also note that
Rop(@,B) = TH(S,, - Syor)H I, , (35)
and since it follows from equation (33) that
Rpp(@ By = {HEH"H + )" HY}S,,(HH"H + g H'}" I, , (36)

it is also evident that this method also requires prior knowledge of the noise S,,.
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qp, =H, p=(VZ,UD) b, (37)

where U and V are the matrices consisting of the left and right singular vectors of H,

¥ 5 is the matrix of singular values left after discarding some singular values, the

superscript © denotes the pseudo-inverse, and Hp= UZ p V. Note that it is also

possible to construct the cross-spectral matrix of acoustic source strengths from the

expression
S,p =Hp S, (Hp)" =(VIU") S, (VELUDT, (38)

In connection with the determination of the singular values to be truncated,
some researchers suggest that it is suitable to discard the singular values below
“machine epsilon” (as pointed out by Rothwell and Drachman [14], for example).
However, it is important to recognise the fact that the conditioning of the matrix to be
inverted is determined by not the absolute magnitudes of the singular values but the
ratio of the largest to the smallest singular value. Poor conditioning can arise even if
the smallest singular value is much larger than machine epsilon. It is therefore clear
that this guide is not desirable. Powell and Seering [15] used the singular value
discarding method when researching the problem of identifying multiple input forces
(which served as sources of structural vibration) from multiple vibration
measurements and the transfer functions between forces and vibration signals. In this
study they rejected the singular values smaller than the error computed from
coherence functions in association with the frequency response measurements. More
recently, Krzanowski and Kline [16] proposed a way of determining the number of
significant components in principal component analysis [17] by the use of the cross-
validation technique. The principal components of principal component analysis are
the same as the singular values of singular value decomposition. In this sense, the
cross-validation technique used to determine the significant principal components can
be applied to deciding the singular values to be eliminated in our problem.

Another way to determine the singular values to be removed is through the use

of GCV which was also used in choosing a good regularisation parameter (section 2).
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by using the relations (UAV)*=V"A*U", UPU=I and V*V=I [11] and noting that A is

an M x N matrix. The matrix B, can therefore be expressed as

B,=ULU", (44)
where the matrix 1, is given by
I,=%,(2/2,) %)
.—1 — 3
1 0 VXN
1 s NxN
0 45)
= s Mx M (
0
0 0
— 0 -

Note in this equation that the (N41)’th to the M’th diagonal components are originally
zeros, because H is an M x N rectangular matrix and thus its singular value matrix X
has (M-N) x N zero components as shown in equation (39). (For the case of an M x M
square H matrix, there are no (M-N) x N zero components). Finally define a function
V,of B, as

v o (1/ MOII-B, 1piI?

46
YO/ My THI-B,11 (“46)
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demands empirical experience to some extent. This utilises only the singular value
distribution obtainable from the transfer function matrix H. We will refer to this as the
singular value distribution based discarding technique and we will describe this in

more detail in the next section,

5. COMPUTER SIMULATION OF THE RECONSTRUCTION OF
VOLUME VELOCITIES

5.1 VOLUME VELOCITY OF A RANDOMLY VIBRATING PLATE

We now wish to investigate how the theories developed above can be used
to reconstruct the volume velocities of a randomly vibrating simply supported
rectangular plate mounted in an infinite baffle (Figure 5). In order to check the
accuracy of the volume velocities reconstructed by inverse techniques, the values to be
used as comparators are computed directly as follows. The simply supported
rectangular plate illustrated in Figure 5 is divided into 144 (12x12 along x- and y-
directions) contiguous rectangular piston elements of the same area. The real plate
model can be considered to be made up from a number of point monopole sources.
Firstly, in order to find the local surface velocity at the individual centre points of 144
elements resulting from the structural vibration of this plate, we excite the plate by a
normally distributed random force at the excitation point (Figure 5). For harmonic
excitation Fe/* at a point (x,, yo), the surface velocity v, at an arbitrary position (x, ¥)

of the simply supported plate is expressed as [18]

jAwF E E'. sin(mmx, / L )sin(mmx / L, )sin(nmy, / L, sin{amy / L)

Mp m=1 n=1 COZ '(Dfrm

V_g(xsy’w) =-

(48)
where M, is the total mass of the plate, m and # are the number of half-waves of the
modal shapes along x- and y-directions, and @, is the natural frequency. Then the

volume velocity g; of each element is computed by

gi = VAL ALy , (49
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5.3 RECONSTRUCTION BY THE LEAST SQUARES METHOD

We first assume that there is no measurement noise corrupting the acoustic
pressures and there is no error included in the acoustic transfer functions. Under these
conditions, the performance of the least squares technique is tested. Figure 6 shows the
geometrical arrangement of the simply supported plate and microphones to detect the
acoustic field for the two simulation models. This placement is chosen to make the
condition number of the matrix H"H as small as possible, utilising the results of the
study of the behaviour of the condition number in the acoustic inverse problem [1].
That is to say, the microphone array is placed symmetrically with respect to the
discretised source array, with the same pattern as the discretised source array, and with
the microphone-to-microphone distance set equal to the source-to-source distance.
Figure 7 illustrates the condition numbers of the matrix H"H for the two models.

The volume velocities reconstructed by using the least squares method (equation
(31) in reference {1]) for the 4 source and 4 microphone model are compared with the
desired values in Figure 8. Their magnitudes and phases are in extremely good
agreement with the desired values. (Note that these results are normalised by unit
force input to the plate). The results of Figure 9(a) and (b) compare the spatial
distribution of the reconstructed volume velocity auto-spectra with the desired values
at the two tesonant frequencies, for the case of the 144 source and 144 microphone
model. The volume velocity auto-spectra coincide with the principal diagonal elements
of the 144-by-144 matrices S,; and Sg,,. Note that in Figure 9(a) and (b) the individual
nodal points correspond to the centre points of each of the 144 rectangular
elements and the magnitudes are the squares of volume velocity (per unit force). Thus
these shapes do not match exactly to the structural modes. The recovered phases of
S0 Obtained by using the least squares method are compared with the desired values
S, in Figure 9(c) and (d). It is clear from Figure 9 that both magnitude and phase are
recovered with extremely good accuracy. The rest of results not shown here also
revealed excellent reconstruction. The least squares method enables the volume

velocities to be reconstructed extremely well as long as it is assumed that
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models. As we have noted in section 2, the determination of 8, by minimising R, is
affected by the degree of noise (refer to equation (33)). For this reason, it is clearly
observed from Figures 10 and 13 that the regularisation parameters in the frequency
range in which SNR is low are large relative to the other frequency range. Also, since
the regularisation parameter is chosen based on the minimum singular values of the
matrix HPH at the individual frequencies, the overall trend of the optimal
regularisation parameter increases as frequency increases. Note that the singular
values of the matrix H"H increase as frequency increases (see Figure 17, for
example). The reason for this can be clearly understood from equation (47) in
reference [1] which expresses the eigenvalues of the matrix H"H (i.c., the singular
values of the matrix HPH) for the two point source and two microphone model. This
shows that the eigenvalues depend on the product of frequency and distance factors.
The plot of f,, shows discontinuity at some frequencics, indicating that no
regularisation is recommended because the volume velocities have already been
restored close to the desired values at these frequencies (see Figure 11). The use of
regularisation parameters at these frequencies makes the condition numbers of the
matrix H'H decrease as shown in Figure 14.

By the virtue of the improved conditioning, the results of Figure 15 demonstrate
that the reconstructed magnitudes and phases of volume velocities for the 4 source and
4 microphone model approach much closer to the desired values, compared with those
achieved by the unregularised least squares solution. However, the use of Bocv
degrades the accuracy beyond about 420Hz. This suggests that the GCV technique
will not always produce a satisfactory reconstruction. Observing the results of Figure
15 also reveals that whilst there is a good agreement in the neighbourhood of some
anti-resonant frequencies, there also is still unwanted deviation at the others. This is
caused by the relatively large condition number (the SNRs are similar at the anti-
resonant frequencies, see Figure 10(a)).

The results of Figure 16 compare the volume velocity auto-spectra and the
phases of cross-spectra reconstructed by the unregularised least squares solution and
the Tikhonov regularised solution using B,, and fBgev for the 144 source 144

microphone model. The results shown are for the (2,2) resonant frequency of the plate.
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the singular value distribution of the matrix H are used as the comparator to examine
the capability of the singular value discarding technique using the function V, given by
equation (46).

The application of the GCV technique is undertaken as follows. Firstly, the last
diagonal component of the identity matrix I, (equation (45)) is removed. Note that the
last components of I, of the two models are 4 and 144, respectively. Then the value of
the function V, is calculated. This calculation is carried out again for the case in which
two of the last diagonal components of I, are set by zero. This process is repeated until
the third to last diagonal components of I, are replaced by zero. Of the calculated
values of the function V, (i.c., the 2 and 142 values of the function V, for the
respective models), we select the minimum value. At this point, if the associated I,
producing the minimum V, has v unities from the Ist to the V’th element on its
diagonal, then the (v+1)’th to the last singular values of the matrix H (M x N, M2N)
are truncated. Thus, the matrix H transforms into H,. This is repeated at each
component of frequency to be analysed. The results of Figure 18 show the condition
number x(H,) obtained after this process. The results of Figures 19 and 20 illustrate a
part of the reconstructed results of acoustic source strengths for the two models. The
results of Figure 19 for the 4 source and microphone model approach the desired
values very closely, compared to those achieved by the least squares method.
Interestingly, the magnitudes and phases of acoustic source strengths recovered by
using H, are similar to those obtained by using Hp. Of course, this is due to the
similar conditioning of the matrices Hp and H, (Figure 18(a)). Finally, the results
obtained by using SBgcv for the 144 source and 144 microphone model reveal that

whereas the magnitude reconstruction is acceptable, the phase reconstruction is still

undesirable (Figure 20).

6. CONCLUSIONS

Tn association with the choice of regularisation parameter, we have suggested the use

of three regularisation parameters, namely, S, B, and Bocv. Of these, the

27



8C

10y ‘Aueduron) 1010 comae( o) Aq paytoddns A[[eroueulj sem YyoIeasal S|,

INFWHDATTMONZIOY

"JX2)JUO0D JUALIND
o3 ur anbruyaa AND ayp Jo sseumenidordde ay) ajeaulap Apes[d 03 parmbar st j1om
SIOTA] "sanfeA 250} JO 22T0YD [nIsse0ons & sonpotd sdempe jou seop enbruyosy ADH
Ay Jey) 108] 9Y) UO PIB[ 9 PINOYS SSANS ‘ISAIMOH "PaledunI) aq o) san[es Ie[nsuls
a1 pue 1opewered uonesuendar o) Apredoid Sursooyo 10] [o0) [eonoeld € 9q 03 us3s
uoaq sey onbiugos ADD Y} ‘OS[Y "UONINIISUODAI JO ADRINOOE 2y Ul Juswesordul
S[qrIspIsu0d opraoid ued WIANSAS PoUONIPUOD-[[I ue ©0) JuIpiedsip onjes Jenduls
10 uonesue[ngal AouoyI], Jo uoneoidde oy 1Y) PRAISSQO U SBY II “ASIOU JO J23JJ2
oy Surpnour S[EPOW JNSI[B3 2I0W 9} JO "POWINSSE 208 SUONOUNJ JOJSURI) dUl Ul
PpN[oUl I0LI3 OU PUE 9SIOU JUSWAINSESW OU JI AJUO PUE JI [[am AJSUIANX2 SUOTIORIUL
II3Y) puB SUOUNGINSIP AJOO[PA SWINJOA QY] JONISUODAI URd poyjaur  saenbs
1Se9[ 9U) 1By 108] 9Y1 PAULILJUOD SARY oM “‘9jeq oyurjur ug ur pajunow ote(d patioddns
Apdwrs ® Suisn suonernwrs Y3noiy ], "UCTIRPI[BA-SSOID PasHeIouad pue UOIBPI[RA-SSOID
AIRUTpIO ‘PALISAUI 9 01 XINEUI 1) JO UonnguIsIp anfza Iemdurs ay3 Juisn poylaul a1
potuasard oAry om ‘sonfea Jepndurs Jo uoneouni) o) SuipreSay -e3pejmouy Joud yons
aimbai jou op yorym anbruysa) UOIBPI[EA-SSOIO pasi[eIouod oy) pue UONBPIBA-SSOIO
Kreurpio 2y) Suisn Aq USOUD are yorgm AdOg pue A0 srojeurered uonesLe[ngal oy
Jo souruniopad ay) }oayd 0} siojeredwoD Se oSN 2Iv A2 ‘SSO[OUIISASN "9SI0U 3} 10
32IN0S 21$NOJL U] JAYIID o a3pa[mouy Joud pasu 210313y Aoy ], ‘A[2Anoadsal ‘sanfea
DorRUINSY,, 9y} pur vnoads-ssoId pue -one 2Inssald O1ISNOdE  PIIISOP,, Yl PUE San|RA
Dajewnss,, o) pue eJ1oads-sSOId puER -ome YIFudns 20In0S JMSNOdE | PSP, Yl

U09MI2] SDUDIAYIP 2y} JO UOHBSTULILI JY) U0 paseq s %y pue #%g jo uoneuruuejep



10.

1.
12.

REFERENCES

P. A. NELSON and S. H. YOON 1998 ISVR Technical Report No. 278, University
of Southampton. Estimation of acoustic source strength by inverse methods:
Part I, Conditioning of the inverse problem.

G. H. GoLuB, M. HEATH, and G. WAHBA 1979 Technometrics 21, 215-223,
Generalised cross-validation as a method for choosing a good ridge parameter.
N. P. GALATSANOCS and A. K. KATSAGGELOS 1992 IEEE Transactions on Image
Processing 1, 322-336. Methods for choosing the regularisation parameter and
estimating the noise variance in image restoration and their relation.

M. ALLEN 1974 Technometrics 16, 125-127. The relationship between variable
selection and data agumentation and a method for prediction.

B. DRACHMAN 1984 [EEE Transactions on Antennas and Propagation AP-32,
219-225. Two methods to deconvole: L;-method using simplex algorithm and
L,-method using least squares and a parameter.

A. M. TaompsoN, J. C. BROWN, J. W. KAy, and M. TITTERINGTON 1991 IEEE
Transactions on Pattern Analysis and machine Intelligence 13, 326-339. A
study of methods of choosing the smoothing parameter in image restoration by
regularisation.

P. C. HANSEN and D. P. O’LEARY 1993 SIAM J. Sci. Comput. 14,1487-1503.
The use of the L-curve in the regularisation of discrete ill-posed problems.

B. ANDERSSEN and P. BLOOMFIELD 1974 Numerische Mathematik 22, 157-182.
Numerical differentiation procedures for non-exact data.

G. WaAHBA and S. WOLD 1975 Comm. Statist. 4, 1-17. A completely automatic
french curve: Fitting splines by cross validation.

P. CRAVEN and G. WAHBA 1979. Numerische Mathematik 31, 377-403.
Smoothing noisy data with spline functions-estimating the correct degree of
smoothing by the method of generalised cross-validaton.

S. BARNETT 1990 Matrices: methods and applications. Oxford University Press.
G. WAHBA 1990 Spline models for observation data. CBMS-NSF Regional
conference series in applied mathemetics 59, Society for Industrial and Applied

Mathematics.

29



0¢

"$$9I JIUAPRIY ‘2suodsa

PUD UOISSTUSUDL] ‘UOUDIPDL JUONDAGIA [DANINAIS pup punos Q61 AHVH
's8a1d LI

A "UONIDLIJUL 413Y} pur ‘SaUnonAs ‘puno§ 98T IIdJ " pur ¥HEONAL D I
suonedIqnd gOVS ‘sisdjpup spuauodutod jpdioud g 6861 NVIWALNNC 'H "D
‘sisATeue jusnodwoo redround

ul sjuauodwod juelrodwll JO JOQUINU ) JUISOOYD 0] UOTIBPI[BA-SSOID) "GO[-0F]
‘0E “YoLDISIY DI0IDYIG AVUDARINIY G661 ANITY "d PUB DISMONYZIY [ "M
*BULIRYT] 9SISAUI [RINIONIIS

[SUURYINININ "§T-TT ‘90T USIsaq i (IIquilay puv SSa4S 'SIYSNOIY ‘UOUDAGIA
Jo pumor FUWSY 21 fo suoopsuvi] 361 ONINHAS ‘M Pue THMOJ H Y
"SuIa{qoId XIIjeul pauonpuod

-f[1 uiajos 01 yoeoxdde payun y "079-609 ‘87 SurpauiSuiy Ul SPoyId
[poriawmp  Aof puinop  JpuoupuAdIuf 6861 NVIWHOVI( "d pue TISMHIOY g
*3010U2 AIOJRDI[BASSOIO JNOGR 2J0U ATRUOIINED V "9 Z-66] ‘€E ‘JHusLs

‘mdio)) 1SuvIS f 68617 NOIONMALIIL ‘A PUB “AVY "M [ ‘NOSINOHL ‘N 'V

6l

81

Ll

91

¢l

i

el



r,.,=0.Im

-‘——1
T 55 —0 BT —FT——0—=F
04 -03 -02 -0l 0 o4 0.2 03] 04

rﬂf:

5  F.=0.Im x. m
0 66— 00 ¢
-04 -03 -0.2 -0.1 0 ol 02 03 04

Figure 1. A geometrical arrangement of 9 point monopole sources and 9 microphones.
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y
Weight W J

X

Y
[ B =W x minimum singular value of HHH(w) )
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Y
(Sffrﬂ? = (H"H + SO HY)S ,, (H"H + D) HH}ﬂ

f
___[R{,q(co,ﬁ)= llSqq(a))—S‘,(,R(a),ﬁ)lch (a=0y:Aare, )
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( Find minEqu(a),ﬁ)J

[ Regularisation parameter p,, J

Y
[S‘MR = {(HHH + ﬁqc,rl)_l HH }Sﬁﬁ{(HHH+ ﬁqql)-l HH }H}

Figure 3. A method of finding the regularisation parameter f,, by minimising the

residual R4 o, ) between the desired solution 8, and the regularised solution Sy,z.
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Figure 5. Geometry of a simply supported rectangular plate mounted in an infinite

baffle used for the computer simulation.
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Figure 9. A comparison of the desired (left) and reconstructed (by the least squares
solution, right) volume velocities (per unit force) of the 144 source and 144
microphone mode!. No measurement noise is assumed: (a), (c) auto-spectra and phase
of cross-spectra at the frequency of (2,2) (444Hz, ko=0.129) structural mode, (b), (d)

auto-spectra and phase of cross-spectra at the frequency of (2,3) (786Hz, ka=0.228)

structural mode.
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Figure 11. A comparison of the desired (black) and reconstructed (by the least squares
solution, grey) volume velocity (per unit force) auto-spectra of sources (&) 3, (b) 4 and
cross-spectra between sources 3 and 4 ((c) magnitude, (d) phase) of 4 source and 4

microphone model. Measurement noise (Figure 10(a)) is present.
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Figure 15A. (a) Volume velocity (per unit force) auto-spectra of source 3 and (b)

cross-spectra between sources 3 and 4 of the 4 source and 4 microphone model when

measurement noise (Figure 10(a)) is present: desired (thick black), unregularised (thin

grey), regularised by fB,, (thin black), regularised by Bocv (thick grey).
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Figure 15B. Phases of the volume velocity (per unit force) cross-spectra between

sources 3 and 4 of the 4 source and 4 microphone model when measurement notse

(Figure 10(a)) is present.
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microphone model and (b) 144 source and 144 microphone model.
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Figure 19A. (a) Volume velocity (per unit force) auto-spectra of source 3 and (b)
cross-spectra between sources 3 and 4 of the 4 source and 4 microphone model when
measurement noise (Figure 10(a)) is present: desired (thick black), reconstructed by H
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Figure 19B. Phases of the volume velocity (per unit force) cross-spectra between
sources 3 and 4 of the 4 source and 4 microphone model when measurement noise

(Figure 10(a)) is present.
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