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Abstract

This report presents a review of the coupling between piezoelectric actuators and a beam. The
properties and definitions of piezoelectric materials are briefly discussed and the one-dimensional
perfect bonded wafer configuration is analysed. Two configurations are considered: two
piezoactuators symmetrically bonded to the upper and lower surface of a beam which can be driven
in-phase or out-of-phase with respect to each other and a single piezoactuator bonded to one surface
of a beam. After making some assumptions, strain and stress distribution is determined for each
case and an expression for the effective load is thus given. The complex beam-actuator structure can
then be analysed as a simple structure (the beam) subjected to an equivalent or effective load, which
depends on the piezoelectric actuator properties and the coupling.
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1. Introduction

Piezoelectric materials exhibit an interesting property: upon mechanical strain a charge proportional
to this is produced. This is referred to as the direct piezoelectric effect [1]. Conversely they also
exhibit an inverse piezoelectric effect, whereby upon the application of a voltage (electric charge) a
mechanical strain 1s induced in the material.

Piezoelectric materials, which are designed to use the direct piezoelectric effect, are referred to as
sensors, while those designed to use the inverse effect are referred to as actuators. Piezo-actuators
and sensors are produced as thin structures that can be shaped for more convenient use. These
piezo-actuator/sensor patches are usually bonded directly on the structure whose motion is to be
controlied/detected. However, some applications use the transducers embedded inside the structure
itself in the manufacturing process [2].

In recent years, research has been devoted to developing active noise and vibration control
techniques using piezo-actuators and sensors. Piezoelectric transducers are relatively inexpensive,
lightweight, easily shaped and can be bonded to or embedded into a variety of surfaces.

Research efforts are also devoted to the design of electric voltage transformers, which combine both
the direct and inverse effect of piezoelectric transducers [3~5]. In order to investigate the coupling
of a piezoactuator and a substructure, a number of models have been developed to predict the
interaction between induced strain actuators and the structure to which they are bonded.

The objective of this work is to present and review a detailed model developed earlier by Fuller [6]
and Kim {7], pointing out the assumptions and limitations employed. Comments and comparisons
are made of the cases presented.



2. Piezoelectric Materials and Definitions

The piezoelectric effect was first discovered in 1880 by Pierre and Jacques Curie who demonstrated
that when a stress field is applied to certain ¢rystalline materials, an electrical charge is produced on
the material surface [1]. It was subsequently demonstrated that the converse effect is also true: when
an electrical field is applied to a piezoelectric material it changes its shape and size. This effect was
found to be due to the electrical dipoles of the material spontaneously aligning in the electrical field.
Due to the internal stiffness of the material, piezoelectric elements were also found to generate
relatively large forces when their natural expansion or contraction is constrained. This observation
has led to their use as actuators in many applications. Likewise if electrodes are attached to the
surfaces of the material then the charge generated by straining or stretching the material can be
collected and measured. Thus piezoelectric materials can also be used as sensors to measure
structural motion by directly attaching them to a structure. Recent applications use polycrystalline
ceramics instead of naturally occurring piezoelectric crystals. The electrical properties of the
ceramics can be precisely oriented by “poling” the material. The relationships between the applied
forces and the resultant response of piezoelectric materials depends upon a number of parameters
such as the piezoelectric properties of the material, its size and shape and the direction in which
forces or electrical fields are applied relative to the material axis.

Three axes are used to identify directions in the piezoelectric element (Figure 1) termed 1, 2 and 3
in correspondence with the x, y and z axes of a rectangular coordinate system. These axes are set
during the poling process, which induces the piezoelectric properties of the materials by applying a
large DC voltage to the element with the temperature being raised to above the Curie temperature.
The z-axis is taken parallel to the direction of polarization p.

Piezoelectric coefficients, usually written in a form of double subscripts, provide the relationship
between electrical and mechanical quantities. The first subscript gives the direction of the electrical
fields associated with the voltage applied or the charge produced. The second subscript gives the
direction of the mechanical strain.

The constitutive equation for a linear piezoelectric material when the applied eleciric field and the
generated stress are not large, can be written as:

Ei =Cijoj+dmiEm (la)
Dm = dmio-i + gfk Ek (lb)

where the indices i, j=1,2..6 and m, k=1,2,3 refer to the different directions within the material
coordinate system, 4, 5 and 6 corresponding to y-z, z-x and x-y planes. & o, D and E are the strain,
stress, electrical displacement (charge per unit area) and the electrical field (voltage per unit length)
respectively. In addition, C, d and £ are the elastic compliance, the piezoclectric strain constant and
the permittivity of the material respectively.

Note that Equation 1.a simply states that the strain of a piezoelectric transducer is given by the sum
of the strain due to the mechanical stress and the strain due to the applied electrical field.

The piezoelectric strain constants d,,; are defined as the ratio of developed free strain to the applied
clectric field in the corresponding directions. In the general case the piezoelectric strain tensor can
be put in a 6x3 matrix. Of those 18 constants, some may be equal, null or simply related to each
other depending on the particular material. In the particular case of interest, electrical charge is
applied along the poling direction; constants dss;, ds; and d3; are considered and the last two
constants are assumed to be equal and related to the first by the Poisson effect. That is the same as
assuming the material behaves in the same way along directions 1 and 2.

As mentioned earlier, in the following discussion the electrical field is restricted to be relatively
small so that piezoelectric material can be considered linear and thus Equation 1 may be applied.

In the absence of an applied stress, the strain of the piezoelectric element, for the one-dimensional
case, may be written as:



5V 2)
f

f_ _
€3 —d33'E3 =

where V is the applied voltage, ¢ is the thickness of the material in the z direction and the superscript
frefers to the free or unconstrained case.

For the same applied field the actuator will also deform in the x and y direction and the resultant
strains are given by:

: (3.2)

ef =S (3.b)




3. Piezoelectric One-Dimensional Perfect Bonded Wafer Configurations

In the one-dimensional case, a free piezoelectric element (assumed to be polarized along the z
direction) is assumed to develop compressive or tensional strain in the x direction when activated by
applying a voltage in that direction. The induced strain for each direction is determined by the sign
and amplitude of the applied voltage and the piezoelectric strain constants of the material.

d,, -V
!

&’ =81Jr = =dy - E (4)

where E is the electrical field (voltage per unit length).

A piezoelectric actuator may be bonded to a structure in different configurations to form a so-called
wafer configuration.

When a voltage is applied across the bonded piezoelectric element it will attempt to expand/contract
but will be constrained somewhat due to the stiffness of the beam.

Two common forms of arrangement of a piezoelectric actuator are the two-sided and the one-sided
wafer configurations as shown in Figures 2 and 3.

When piezoactuators are activated, surface traction/compression is generated at the
piezoactuator/beam interface. If the applied voltage varies sinusoidally with time, the substructure
experiences harmonic excitation. An important assumption is that the beam is covered by a
piezoelectric material, which is perfectly bonded to the beam. The following derivation is an
approximation using a static approach; inertial effects of the piezoelectric element are ignored,
which is valid if the element is thin and lightweight compared to the beam substructure or at low
frequencies.

Given a combined structure (wafer) that is thin compared to radius of curvature, a linear strain
distribution can be assumed across the thickness direction [12] and therefore the strains at each of
the interfaces will be continuous:

e(e)=k z+e, ®)
where k is the strain slope and & is the 7 intercept as sketched in Figure 4.
Using the strain distribution and Hook’s law, the stress distribution within the beam is given by:
0,=Y, (k-z+&) (6)

where ¥, 1s the Young’s modulus of the beam.

The stress distribution within the piezoelectric actuator is a function of the unconstrained strain, the
Young’s elastic modulus of the piezoelectric material and the assumed strain distribution as shown
by:

(7

GP:YP-(k-z+€0i8f)

where Y, is the Young’s modulus of the piezoelectric material, ¢ is the unconstrained strain and the
+/- sign applies if tension or compression is respectively induced into the piezoelectric element.
Note that if the piezoelectric element is forced to expand, a compressive state is induced in it due to
the stiffening effect of the beam, while if it is forced to contract a tensile state is induced instead.



4. Two-Sided Wafer Configuration

In this configuration, actuators are symmetrically bonded on the upper and lower surface of a beam
(Figure 2). If both actuators are arranged to generate surface strain of opposite sign (out-of-phase
actuation), the beam will experience bending forces and out-of-plane or flexural vibration is
induced. If both actuators are arranged to generate surface strain of equal sign (in-phase actuation),
the bearn will experience compressional forces and in-plane vibration is induced.

4.1. OQut-of-phase Excitation: Effective Moment

In the absence of externally applied forces and moments, there must be force and moment
equilibrium at all sections of the beam/actuator structure. Thus applying these two conditions we
get two equations in the unknowns & and &.

According to Equations 6 and 7, the following relations give stresses in the beam and actuators:

0,=Y,-(k-z+¢,) (8.2)
O'PIZYP-(k-z+£O+8f) (8.b)
apzsz-(k-z+eo—sf) (8.c)

Applying moment and force equilibrium conditions gives the following equations:

s f 5.,
[2 o, zd+[2 0, zdt[} "0,-2dz=0 (9.2)
? 2 2

& zin
L 2_I 0, dz +Ji: o, dz +J'£ o, dz=0 (9.b)
r 2 )

where ty, and t,, are the thickness of the beam and the piezoactuator respectively, as shown in Figure
4. Equations 9.a and 9.b are solved to give:

k= 126 1,0, +1,) Y, _ 12.Y-T-(+7)-&’ (10.2)
Y, 4611,V 4123, 22 -¥, +8-22-Y, 1,-{+6 T-Y+12.T*- Y +8-7°.¥)
& =0 (10.b)
where the thickness ratio 7 and the Young’s modulus ratio Y are defined as follows:
r=le y=2o (11.a, 11.b)
tb Yb
Due to symmetry, the constant & turns out to be zero.
Figure S shows the strain and stress distribution in the wafer structure.
We can thus write an expression for the strain at the actuator/beam interface:
&=¢€ 4=C 6
2 (12)

where the superscript ‘s’ refers to the ‘surface interface’ and Cp is a non-dimensional constant given
by:



_ 6-Y-T-(1+7) (13)
® 1+6-T-Y+12-T*.Y+8-T°-Y

The deformation induced by the actuator to the beam underneath is equivalent to that induced by a
moment distribution M; equal to:
& e’ (14)

=C,-¥, 1, - —=K,-&
tb/2 0 b b tb/2 0

M, =Y,-I,k=Y,-I,-

where the subscript i stands for ‘induced’ and the factor Ky emphasizes the fact that the induced
moment is proportional to the unconstrained strain g

The above results are valid for a composite structure where the substructure (beam) is fully covered
by the piezoactuators, which are assumed to be perfectly bonded to the beam surfaces.

We now examine the excitation of an infinite thin beam by the action of a two piezoelectric
elements of finite extent. For the following derivation further assumptions are made. It is assumed
that the piezoelectric element is very long and thin and hence edge effects are ignored. Free edges
do actually exist where the stress field vanish and the equilibrium conditions require the normal
stress at the actuator boundaries to be zero, invalidating the above relationships. The assumption
made is supported by the work of Liang and Rogers [8], who showed that the actuator stress field
for a distributed actuator is unaffected by the free edge except within approximately four actuator
thickness distances from the boundaries. Thus for a large piezoactuator patch (with respect to the
actuator thickness) the stress field is largely unaffected by the free boundaries. Consequently, the
stress field described above generates a bending moment, which is assumed to be uniform within
the boundaries of the piezoactuators.

Thus the flexural response of the beam associated with the induced moment field is solved. The
Bernoulli-Euler equation for a thin beam including the actuator-induced moment is given by [9]:

0% (M (x)- M, (x)] d*w
s pA— = (15)
ox® P ot? 0

where M(x) and M(x) are the internal beam bending moment and the induced actuator bending
moment respectively, while o, A and w(x,7) are the beam density, cross sectional area and out-of-

plane displacement respectively.
For a finite length element, the moment M;{x) may be written as follow:

M,(x)=K, & [HE)-H(x-L,) (16)
where Lp is the actuator length and H () is the Heaviside step function defined as:

Lx>0

H (x)={ (17)

0,x<0

This implies that the induced moment exists at every point under the piezoelectric element.

If a harmonic oscillating voltage V=Ve/™ of circular frequency @ is applied across the piezoelectric
element electrodes and a harmonic solution w=We* is assumed, by substituting the moment
distribution expression given by Equation 16 into Equation 15 and rearranging we get:



4

W & pAW =K, &[5 ()-8 (-1, ) (18)
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Yld

where all properties refer to the beam and subscript ‘6’ is omitted for simplicity. &” () represents the
derivative of the Dirac delta function. Equation 18 shows that the induced bending of the actuators
may be represented as an external load consisting of a pair of line moments of opposite sign located
at the actuator edges (Figure 6) as described by Fansen [10] and Crawley [11].

The final expression for the effective bending moment (Equation 14) is a function of the thickness
and material properties of the beam and the piezoelectric elements. It also depends on the free
actuator strain & and thus is proportional to the applied electric field E.

It is interesting to examine the strain induced by the piezoelectric patches to see if there is an
optimal thickness for the piezoelectric elements, which maximizes the induced strain itself and thus
the induced moment.

We therefore define the strain ratio R to be the strain at the interface divided by the free
piezoactuator strain:

R:‘gszq}: 6-Y-T-(1+T) (19)
el 1+6-T-Y+12-T*.Y+8.T*.Y

This equation is plotied (Figures 7-8) for steel and aluminium beams as a function of the thickness
ratio. Material properties are specified in Table 1.

Property PZT (PC5H) Type V1 Aluminium Steel

Young’s Modulus (Nm’z) 59.5x 10° 70 x 10° 210 x 10°

Table 1 — Material properties

As shown in Figures 7 and 8, there is an optimal thickness ratio that depends on the substructure
material. The strain ratio tends to zero as the thickness ratio becomes very large which is consistent
with the fact that if the thickness of the piezoactuators is very large compared to the beam thickness
and they are driven out-of-phase, they act against each other and the thin layer in between (the
beam) does not experience any excitation.

4.2, In-phase Excitation: Effective Force

With reference to Figure 9, in the absence of externally applied forces and moments, there must be
force and moment equilibrium at all sections of the beam/actuator structure. Thus applying those
two conditions results in two equations with the unknowns & and k, which turns out to be zero by
symmetry.

The following relations give stresses in the beam and actuators:

0,=Y%,-(k-z+&) (20.2)
0, =Y, (k-z4+6-¢) (20.b)
0, =Y, (k-z+e,—e") (20.0)

By applying moment and force equilibrium conditions, Equation 9 can be solved for & and & to give
the following:

10




k=0 (21.2)
2-£f-rp-Yp 2.7T-Y-¢
50= =
Y, +2-t,-Y, 1+2-T-Y

(21.b)

Figure 9 shows the strain and stress distribution in the wafer structure.
As in the previous section, T is defined as the thickness ratio and Y as the Young’s modulus ratio.
An expression for the uniform strain induced in the actuator/beam structure is given by:

Toy.gl
grog =2 LY E o (22)

T 1+2.T.¥Y

The superscript ‘s’ is again used to represent the surface, as for the previous case. Note that now the
strain is constant over the beam cross-section, and C; is a non-dimensional constant given by:

__2TY (23)
Y 1+2.T-¥

The longitudinal response of the beam associated with the induced strain field can thus be solved.
The longitudinal equation of motion for a beam is given by:

d%u oo (24)
Py LA
P or? dx

where u(x,t) is the in-plane displacement and ois the stress field, which can be written as:

25
o=Y (% - 8*'J 29)
ox
Combining Equations 24 and 25 gives:
y u  u _y de’ (26)

For a finite length element, ¢ may be written as:

e (x)=C, & [Hx)-Hlx-L,) @7

If a harmonic oscillating voltage V=Ve'™ of circular frequency @ is applied across the piezoelectric
element electrodes and a harmonic solution u=Ué&“* is assumed, by substituting the strain
distributton expression given by Equation 27 into Equation 26 and rearranging we get:

2

szu+w2p‘u=Y-C]-Sf-[§(x)—5(x—Lp)] (28)

2

Equation 28 shows that the induced force of the actuators may be represented as an external load
consisting of a pair of line forces of opposite sign located at the actuator edges and acting in the x

11



direction (Figure 11). The magnitude of these forces is proportional to the applied voltage by the
factor K.

F;:Ab.};.gS:CI.Ab.Yb.gf:Kl-gf (29)

The final expression for the effective force (Equation 29) is a function of the thickness and material
properties of the beam and the piezoelectric material. It also depends on the free actuator strain &
and thus is proportional to the applied electric field.

It 15 interesting to examine the strain induced by the piezoelectric patches. It can be seen that in this
case no optimal thickness exists. We define the strain ratio to be the uniform strain in the structure
divided by the free piezoactuator strain:

£ o 2TV 30

R=
el 1+2.T-Y

Equation 30 18 plotted in Figure 11 for steel and aluminium beams as a function of the thickness
ratio.

12



5. One-Sided Wafer Configuration

In this configuration, the actuator is bonded on the surface of a beam as shown in Figure 3. When a
voltage is applied to the actuator, surface strain is induced on the beam. All the assumptions made
for the previous cases are implicitly assumed here as well as a linear strain distribution (Equation
5). The stresses in the beam and actuator are given by:

OI):YD'(k‘Z-*_E{]) (31.3)
GP=YP-(]C-Z+£0—~8f) (3L.b)
Applying moment and force equilibrium conditions gives the following equations:
f LI
j%bab-z-dﬁ_l-,f ‘o, z-dz=0 (32.a}
a2 2
r_”_ ri+zp 2
J%o 0, dz +J.rb2 g, ~dz =0 (32.0)
2 2
Which are solved to give:
S
. 6 -rb-rp-(rbﬂp)-YP-Yb _ (33.2)

YR A 1, Y Y 4607 1Y, Y A 1 Y, Y +1,- Y}
_ 6-Y-T-(1+T) &

T, (+4T Y +6-T2.Y +4-T Y +T° V)
& Ef'lp'(tI?'Yb-l_tz.Yp)'Yp _
CT YA Y, Y, 261212 Y, Y Aoty 1 Y, Y Y (33.6)

_ y-T-(+7°.v) ¢
1+4-T-Y+6-T*>-Y+4.7* .Y +T*.Y?

Figure 12 shows the strain and stress distribution in the wafer structure.
The surface strain at the actuator/beam interface is given by:

.Y-T-(4+3~T+T3 -Y)-Ef 7 (34)
e = - - ——=C,- £
=3 1+4-T-Y+6-T" Y+4-T°.Y+T" 'Y

Due to asymmetry in this case, the strain distribution can be decomposed into the sum of a
symmetric distribution &z (flexural component) and a uniform strain distribution & (longitudinal
component) as shown in Figure 13.
Thus the response of the beam to the actuator consists of the sum of a linear strain distribution
(equivalent moment) and a uniform strain distribution (equivalent force). The effective force and
moment are given, following the earlier analysis, by:
i
£
Mi=Yb'Ib'k=C2'Yb'Ib'_=K2'8f (35.a)
t,/2
F =AY €=C-Y- A ¢ =K, ¢ 35)

where:
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c - 3-Y-T-(1+T) (36.2)
2 2 3 4 et
1+4.T . Y+6-T*-Y+4.T°.Y+T"-Y

. . 3.
¢ - Y-T-(+7 Y3) _ 365
1+4-T-Y+6-T*-Y+4.T°-Y+T*-¥Y

Previous results for flexural and longitudinal vibration can be used and superposition may be

applied to find the total response of the system.
It is interesting to examine again the strain induced by the piezoelectric patches to see if there is an
optimal thickness for the piezoelectric element. We thus define the strain ratio as before:

£ Y-T-(4+3-T+T°-Y) 37)

R= =
e 1+4-T-Y+6-T*-¥Y+4.T.¥Y+T*.Y?

This equation is plotted (Figures 14-15) for steel and aluminium beams as a function of the
thickness ratio.

As shown in Figures 14 and 15, there is an optimal thickness ratio for 7 less than one and it depends
on the substructure material. As shown in Figure 15, the strain ratio tends to unity as the thickness
ratio becomes very large. This is consistent with the fact that if the thickness of the piezoactuator is
very large compared to the beam thickness, the strain of the piezoelectric element will not be
affected by the relatively light stiffening effect of the beam.

It 1s also interesting to note that the values of M; and F; for this case are not exactly half of the
results found out in the earlier sections. This fact arises because the expression of the single actuator
does not include the stiffening effect of the second actuator. If this stiffness is included in the
analysis and a zero voltage is applied to that element, it is shown that the results are exactly half of
that for the two-patch actuators. If that is indeed the case, the stress distribution in the beam and
piezoelectric element may be written as follows:

ob:Yb-(k-z+£0)

(38.a

0, =Y, (k-z+&+0) (38b;
_ f '

O-PZ_YP.(k‘Z_i_SO_S ) (380)

By applying equilibrium conditions (Equation 9) and solving for k£ and & we end up with:

_ 6-8f-fp-(rb+rp)-1’p _ 6-Y-T-(1+T) &
Y, 46012, Y, 412102 Y +8-2-Y, 1,-(+6-T-Y+12.T* - Y +8-T°-Y)

p

4, Y, 4201, 1+2.T-Y

F

Sf‘tp‘Y _ T.Y.gf

&

Which are half of the corresponding expressions for the two-sided wafer configuration when
actuators are driven out-of-phase and in-phase respectively. The effective force and moment are
given by:

M, =C,-%, 1, =K4.gf (40.2)

£
t,/2
F,=Cs-Y, A e/ =K, ¢’ (40.0)

where:

14



(41.2)

(41.b)
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Conclusions

Detailed one-dimensional models of the coupling between piezoelectric actuators and a beam to
which they are bonded has been presented and reviewed in this report. Strain and stress distribution
within the actuators and the beam has been determined by applying the equilibrium conditions. For
each case an expression for the effective load is presented and it has been shown to depend on the
coupling and on the actuator properties. For some of the configurations, there is an actuator/beam
thickness ratio that maximize the effective load. This depends on the actuator/beam Young’s
modulus ratio.
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Figure 1 — Convention for direction in a piezoelectric element
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Figure 3 — One-sided wafer configuration
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Figure 5 — Strain and stress distribution due to out-of-phase excitation of two piezoelectric actuators
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Figure 6 — Equivalent load for out-of-phase excitation
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Two-Side out-of-phase Wafer Configuration
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Figure 7 — Strain Ratio as a function of Thickness Ratio for out-of-phase excitation of two
piezoelectric actuators
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Figure 8 — Strain Ratio as a function of Thickness Ratio, for a Thickness Ratio less than one, for
out-of-phase excitation of two piezoelectric actuators
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Figure 9 — Strain and stress distribution due to in-phase excitation of two piezoelectric actuators
bonded to a beam
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Figure 11 — Strain Ratio as a function of Thickness Ratio for in-phase excitation of two

piezoelectric actuators
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Figure 12 — Strain and stress distribution due to in-phase excitation of one piezoelectric actuator
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Figure 13 — Asymmetric strain decomposition
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One-Side Wafer Configuration
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Figure 14 — Strain Ratio as a function of Thickness Ratio for one piezoelectric actuator
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Figure 15 — Strain Ratio as a function of Thickness Ratio, for a Thickness Ratio less than one, for

one piezoelectric actuator
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