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1. INTRODUCTION

In performing transfer path analysis of structure-borne sound transmission, the
operational forces at the excitation points and/or at the connections within the
structure-borne paths are required. These can be obtained by using inverse techniques
using a measured frequency response function matrix and a set of operational
responses [1-4]. However such methods are sensitive to the conditioning of the
matrix that has to be inverted. Since the measurements of the operational responses
and the frequency response functions include some errors that cannot be known, the
reconstructed forces and responses may contain large errors.

To reduce the errors caused by the inversion of the accelerance matrix, the
singular value rejection method has been used in previous research [2,4,5]. This
method usually results in reduced errors for the reconstructed forces.

Verheij [2] used un-correlated point forces to describe large mechanical sources
while compact sources were represented in terms of correlated sources. The singular
value rejection method was introduced in this work in order to improve the
conditioning of the matrix inversion. Smaller singular values were rejected if they
were corrupted by noise. A threshold to reject singular values was established based
on estimates of the accelerance measurement errors. The equivalent forces method
was then applied to studying sound transmission paths [3] for a ship engine and
gearbox. Janssens et al. [1] applied this method to flanking paths of a diesel engine on
a ship, in particular the drive shaft and cooling water pipes.

However, rejecting the singular values less than some threshold means the loss of
some information. A small change in the threshold can result in a singular value being
accepted or rejected which may make a significant change to the results. To overcome

this, the singular values can be weighted such as in Tikhonov regularization. This



approach has been introduced in acoustic source identification [5, 6] and more
recently inverse force determination [7]. In Tikhonov regularization, it is important to
choose an optimal regularization parameter. Thite [7] used ordinary cross validation
(OCV) [8] for choosing an optimal value and developed an alternative called selective

cross validation (SCV).

In this study, the technique of generalized cross validation for selecting the
optimal Tikhonov regularization parameter is also considered. Generalized cross
validation (GCV), which was introduced by Golub et al. [9], is a rotation-invariant
version of ordinary cross validation. This method has been applied to acoustic source
identification problems [6] but not yet to structural dynamics problems. The results of
GCV are compared with those of OCV and SCV using simulations on a flat
rectangular plate, as in [7]. The robustness of each of these methods is assessed for
different noise levels.

Also, the range of the regularization parameters to be used in each method for
selecting the optimal value is investigated. Because the singular values of the
accelerance matrix differ at each frequency, a frequency-dependent range for the
regularization parameters is needed to reduce the inverse force determination errors.
The initial range of regularization parameters considered is a full range, but this is
inefficient to use. Therefore the several ranges of regularization parameter are used to
investigate the effects of fixing the lower and the upper limits of regularization
parameters.

In addition, the effects of various parameters on the performance of the methods
of OCV and GCV are investigated. Those parameters varied in this study are the
shape of plates, the damping value, the force positions (the relationship among force

positions themselves and the relationship between force and response forces) and the



noise levels included in measured FRF’s and operational responses. Considering these
factors, the performance of OCV and GCV is compared for the average errors in

reconstructed forces and optimal regularization parameters selected.



2. METHODS FOR SELECTING THE TIKHONOV REGULARIZATION
PARAMETER
2.1. Tikhonov regularization
It is supposed that a vector of operational responses & are measured at some positions,
and that the matrix of frequency response functions A from a set of force positions to
the response positions are also measured. The objective is to find a vector of forces F
such that & = AF .

The measured operational responses 4 and the measured frequency response
functions A contain some errors that are unknown. Therefore if it is supposed that the
fitted force F can be obtained, a fitting error can be defined as

§=a-AF. ey

To minimise these fitting errors @ , Tikhonov suggested a cost function given by

J=(@"8)+ AMFYF) 2)
or J = (G- AF)! (4 - AF) + M(F F) 3)
where A is a regularization parameter and H indicates Hermitian transpose. For this
cost function to be minimised, the first derivative of J with respect to the force vector
F must be zero. After differentiating with respect to cach of the real and imaginary
paﬁé, the optimal solution to minimise the error amplification in force reconstruction
is given by [5, 6]

F=(A"A+ D™ A%, (4)
Using the singular value decomposition of the accelerance muatrix, A=USV", in

which § is a diagonal matrix of singular values and I/ and V are unitary matrices,

equation (4) can be represented as follows



F=v(is+ A5 U%a. (5)
Thus the singular value s, becomes s,/(s? + ) in the regularized inverse.

Now the problem is how to select an appropriate regularization parameter for the
optimal force vector. To do this, it is necessary to know the errors in the measurement
but, as previously stated, the errors cannot be known. Consequently several kinds of
mathematical concept that approximate the errors are used, for example, ordinary
cross validation, selective cross validation, generalized cross validation, etc. In the

next sections, these methods are presented.

2.2. Ordinary cross validation
Allen suggested the method of ordinary cross validation (OCV) [8]. This method is

also referred to as the PRESS method (‘Prediction sum of squares’ of deviation). In
this method, the force vector ﬁk is determined by using equation (5) with the

measured operational responses except one (the kth). The difference is calculated

between the kth measured operational response &, and this response reconstructed by
using the force vector obtained from the responses except the kth one Ak F, where A,

is a vector containing the kth column of A. Hence the ordinary cross validation

function is defined as
L&), - o=
Vo) ==Y |a, — AF (6)
m =
where m is the number of responses. Equation (6) can be rewritten in matrix form as
[9]

Vo (A) = [BOII - CGANA ™



where ||| indicates the Euclidean norm, C(A)= AA" A+ DAY and B(A) is the
diagonal matrix whose entries are given by 1/(1—c,, (1)), ¢, (A) being the kkth entry
of C(A). The derivation of equation (7) is given in Appendix A.

For a series of values of the regularization parameter, the cross validation function
V,(A) is calculated and the value of A that corresponds to the minimum of V,(A) is
identified as the optimal value of regularization parameter. Using the optimal value of

A, the optimal forces and responses can be reconstructed using the full matrix A.
This process is carried out for each frequency.
Instead of minimising the sum of validation errors to choose the regularization

parameter, the minimal value (over k) of validation errors can be used as follows

V. (A) = rr}{in]&k —AF, |2 (8)
or Vy(2) =min[BAY(I - cal] ©

This method is a variant of the method of ordinary cross validation developed by
Thite [7] that is called ‘selective cross validation’ (SCV). The minimum validation

error may correspond to the minimum value of the condition numbers of the

submatrices of A with one row omitted.

2.3. Generalized cross validation

This method was suggested by Golub er al. [9]. In the extreme case where the entries

of the measured frequency response functions Aare 0 except for the jjth entries

(j=1,2,---, m), the matrix C(4) in equation (7) is diagonal, and consequently

e 18 ¢
Vo(z)=;||a||zzzg|ak| : (10)



In other words the force determining a, is found to be O when a, is omitted from A,
and so the reconstructed a, =0. In this case, the ordinary cross validation function is

independent of the choice of the regularization parameter so that the method of
ordinary cross validation would not perform very well in near diagonal cases.
Therefore Golub er al. suggested a modification to the method of ordinary cross
validation, called generalized cross validation (GCV), which follows from the
argument that any good choice of A should be invariant under rotation of the
measurement coordinate system. Generalized cross validation is thus a rotation-
invariant form of ordinary cross validation. This method may be derived as follows.
First, a matrix W is defined as a unitary matrix that diagonalizes the circulant

matrices (see Appendix B). The entries of this matrix are given by

ij:Lerﬁ(jk/m), k=12, m (11)

m
where m is the number of response positions.
Multiplying a matrix by W has the effect of applying a discrete Fourier transform
to this matrix. It will be used for resolving the diagonal problem of the measured
frequency response functions.

Next, using the singular value decomposition of the measured frequency response
function A, equation (1) can be written as
g€=a-USV"F. (12)
If this is pre-multiplied by I/, this gives
Ufe =U"G-SVPF, (13)
and then pre-multiplication of equation (13) by W gives
WU"e =wU"a-wSvV¥F . (14)

The transformed model is represented as



2 =a,-AF (15)
where a, = WU M4 is the vector of transformed measured operational responses,

AI = WSV ¥ the vector of transformed frequency response functions, and & =WU"&

the vector of transformed fitted errors.

By applying ordinary cross validation to this transformed model (15), the

generalized cross validation function can be defined as

_ Wmld -c,a
[/ m)Te(Z = C, (AT

Ve (A) (16)

where C.(A) = A (A" A + AI)" A" is a circulant matrix and thus constant along the
diagonals. Since C(A) and C,(4) have the same eigenvalues, equation (16) can be

written as (see Appendix C)

@/ myz ~ N

~. (17)
[(L/m)Tr(I - C(A)]

V()=

Furthermore, it can also be shown [9] that V,,(A4) is a weighted version of the ordinary

cross validation function V,(A) so that

V.(A)= %il&k - Akﬁklzwk (18)
k=1

where w, = 1-cy 2
o l1-Q/mTeCcA) |

Using selective cross validation instead of ordinary cross validation for deriving
the generalized cross validation function, the validation function (16) can be modified

as follows

V() = min AL

- (19)
£ [(1/m)Tr(I ~ C(A))]




3. USE OF GENERALIZED CROSS VALIDATION
3.1. Analysis object
To evaluate the effectiveness of the method of generalized cross validation, a series of
numerical simulations have been carried out based on a simply supported rectangular
plate.

The plate is taken to have dimensions 600 mm x 500 mm X 1.5 mm and its
material is steel (Young’s modulus: 2.07x10" N/m’, Poisson’s ratio: 0.3, density:
7850 kg/m’, and damping loss factor: 0.03). Four positions were sclected for applying
coherent point forces perpendicular to the plate, and five positions for measuring
operational responses. The locations of the force and accelerance measurement
positions are shown in Table 1. A receiver position is also considered, located at
{0.15a, 0.45b). The forces have broad-band spectra with constant rms amplitudes in

each 1/3 octave band as listed in the table.

Table 1. Non-dimensional positions of forces and responses.

Force positions and rms amplitude Response positions
No xla b Force [N] No xla yib
1 0.62 0.41 19.0 1 0.55 0.40
2 041 | 043 100 2 0.80 0.20
3 0.51 0.63 27.0 3 0.90 0.80
4 0.31 0.72 6.0 4 0.60 0.50
5 0.20 0.30

The frequency range used for the simulations is from 10 Hz to 3.6 kHz. The plate
response is dominated by individual modes at low frequencies and by multiple

overlapping modes at high frequencies.



In these simulations, arbitrary noise signals are needed to produce ‘measured’
signals because an analytical model of the flexural vibration of a thin rectangular plate
would otherwise have an exact solution without any noise. The so-called
measurement noise was added to the acceleration and force signals {7]. The noise
levels added to obtain operational responses and frequency response functions can be
quantified by the average signal to noise ratio (S/N) across a.ll 1/3 octave bands and
are classified as low, medium and high. These values for the three levels of noise used
are shown in Table 2. (Note that the S/N ratio varies with frequency [7].)

The numbers of averages that have been used in estimating FRF’s and operational
responses are 50 and 25, respectively.

The condition numbers of the measured frequency response functions in the
presence of different noise levels are shown in Figure 1 and the frequency averaged

condition number is given in Table 3.

Table 2. Average signal to noise ratios in dB indicating the level of noise added to

signals to obtain operational responses and frequency response functions.

Noise levels
Low Medium High
(High S/N) (Medium S/N) (Low S/N)
Operational response 50.0 _ 13.5 2.6
Acceleration 490 ' 273 11.3
FRF
Force 60.0 40.0 32.0

Table 3. Average condition number associated with the accelerance matrix due to

different levels of noises.

Noise levels in operational responses
Low Medium ~ High
0 E o Low 46.8 46.8 46.8
585 Medium 17.2 17.2 17.2
Z 5w :
- High 12.2 12.2 12.2

10



Condition number

20 50 100 500 1000 3000
Frequency, HZ

Figure 1. Condition numbers of the measured frequency response functions due to

different levels of noise. low noise level, — — — medium, - - - - high.

3.2. Force determination and response reconstruction

Examples of the forces determined by using the various methods of cross validation
are shown in Figure 2. OCV corresponds to minimising equation (7), SCV to equation
(9), conventional GCV (GOCV) to equation (17) and GSCV to equation (19). The
noise levels in the measurements correspond to low noise in the accelerances and
medium noise in the responses. This case is chosen because in [7] it was found to be
particularly difficult to obtain good results, especially at low frequency. All results are
calculated in narrow bands and the results converted to 1/3 octave bands for
presentation. Here, the true forces applied for all frequencies are shown in the right
hand part of the figure. The forces are predicted more reliably at high frequencies than
at low frequencies, and are better for the larger forces than the smaller ones. At low

frequencies, large force determination errors result from high condition numbers.
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Figure 2. Reconstructed rms forces in 1/3 octave bands using low noise in

accelerances and medium noise in the responses.

----force 3, —-—- —force 4.

force 1, — — — force 2,

The reconstructed velocity response at the receiver location is shown in Figure 3,
along with the true response at the same location. Except near 50 Hz, the
reconstructed response is quite accurate, even though considerable errors exist in the
forces determined at low frequencies. SCV and GSCV seem to give less reliable

results at high frequencies than OCV and GOCV.
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Figure 3. Reconstructed velocity response in 1/3 octave bands at the receiver location.

— —— actual, reconstiucted.

For the simulation considered, the forces and responses reconstructed using
Tikhonov regularization with OCV are more reliable than with GCV, although GCV

is equally good in the range above 100Hz.

3.3. Robustness for different noise levels
To investigate the robustness in selecting the regularization parameter for different
levels of noise in responses and FRF’s, calculations are performed for the various

combinations of error identified in Table 3. Six methods are used to reconstruct forces

13




and the receiver response and their results are compared. These methods are as
follows: ordinary cross validation, selective cross validation, generalized cross
validation based on OCV and on SCV, minimum force error, and minimum response
error. In the case of minimum force error, the fact that the forces are known is used to
find the value of regularization parameter that minimises the force error. This
represents an ideal case and shows the best that could be achieved. However it is not
intended as a practical method. Similarly the minimum response error selects the
regularization parameter on the basis of the calculated response at the receiver
position without noise.

To select the regularization parameter for the global minimum value of the
validation function at each frequency, the validation function is evaluated initially for

a wide range of regularization parameters. This is determined as A=0,

s> x{107°,...,1} where s, is the largest singular value and the parameters except

max
0 are logarithmically equally spaced values (50 points per decade).
Table 4 shows the average errors in the reconstructed forces and Table 5 shows
the average errors in the reconstructed responses. The average error estimate used is

given as follows

a1 & , 2
€ e =;§[R;§|Lm ~L,, J (20)

where £, is the average force error in dB, r is the number of force positions, N is

force

the number of 1/3 octave bands  in the frequency range considered (here 25), L; ;is

the reconstructed jth force in 1/3 octave bands in dB and L, ; is the actual force in 1/3

octave bands in dB.

14



Table 4. Average errors in forces in dB calculated in 1/3 octave bands.

Noise levels in operational Noise levels in operational
ocv TESPONSEs SCV responses
Low | Medium | High Low |Medium | High
0 & o Low 1.6 59 10.2 o & o Low 14 6.4 104
‘Za” S B |Medium | L6 3.3 55 ;é’ B & |Medium | 22 3.1 6.7
= High 3.2 29 4.1 - High 3.2 3.0 37
Noise levels in operational Noise levels in operational
GOCV TeSpOonses GSCvV responses
Low | Medium | High Low |Medium | High
- Low 1.6 8.9 159 0 8 w Low 1.0 6.9 13.8
§T§ | Medium | 1.6 4.0 7.8 572 Medium | 1.8 33 5.9
- High 3.2 3.3 4.6 - High | 3.5 2.5 42
Noise levels in operational Noise levels in operational
MFE responses MRE responses
Low |Medium | High Low |Medium | High
oS o | Low 0.4 11 | 16 | =] Low 13 52 9.3
; $ 5 |Medium| 1.0 1.3 1.8 § § & |Medium| 19 33 52
= High 1.8 17 2.1 = High 2.9 3.6 3.7

Table 5. Average errors in reconstructed response in dB calculated in 1/3 octave

bands.
Noise levels in operational Noise levels in operational
ocyv responses SCV responses
Low |Medium| High Low |Medium| High
o B o Low 0.1 1.4 2.9 0 & Low 0.7 1.6 2.7
Ao é Medium | 0.3 0.9 36 | &85 [Mcdium| 1.5 1.3 3.8
Z3 - 4B .
- High 1.3 1.7 2.0 = High 2.2 2.5 1.9
Noise levels in operational Noise levels in operational
GOCV responses GSCV responses
Low | Medium | High Low {Medium| High
5 & a Low 0.1 3.0 - 638 05 o Low 0.2 22 5.4
;5” B |[Medium| 04 | 24 47 § S & |Medium| 0.8 2.0 4.0
= High 1.3 1.7 1.9 = High 2.0 2.2 1.7
Noise ievels in operational Noise levels in operaticonal
MFE Tesponses MRE responses
Low | Medium | High Low |Medium | High
= Low 0.1 0.6 1.1 = Low 0.1 0.3 04
8 -; _\m 8 ; nr.a
e Medium | 03 - |7 0.8 1.1 Sl Medium 0.2 03 04
A ; Z 3
~= High 1.2 1.1 1.6 - High 0.5 04 0.6

For the four methods of OCV, SCV, GOCV, and GSCV, the inverse force
determination is observed to be very sensitive to the noise level in the response when

the condition numbers are large (i.e. low FRF error). The forces determined by GCV

15



are a little worse than those by OCV because this system does not have any problem
with near-diagonal matrices. The reconstructed responses (Table 5) contain smaller
errors than the individual forces (Table 4). It is observed that OCV is more reliable
than GCV for the responses as well. Selective cross validation does not give
consistently better results than ordinary cross validation. In fact OCV is generally
better in many cases.

However, comparing OCV with MFE, not surprisingly OCV is worse than MFE
for both forces and responses. Apart from the difference in error levels between OCV
and MFE, it is interesting to note that the average errors of forces obtained by MFE
increase as the noise levels increase not only in FRF’s but also in operational
responses. By contrast the average errors of forces reconstructed by OCV are largest
for high noise levels in the operational responses and low noise levels in the FRF’s.
Thus for medium and high notse levels in operational responses, the average errors of
the forces by OCV decrease as the noise level in FRE’s increases due to the effect of
noise on the condition number (see Figure 1). The other methods show a similar trend
to this.

Figure 4 shows the regularization parameters chosen to minimize the ordinary
cross validation function for low/high noise levels in FRF’s and low/high noise levels

in operational responses. Also shown in each case are the maximum, singular value

2z
max *

squared, s>, 107 times this, the minimum singular value squared, 52, and the

square of the error norm l[E"2 of the matrix A . When zero values are selected for A,

these are shown along the bottom of the graph. It can be seen that the selected
regularization parameters are shifted upward as the noise levels in FRF’s and/or in
operational responses become larger. It is observed that the selected regularization

parameter generally increases as the frequency increases (in proportion to the square

16



of the largest singular value). It also increases as the condition number of the
accelerance matrix decreases and as the noise level in operational response increases.
Figure 5 shows, for each method, the regularization parameters chosen to
minimize .the corresponding validation function. These results correspond to low
noise in the FRIF’s and medium noise in the operational responses. In Figure 5, the

trends of the results from the six methods are similar.
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Figure 4. Regularization parameters chosen by the method of
ordinary cross validation for different noise levels ().
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Figure 6 shows the validation functions plotted against the regularization
parameter for the different methods for specific frequencies, 25, 50, 100, and 400 Hz.
The minima of the curves correspond to the optimal regularization parameters
selected at each frequency. At low frequencies, the regularization parameters chosen
by the different methods are spread out over the whole range considered, but the range
of the selected regularization parameters becomes narrower at high frequencies. It is
thought that the reason is the ill-conditioning of the accelerance matrix of low
frequencies—the condition number has its maximum at 25 Hz which is the natural
frequency of the first mode of the plate.

The SCV and GSCV methods produce validation functions that contain several

local minima due to the effects of the different submatrices of A. This may make
them less reliable than the OCV and GOCYV methods where a single global minimum
is seen.

Figure 6 also shows the condition number of the regularized matrix as a function
of regularization parameter. This generally has a minimum for a value of
regularization parameter close to the optimal value, although it cannot be used as a
reliable means of selecting A as it takes no account of the operational responses and

their noise levels.
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4. GOOD INITTAL RANGE OF REGULARIZATION PARAMETERS
4.1. Introduction
In the previous section, the initial range of regularization parameters used to select the
optimal regularization parameter was A =0, s, x{107°,.-.,1}. This range is wider
than used by Thite [7] so it was found that his results sometimes used an inappropriate
range. However this range is too wide to be efficient to use. Therefore the range needs

to be optimised.

To find a more effective range of the regularization parameters, three ways of

- selecting the range are proposed as follows:

Range I:  square of minimum singular value s>, to square of maximum singular

value 57,
. 2
Range II: square of the norm of error matrix ||E “ to s,

Range I1I: minimum of s%,, and |E| to s,

n

The upper limit is the same as that of the previous section because the
regularization parameters chosen by the ideal method of minimum force error were
found to be below the curve of the maximum singular value squared in Figures 4 and
5. However the lower limit used previously appears to be too low to be efficient to use.
Although A =0 is often selected in Figures 4 and 5, Figure 6 shows that adding a
small regularization parameter has very little effect on the validation function and is to
be preferred. Otherwise the selected regularization parameters generally are larger

than the square of the error norm or the minimum singular value squared except in
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cases of high noise levels in the FRF’s. Therefore these two values are considered as

the lower limit.

2
max

4.2. RangeI: 52 to s
The average errors of the forces determined by using this range are shown in Table 6,
and those of the reconstructed responses in Table 7. Comparing these results with
those obtained previously by using the wider range, the average errors of the forces
increase for the cases where they were small and decrease where they were large.
Consequently the variations of the average errors are reduced and the robustness for
different noise levels is improved. A similar trend is seen for the average errors of the
reconstructed responses, which also have smaller variations and are more consistent
for different noise levels.

Figure 7 shows the regularization parameters chosen by the method of ordinary
cross validation for low/high noises in FRF’s and low/high noises in operational
responses. Figure 8 shows the selected regularization parameters from each method

for the case of low noise in FRF’s and medium noise in operational responses. It can

be seen that above 100 Hz the lower limit is selected as the optimal parameter many

times. This would appear to indicate that the lower limit based on s, is too high.
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Table 6. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

using A={s2 ., 5.}

max
Noise levels in operational Noise levels in operational
OoCv responses SCV TESpOMnses
Low | Medium [ High Low |Medium | High
0 & Low 23 4.7 33 0 & Low 35 4.8 9.0
£ 65 [ Medium| 25 3.1 48 |54 2 [Medium| 3.5 35 53
<5 , Z 5 ’
= High 29 2.8 39 - High 4.0 4.0 4.1
Noise levels in operational Noise levels in operational
GOCV responses GSCV responses
Low |Medium | High Low | Medium | High
o0& w| Low 2.5 7.9 7.5 o8 w | Low 32 7.2 6.9
£eL Medium| 25 34 62 | 585 | Medium| 33 3.6 5.7
s , Z 5 , -
- High 3.2 3.0 3.9 - High 37 35 39
Noise levels in operational Noise levels in operational
MFE responses MRE responses
Low | Medium | High Low |Medium| High
o E Low 2.1 2.1 2.0 o & Low 3.0 4.6 7.7
585 [Mcdium| 24 2.2 22 | B85 |Medium| 32 35 4.1
Z 5 , Z 3 , -
- High 2.6 24 24 = High 3.6 39 3.6

Table 7. Average errors in dB calculated in 1/3 octave bands in response

reconstructed using A = {s>,_,---,s>_}.
Noise levels in operational Noise levels in operational
ocv responses SCV responses
Low {Medium | High Low |Medium | High
65w Low 1.3 1.5 1.5 o 5 w Low 24 2.3 2.8
3% 5 |Medium | 1.3 1.1 28 | 385 |Medium| 22 2.0 2.9
Z 3 : Z 3 ,
- High 1.7 1.7 2.2 - High 2.6 2.8 2.6
Noise levels in operational Noise levels in operational
GOCV TESpOnses GSCV responses
Low. [Medium | High Low |Medium | High
o B | Low 1.3 24 37 05 o Low 2.1 25 2.7
55 (Medium| 12 1.8 35 | 885 |Medium| 20 1.9 3.0
Z 5 . 2 gk —
- High 15 1.7 1.7 = High 23 2.4 2.0
Noise levels in operational Noise levels in operational
MFE responses MRE responses
. Low . | Medium | High Low jMedium | High
5 . Low 14 1.2 1.3 o Low 1.3 1.1 0.9
80 85
g el Medium 1.4 13 13 g ¢ Medium | 1.3 1.1 0.9
= High 1.7 1.7 1.8 2 High 1.4 1.3 1.1
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Figure 7. Regularization parameters chosen from A = {s2,, -+, 55, } by the method of

ordinary cross validation for different noise levels (o).
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Figure 8. Selected regularization parameters from A = {52, ,---,5.,, } for low noise

level in FRF’s and medium noise level in operational responses (C).
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4.3. Range IT: |E]" to s2,,

The error norm is generally lower than the minimum singular value for the case with
low FRF error (in fact in this study, the error norm is lower than the minimum

singular value in the frequency range of f >30Hz for the case with low FRF error,

f >70Hz for medium FRF error and f >100Hz for high FRF error). The average

errors of the forces reconstructed by using the range based on “E”2 are shown in

Table 8, and those of the reconstructed responses in Table 9. Comparing the results
from using range T with those from using range 11, the force error is increased in only
one case when using OCV or GOCYV (high noise in operational responses and low
noise in FRF’s). Range II is thus seen to give improved results in the terms of the
force determination error.

In the average errors of the reconstructed responses, the variation of errors is
greater but the level of the maximum is similar. Thus here the range II also appears
préferable.

Figure 9 shows the regularization parameters chosen by OCV for low/high noises
in FRF’s and low/high noises in operational responses. Figure 10 shows the selected
regularization parameters for each method in the case of low noise in FRF’s and
medium noise in operational responses. The trend of the optimal regularization

parameters is similar to that obtained from the full range, with the zero values
replaced by ”E”2 . Although the validation function is smaller for A =0 in these cases,

the use of a small amount of regularization appears preferable in terms of the results

in Tables 8 and 9.
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Table 8. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

using A = {|]E]|2,---,s2 }.

max

Noise levels in operational Noise levels in operational
OCV TESPONSES SCV responses
Low | Medium | High Low Medium| High
= Low 0.6 4.4 3.6 o Low 1.4 4.4 84
8 ; ‘_rl) g -; ._w
'g 3 Medium 1.5 1.7 3.9 <ZS E Medium | 2.5 2.5 33
= High 2.6 2.6 32 < High 3.7 3.8 3.6
Noise levels in operational Noise levels in operational
GOCV Tesponses GSCV responses
Low |Medium | High Low |Medium | High
08 Low 0.5 6.4 2.6 o & w Low 0.9 4.8 5.8
§ & [Medium | 15 1.5 4.0 § B 5 [Medium | 2.0 2.0 34
= High 26 25 3.1 = High 3.2 2.9 3.6
Noise levels in operational Noise levels in operational
MFE rESponses MRE responses
Low |Medium | High Low |Medium| High
= Low 0.3 1.1 1.6 = Low 1.3 4.6 7.4
8o 2z
=] Medium | 1.4 1.4 1.8 =i Medinm | 2.0 22 2.8
A A
-~ High 25 23 23 - High 3.0 3.0 3.2
Table 9. Average errors in dB calculated in 1/3 octave bands in response
. 2
reconstructed using A = {"E EREI S
Noise levels in operational Noise levels in operational
oCcv responses SCV TESPONSEs
Low | Medium | High Low [Medium | High
o B o | Low 0.1 1.4 19 08 | LOW 0.6 1.6 25
385 [Medium| 07 0.4 15 | 5%85 | Medium| 16 13 2.1
e Z 3
= High 1.8 1.9 2.4 = High 2.5 29 27
Noise levels in operational Noise levels in operational
GOCV TESpONses GSCV '___responses
Low | Medium [ High Low [Mediom| High
= Low 0.1 2.6 53 = Low 0.2 1.3 39
2o R an T
;'Za El Medium | 0.7 04 2.0 E © Medium | 1.2 0.7 1.8
= High 1.8 1.9 23 = High 2.2 2.3 2.5
Noise levels in operational Noise levels in operational
MFE | responses MRE TESPONSEs
Low | Medium [ High Low |Medium | High
o & w | LOW 0.1 0.6 il o & | LOW 0.1 0.3 04
§ § Medium | 0.7 0.7 1.0 § § & |Medium| 06 04 04
= High 1.9 1.9 1.8 = High 1.7 1.7 1.2
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4.4. Range III: minimum of s and ”E]l2 to s>,

The average errors of the forces determined by using this range are shown in Table 10,
and those of the reconstructed responses in Table 11. Compared with range II the
average errors increase in some cases and decrease in other cases, but on the whole,
range III is more reliable than range II. This conclusion is reached because the
average errors of the forces oi)tained by the idelal method of minimum force errors
decrease and the average errors of the responses obtained by the method of minimum
response errors also decrease as the range used changes from range II to range III.
Figure 11 shows the regularization parameters chosen by the method of ordinary
cross validation for low/high noise in FRF’s and low/high noise in operational
responses. The regularization parameters selected by the six methods in the case of

low noise in FRF’s and medium noise in operational responses are shown in Figure 12.

The trend is similar to that of range II as in this case s, <|E| only at low

frequencies. In the case of high FRF error such as Figure 11 (c), the trend below 100
Hz is similar to that of range I, but the trend above 100 Hz is similar to that of range II.

It will be noted that OCV remains consistently better than GCV in most situations.
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Table 10. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

using A = {min(s>_ ,|!E||2),-- 82 Y.

Noise levels in operational Noise levels in operational
oCcv responses sCv Tesponses
Low | Medium [ High Low |Medium | High
= Low 0.8 4.6 3.6 = Low 1.3 4.4 8.7
g = ._m 8 ; "EI}
k- T [Medium| 15 2.4 49 | g5 g |Medium| 23 2.5 4.8
= High 22 22 3.7 = High 34 34 3.6
Noise levels in operational Noise levels in operational
GOCV responses GSCV responses
Low | Medium | High Low |Medium | High
= Low 12 8.1 9.7 6 & w| LoV 1.0 6.8 8.1
§ e E Medium | 1.5 2.9 6.3 ;é S B | Medium | 2.0 2.4 5.5
= High 2.7 2.4 3.7 - High 2.9 2.7 3.4
Noise levels in operational Noise levels in operational
MFE responses MRE responses
Low | Medium | High Low |[Medium | High
= Low 03 1.1 1.6 = Low 1.3 4.7 7.8
8 ; R 3 ; Ja
é:; G Medium 1.2 1.3 1.8 g ] Medium| 1.9 25 3.7
= High 2.0 1.8 2.2 = High 2.8 3.2 3.1

Table 11. Average errors in dB calculated in 1/3 octave bands in response

. . 2
reconstructed using A ={min(ss,[E} ). 5mu } -
Noise levels in operational Noise levels in operational
ocv responses SCV Tesponses
Low | Medium | High Low |Medium | High
= Low 0.1 1.4 1.9 e Low 0.6 1.6 25
2 2%
i E Medium | 0.6 04 | 28 g S o2 |Medium| 16 1.4 2.6
= High 1.4 1.5 2.1 = High 22 2.4 2.3
Noise levels in operational Noise levels in operational
GOCV TeSpOnSes GSCV responses
Low |Medium] High Low [Medium | High
o B o | Low 0.1 29 5.3 05 o Low 0.2 22 39
§ 3 5 |Medium | 06 1.5 3.6 ;a’ S5 [Medium| 12 | 11 2.9
= High 1.2 14 1.6 = High 1.9 2.0 1.6
Noise levels in operational Noise levels in operational
MFE ' responses MRE responses
Low | Medium | High Low {Medium| High
08 w Low 0.1 0.6 1.1 o5 Low 0.1 0.3 04
é’ & |Medium | 0.6 0.7 1.1 é 3% |Medium| 05 0.4 0.4
= High 1.3 1.3 1.7 = High 1.0 0.8 0.7
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5. PERFORMANCE COMPARISON OF ORDINARY CROSS VALIDATION
AND GENERALIZED CROSS VALIDATION

5.1. Introduction

In the previous section, the method of ordinary cross validation was found generally
to show more reliable results than other Tikhonov regularization methods. However
this conclusion is confined to the present condition, that is, the shape (the dimensions)
and properties of the plate, the positions of the forces applied, and the noise added to
the FRF’s and the operational responses measured. Therefore, the effects of the
variation of these parameters on the performance of the methods of OCV and GCV
(hereafter GCV means GOCYV for convenience) need to be investigated.

The parameters studied that are expected to have an effect on the performance of
OCYV and GCV, are the dimensions of the plate, the damping ratio, the position of the
forces, and the signal-to-noise ratio in the FRF’s and in the operational responses. In
the case of the dimensions of the plate, the original plate (0.6 x 0.5 m), a square plate,
and a strip each with same area were compared for the performance of the two
methods. The other experimental conditions are the same as the original ones, Next,
the damping ratio of the plate was varied to show the effect on the performance for
the three values, i.e. the original, a smaller, and a larger value.

The distribution of force positions and moreover the relationship between the
distributions of force and response positions are studied. Also the signal-to-noise ratio
is of importance. This is considered separately in thé next section.

Results are given first for the existing model. The existing plate has a dimension
of 0.6 m x 0.5 m, a damping ratio of 3 %, and the positions of forces and responses
are the same as those used in the previous chapters. However in this chapter, the
frequency range used is from 10 Hz to 500 Hz because the results obtained by the two

methods of OCV and GCV are similar to each other above 500 Hz. To estimate the
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robustness of the methods for different noise levels, three noise levels in the
operational responses and FRF’s are used, which are the same as those used in the
previous work. To compare the results exactly, the regularization parameters used to
select the optimal one at each frequency are in the “full” range of 0 and 10t 1
times the square of the maximum singular value at each frequency, as in section 3.
Table 12 shows the average errors in the reconstructed forces and Table 13 shows
the average errors in the reconstructed responses. As seen in the tables, the average
errors become larger than those obtained in the frequency rangé of 10 to 3600 Hz (see
Tables 4 and 5) since the condition number in this case is generally larger than that in

the previous case for the whole frequency range (see Figure 13).

Condilion number

3 i 1 L 1
10 20 30 100 200 00
Frequency (Hz}

Figure 13. Condition numbers of the measured FRF’s due to different levels of noise

low noise level, — — — medium, - - - - high.

for the existing plate.
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Table 12. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the existing plate.

Noise levels in operational Noise levels in operational
ocv Iesponses GCV TESPOIISEs
Low |Medium | High Low |Medium{ High
o5 w Low 1.8 9.6 13.4 - Low 1.6 10.5 17.3
§ g E Medium | 2.7 42 9.5 § S5 [Medium| 27 49 116
= High 2.6 33 4.7 = High 27 3.4 6.4
Noise levels in operational Noise levels in operational
MFE rESpPONses MRE responses
Low | Medium | High Low |Medium| High
0 £ Low 04 1.4 22 o E o Low 2.0 9.0 10.3
8% [Medium| 1.3 15 23 | B85 |Medium| 34 4.5 6.5
Z 5 Z 32
= High 2.0 2.0 24 - High 2.8 33 5.6

Table 13. Average errors in dB calculated in 1/3 octave bands in responses

reconstructed in the frequency range of 10 — 500 Hz for the existing plate.

Noise levels in operational Noise levels in operational
ocy IESponses GCV TESpOnses
TLow |Medium | High Low {Medium | High
o & Low 0.2 1.2 6.4 0 & Low 0.1 1.2 8.6
§ S & |Medium | 03 0.9 6.7 § S & [Medium | 0.3 0.9 75
= High 1.0 0.9 2.4 = High 1.1 1.4 4.6
Noise levels in operational Noise levels in operational
MEE responses MRE responses
Low |Medium | High Low |Medium | High
=) Low 0.1 0.5 1.5 c Low 0.1 02 0.4
2z 2
SR Medium | 0.6 0.6 16 5o Medium | 0.4 0.3 04
Z 3 Z 3
- High 09 0.9 1.6 = High 0.6 0.5 0.6

5.2. Performance due to the variation of the dimensions of the plate

To study the effect of plate shape, three plates arc considered: a rectangle with an
aspect ratio of 6:5 (as before), a square, and a strip with an aspect ratio of 100:511.
All three have the same area so the corresponding dimensions are 0.6 m x 0.5 m,
0.548 m x 0.548 m, and 0.242 m x 1.238 m, respectively. The non-dimensional
positions of forces and responses are the same as those for the existing rectangular
plate (Table 1). All other parameters and conditions, apart from the width and length

of the plates, are not varied.
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5.2.1. Square plate
Tables 14 and 15 show the average errors in reconstructed forces and responses,
respectively for the square plate. The condition numbers are shown in Figure 14.

In comparison with the results of the rectangular plate, the average errors in forces
reconstructed by OCV and GCV generally reduce by about 1 ~ 4 dB, except in the
case of high noise level in FRF’s, because the condition numbers become smaller in
the case of low/medium noise levels in FRF’s. The average errors in responses
reconstructed by OCV and GCV become smaller especially in the case of high noise
level in operational responses. Therefore since the differences of the average errors
betweeﬁ by OCV and by GCV decrease, especially in the case of high noise level in
dperational responses, OCV and GCV show similar results. Nevertheless OCV mostly

gives better results than GCV.

5.2.2. Strip plate
Tables 16 and 17 show the average errors in reconstructed forces and responses,
respectively for the strip plate. Figure 15 shows the condition numbers.

After comparing the three plates, the average errors of forces for the strip plate are
smaller than those for the other plates. This is because the condition numbers reduce
considerably. However the differences between the errors in the forces obtained by
OCV and by GCV are larger than those for the other plates in the cases of medium/
high noise levels in operational responses and low/medium noise levels in FRF’s.
Therefore in the case of the strip plates, OCV is generally superior to GCV.

The strip plate has different effects from other plates due to the large aspect ratio.
This plate has a higher first natural frequency than the others but subsequent modes
occur close together in frequency, and its mode shapes are essenfially one dimensional
below 250 Hz. These have effects on reducing the condition numbers and making

OCYV better than GCV.
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Figure 14. Condition numbers of the measured FRF’s due to different levels of noise

for the square plate.

low noise level, — — — medium, - - - - high.

Table 14. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the square plate.

Noise levels in operational

Noise levels in operational

oCcv Iesponses GCV respOnses
Low |Medium | High Low |Medium| High
= Low 1.0 5.1 12.8 = Low 1.2 6.2 14.3
OU':) -; "m 8 -; 'm
Nl Medium 1.7 4.0 6.1 K=R) Medium 2.7 4.7 7.8
Z % , Z 3 .
- High 34 33 4.5 —~ High 3.4 3.9 52
Noise levels in operaticnal Noise levels in operational
MEFE responses MRE responses
Low |Medium | High Low {Medium| High
= Low 03 1.3 20 c Low 1.4 6.4 14.3
% - r'_:I: g - 'UJ
z S & [Medium | 1.1 1.6 22 |33 $ ¥ [Medum| 20 2.6 59
- High 2.1 2.0 2.4 - High 3.0 3.5 43
Table 15. Average errors in dB calculated in 1/3 octave bands in responses
reconstructed in the frequency range of 10 — 500 Hz for the square plate.
Noise Ievels in operational Noise levels in operational
CcCVv - TesSponses GCV responses
Low | Medium | High Low |Medium! High
o5 .| Low 0.1 0.8 3.6 - Low 0.1 09 4.0
'é’ S 3 |Medium | 04 0.3 1.8 § § & |Medium | 04 0.5 2.3
= High 1.0 0.8 1.3 = High 1.0 0.9 2.8
Noise levels in operational Noise levels in operational
MEE responses MRE responses
Low | Mediom | High Low jMedium | High
05w | oW 0.1 0.5 1.1 o 8 w| Low 0.1 0.2 0.3
ér;’ Medium | 0.3 0.6 12 évn—; Medium | 0.2 02 0.3
= High 1.3 1.2 1.3 = High 0.8 0.5 0.4
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Figure 15. Condition numbers of the measured FRF’s due to different levels of noise

for the strip plate.

low noise level, — — — medium, - - - - high.

Table 16. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the strip plate.

Noise levels in operational Noise levels in operational
oCcvV responses GCV Tesporses
Low | Medium | High Low |[Medium | High
= Low 0.8 35 10.3 08 o Low 0.8 8.9 12.9
§ 35 |Mediom| 17 2.8 49 § 35 |Medum| 15 45 | 104
= High 2.4 3.2 45 = High 2.4 34 5.7
Noise levels in operational Noise levels in operational
MFE responses MRE responses
Low | Medium | High Low |Medium | High
o £ | LW 0.3 L5 18 | .8 .,| Low 0.8 5.1 8.9
285 |Medium| 08 13 1.9 | 355 [Medium| 15 3.6 74
Z 3 : s
—~ High L5 1.7 2.0 —~ High 24 3.1 54
Table 17. Average errors in dB calculated in 1/3 octave bands in responses
reconstructed in the frequency range of 10 — 500 Hz for the strip plate.
Noise levels in operational Noise levels in operational
oCcv £ESpPonses GCV responses
Low | Medium |- High Low |Medium | High
L., | Low | 04 0.9 25 | &5, Low | 04 3.3 5.0
E 35 |Medium | 03 1.0 0.6 é 3% |Medium| 03 14 2.5
= High 1.7 2.3 2.6 = High L7 24 29
Noise levels in operational Noise levels in operationat
MFE responses MRE : responses
Low |Medium | High " Low |Medium | High
0 & w | oW 0.5 0.7 0.9 - Low 0.1 0.2 0.5
§§ Medium | 0.3 1.0 1.0 é’ % 5 |Medium | 0.1 0.3 0.7
= High 0.8 1.8 1.9 - High 0.6 1.0 0.4
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5.3. Performance due to the variation of the damping ratio of the plate

Since the damping property affects the vibrational behaviour of the system its
variation may have an effect on the performance of the methods of OCV and GCV.
The existing damping ratio is 3 %. A smaller damping ratio of 1 % and a larger

damping ratio of 10 % are considered here.

5.3.1. Small damping ratio

Tables 18 and 19 show the average errors in 1/3 octave bands in reconstructed forces
and responses, respectively for the smaller damping ratio. The condition numbers are
shown in Figure 16. These are generally higher at the resonances than for 3 % (see
Figure 13).

From the tables it can be seen that as the damping ratio decreases the
performances of OCV and GCV improve or remain similar to the previous ones
except for the case of medium noise level in operational responses and low noise level
in FRF’s in spite of the increase of the condition numbers. This is because the
reduction of the amplitude variation of the signals due to the decrease of the damping
ratio is more effective on the performance of OCV and GCV than the increase of the
condition numbers due to the same reason. Also, in comparison with each other, the
performance of OCV is generally better than GCV and especially much better in the

case of high noise level in operational responses with low noise level in FRF’s.

5.3.2. Large damping ratio
Table 20 shows the average errors in reconstructed forces and Table 21 shows the
average errors in reconstructed responses. The corresponding condition number plot is

given in Figure 17.
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Comparing these results with the two previous ones, the increased damping factor
has positive and negative effects on the performances of OCV and GCV. The
performance of OCV improves for high condition numbers with medium/high noise
levels in the responses. The performance of GCV is better than for 1 % and 3 % for
high noise levels in the responses.

Comparing the three results (initial, smaller and larger damping), both low and
high damping ratios show better results than the initial value in some noise conditions
and worse in others. As mentioned above, the low damping reduces the amplitude
variation of the original signals and this is more effective on the performance of OCV
and GCV than the added noise to the signals. In the case of the high damping, at high
frequencies the condition numbers are lower at the resonances and the curves of the
condition numbers are smooth. At low frequencies the condition numbers are similar
to those for initial and smaller damping values. These different effects on the
condition numbers with respect to the frequency range may have a positive effect in
some cases and a negative effect in others.

However, the performance of OCV remains better than that of GCV in each case.
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for the small damping ratio.

Condillon numbar

0
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Figure 16. Condition numbers of the measured FRF’s due to different levels of noise

low noise level, — — — medium, - - - - high.

Table 18. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the small damping ratio.

Noise levels in operational Noise levels in operational
OoCvV responses GCV responses
Low |Medium | High Low ! Medium | High
0 & o Low 1.2 12.2 8.7 0 & o Low 15 135 16.3
§ 35 |Medium | 2.1 4.2 8.0 § © & [Mediom | 2.1 5.6 9.2
)
= High 2.9 2.7 4.0 = High | 2.8 3.1 4.4
Noise levels in operational Noise levels in operational
MFE responses MRE respornses
Low | Medium | High Low |Medium | High
0 & w Low 0.4 1.5 2.0 - Low 19 9.9 8.3
§ T;E Medium | 1.2 1.7 2.2 § S & |Medium | 2.3 3.8 6.5
=2 High 1.8 1.9 2.5 = High 2.7 3.0 52

Table 19. Average errors in dB calculated in 1/3 octave bands in responses

reconstructed in the frequency range of 10 - 500 Hz for the small damping ratio.

Noise levels in operational "Noise levels in operational
ocv TESPONSES GCV TESpONSes
Low | Medium | High Low |Medium{ High
0 w Low 0.1 34 3.8 0 E o Low 0.1 3.7 7.7
é e E Medium | 0.2 0.8 5.1 § %5 |Medium| 02 22 5.1
= High 1.6 1.4 2.4 = High 15 1.2 2.5
Noise levels in operational Noise levels in operational
MFE responses MRE IesSpOonses
Low |Medium | High Low |Medium | High
o E o Low 0.1 0.7 09 - Low 0.1 0.4 02
285 | Medium | 0.6 038 10 | 335 |Medium| 04 0.4 03
Z R ——— 25
= High 1.1 12 14 - High 0.8 0.8 0.5
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Figure 17. Condition numbers of the measured FRF’s due to different levels of noise

for the large damping ratio. low noise level, — — — medium, - - - - high.

Table 20. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the large damping ratio.

Noise levels in operational Noise levels in operational
ocv responses GCV responses
Low |Medium | High Low {Medium | High
o0& Wl Low 19 6.7 6.5 o5 | Low 1.8 11.1 15.8
§ 3 & [Medium | 2.3 5.2 6.7 z% S 3 |Medium | 24 5.4 8.9
= High | 27 2.8 5.1 = High 2.8 3.1 6.0
Noise levels in operational ' ' | Noise levels in operational
MFE responses MRE TESPONSEs
Low [Medium [ High Low |Medium| High
o & | Low 0.3 L5 21 | & .| Low L6 7.5 11.2
é” B 5 |Medium| 14 1.6 2.4 Z% % [Medium| 22 | 40 6.7
= High 1.9 2.0 2.6 = High 2.7 3.1, 4.8

Table 21. Average errors in dB calculated in 1/3 octave bands in responses

reconstructed in the frequency rénge of 10 — 500 Hz for the [arge damping ratio.

Noise levels in operational : Noise levels in operational
oCcv TeSponses GCV responses
Jow |Medium | High Low | Medium| High
= Low 0.2 2.3 a2 = Low 0.1 35 83
g5 g & o :
g E Medinm 0.9 2.7 4.1 <Zs § Medium 0.8 2.7 5.8
= High 0.6 1.5 1.9 = High 0.6 0.9 2.5
Noise levels in operational Noise levels in operational
MFE Tesponses MRE ' TESpONses
Low | Medium | High Low |Medium | High
05 w| Low 0.1 0.6 1.3 oS | Low 0.1 03 0.2
é B 5 |[Medum | 06 0.6 1.1 Z§ 5 |Mediom| 0.3 0.3 0.3
= High 1.0 12 | 13 = High 0.5 0.5 0.3
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5.4, Variation of the positions of applied forces

To investigate the rclationship of force positions and the performance of OCV and
GCV, five different distributions of force positions were used and their results were
compared. The five distributions are as follows:

1) Existing distribution of force positions,

2) A distribution of force positions close to one another,

3) A distribution of force positions far from one another,

4) A distribution of force positions near to the response positions, and

5) A distribution of force positions coincident with the response positions.

Figure 18 and Table 22 show the non-dimensional positions of forces mentioned
above and the response positions.

The close and far distributions of force positions are used to estimate effects of the
relationship among force positions on the performance of OCV and GCV. The
distributions near to and coincident with response positions are used to investigate
effects of the relationship between force positions and response positions on the

performance of two methods by comparing their results with those obtained from

using the far distribution of force positions.

Table 22. Non-dimensional positions of various distributions of forces.

Force positions (x/a,y/b) Force Response

No | Existing' | Closeto Far from Nearto | Coincident |amplitudes| positions

distribution | one another | one another | [Soborow with response [N] (xfaylb)

positions positions

1 (0.41,0.43) | (0.38,0.26) | (0.11,0.26) | (0.62,0.49) | (0.60,0.50) 19 {0.55,0.40)
2 (0.51,0.63) | (0.43,0.30) | (0.89,0.95) | (0.92,0.84) | (0.90,0.80) 10 {0.90,0.80)
3 (0.62,0.41) | (0.42,0.25) | (0.78,0.14) | (0.63,0.34) { (0.61,0.31) 27 {(0.60,0.50)
4 (0.31,0.72) | (0.40,0.32) | (0.33,0.87) | (0.70,0.68) | (0.70,0.71) 6 (0.70,0.71)
5 (0.61,0.31)
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Figure 18. Various positions of forces. o: force location, x: response location, +:

receiver location.

5.4.1. Close distribution

A distribution of force positions close to one another is obtained by choosing four

points randomly within a circle of non-dimensional diameter 0.1, see Figure 18 (b).
The average errors in reconstructed forces and responses are given in Tables 23

and 24, respectively. Force errors become larger than those obtained from the existing

distribution (Tables 12 and 13). This is because the condition numbers of the FRF’s

are worse, as shown in Figure 19, and it is difficult to distinguish forces due to the
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interference between close force positions. However, in spite of the increased force
errors, the response errors decrease generally. This may be due to the concentration of
the forces. Therefore the transfer functions from force positions to receiver positions
are very similar and then because of the interference of similar transfer functions the
response errors become less.

In this case OCV gives better or equal force and response estimates than GCV for

all 9 noise level combinations.

5.4.2. Far distribution

Four points were selected from many points generated randomly, such that they were
each at least a non-dimensional distance 0.5 from one another. They are shown in
Figure 18 (c). Tables 25 and 26 give the average errors in reconstructed forces and
responses, respectively. The condition numbers are plotted in Figure 20. Comparing
these results with those of the original and close distributions, the force errors
decrease for low noise levels in FRF’s. This can be related to the fact that the FRF
condition numbers reduce. Also in the case of medium noise level in FRF’s with high
noise level in operational responses the force errors decrease.

Comparing the results of the c_lose distribution with those of the far distribution,
the force errors of the far distribution are less than those of the close distribution. This
is because the interference among the forces reduces considerably due to the increase
of the distances between them. For the same reasbn, the condition numbers of the
frequency response function matrices for the far distribution become smaller than
those for the close distribution. The response errors are at a similar level except for
those for the low noise level in FRF’s with high noise level in operational responses.

The differences between OCV and GCV are smaller in this case, but the results for

OCV remain slightly better than for GCV.
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Figure 19. Condition numbers of the measured FRF’s due to different levels of noise

for the close distabution of forces.

low noise level, — — — medium, - - - - high.

Table 23. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the close distribution of forces.

Noise levels in operational Noise levels in operational
ocv responses GCV responses
Low | Medium | High Low |Medium | High
o8& o Low 1.9 14.3 22.3 0 E o Low 2.2 i7.6 29.8
585 |Medium| 4.1 6.5 128 | 3E5 |Medium| 4.1 7.8 14.8
“ B : <3 :
- High 4.2 49 7.5 - High 4.3 5:1 7.9
Noise levels in operational Noise levels in operational
MFE Tesponses MRE TESPONSES -
Low |Medium | High .. Low |Medium | High
= Low 15 3.1 33 = Low 3.1 12.7 18.7
g :J '_m g_ﬂ) ;; '_m
5o Medium | 3.2 31 34 3T~ | Mediom| 3.8 6.6 9.9
<3 - Z 3 ,
— High 33 34 3.4 - High 44 47 6.2

Table 24. Average errors in dB calculated in 1/3 octave bands in responses recon-

structed in the frequency range of 10 — 500 Hz for the close distribution of positions.

Noise levels in operational Noise levels in operational
ocv responses GCV responses
Low | Medium | High Low {Medium] High
o & Low 0.1 1.7 5.6 o E o Low 0.1 24 7.3
§ % & [Medium | 0.1 0.1 0.6 é 5 [Medium| 0.1 0.1 1.1
L High 02 0.3 0.6 = High 02 | 03 0.6
Noise levels in operational Noise levels in operational
MFE . TesSponses MRE responses
Low |Medium| High Low |{Mediam| High
o & | Low 0.1 0.4 0.4 o8 w | LOW 0.0 0.0 0.1
§ % & |Medium | 03 0.4 0.4 é 3 & [Medivm | 00 0.0 0.1
< High | 05 0.5 0.7 = High 0.1 0.1 0.1
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Figure 20. Condition numbers of the measured FRF’s due to different levels of noise

for the far distribution of forces, —— low noise level, — — — medium, - - - - high.

Table 25. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the far distribution of force positions.

Noise levels in operational

Noise levels in operational

ocv responses GCV responses
Low |Medium | High Low |[Medium | High
= Low 0.8 5.2 74 = Low 0.9 62 | 76
g .; _m 3 ; -\m
k=i Medium | 29 4.0 4.9 =R Medium | 2.9 50 54
Z g ) Z 3 - ;
— High 29 29 5.6 — High 27 3.0 6.2
Noise levels in operational Noise levels in operational
MEE TESPONSES MRE Tesponses
Low |Medium| High low |Mediym| High
o & w Low 0.5 2.1 2.7 08 w Low 2.4 54 55
355 [Medium | 1.7 1.9 25 | 285 |Medium| 3.0 3.7 5.1
< 3 Z 3
—= High 2.1 23 2.7 = High 31 3.6 4.0

Table 26. Average errors in dB calculated in 1/3 octave bands in responses recon-

structed in the frequency range of 10— 500 Hz for the far distribution of force positions.

Noise levels in operational

GCV

Noise levels in operational

OoCvV responses responses
: Low | Medium | High _ Low |Medium| High
05 o Low 0.3 1.6 1.9 o5 o Low 0.2 2.1 3.0
§ S &' |Medium | 02 0.8 1.3 Z% B & [Medium| 02 1.1 2.6
= High 1.0 1.7 3.1 & High 0.9 1.8 3.6
Noise levels in operational Noise levels in operational
MFE responses MRE - responses
Low |Medium | High : Low | Medium| High
08w | Low 0.3 0.7 13 | &8, Low 0.1 0.3 03
é—g Medium | 0.2 0.9 12 §7§ |Medium | 02 0.3 03
= High 0.8 13 1.2 =2 High 0.4 0.6 0.4




5.4.3. Force positions near to response positions
A distribution of force positions is made by generating points randomly within a
radius of 0.05 for each response point. The 1st, 2nd, 3rd, and 4th force positions are
near to the 3rd, 2nd, 5th, and 4th response positions, respectively, see Figure 18 (d).
Tables 27 and 28 show the results of the average errors in reconstructed forces and
TeSpOnses, réspectively. The condition numbers are given in Figure 21. Comparing
these results with those in the original case (Tables 12 and 13), the force errors for
low and medium noise levels in FRF’s decrease very much because the condition
numbers for these noise levels reduce considerably, but for high noise level in FRF’s
the condition numbers are similar to those of the original distribution. The errors in
the responses reconstructed also become much smaller except for medium noise level
in FRI’’s with high noise level in operational responses, in which case the response

error at about 10 Hz is magnified.

Condition number
a

1

oﬂ 'l Il L L
10 20 50 100 200 500
Frequency [Hz]

Figure 21. Condition numbers of the measured FRF’s due to different levels of noise

for the distribution of force positions near to response positions. low noise level,

— — — medium, - - - - high.

49



Comparing these results with those for the far distribution, in which the distances

between force positions and responses are larger than here, the errors in forces and

responses generally decrease in the present case.

In the present case OCV still generally gives better results than GCV although the

differences are small.

Table 27. Average errors in dB calculated in 1/3 octave bands in forces reconstructed

in the frequency range of 10 — 500 Hz for the distribution of force positions near to

response positions.

Noise levels in operational Noise levels in operational
ocv responses GCV responses
: Low |Medium| High Low |Medium | High
0 & | Low 0.2 29 6.1 o & o Low 0.2 3.0 6.2
285 [Medium| 15 24 69 | 53Y Medium| 14 | 22 | 74
< 3 Z 3 ,
= High 2.8 32 32 = High 2.8 3.0 58
Noise levels in operational Noise levels in operational
MFE responses MRE Tesponses
Low | Medium | High Low |Medium| High
0 E o] LOW 0.2 1.6 2.2 o & w | oW 1.8 2.8 35
225 [Medium| 1.1 1.8 22 | E2% [Medium]| 20 32 3.6
258 — 258
= High 1.7 2.0 23 - High 2.7 3.1 3.5

Table 28. Average errors in dB calculated in 1/3 octave bands in responses

reconstructed in the frequency range of 10 — 500 Hz for the distribution of force

positions near to response positions.

Noise levels in operational Noise levels in operational
OoCV TESpONSes GCV responses
Low |Medium | High Low |Medium| High
o8 w| Low 0.1 0.2 0.6 - Low 0.1 0.1 0.5
;é’ 3 & [Medium | 0.1 03 | 24 é 3 & [Medium | 0.1 0.1 2.9
= High 0.2 0.3 0.5 . High 0.1 0.3 0.8
Noise levels in operational Noise levels in operational
MFE responses MRE TESPOTISES
Low |Medium | High Low |Medium! High
: § ﬁw Low 0.1 0.1 0.3 2 E .“ Low 0.1 0.1 03
E S Medium 0.1 0.1 0.3 ZS ) Medium 0.1 0.1 0.3
= High 0.2 0.3 0.4 = High 0.1 0.2 0.3
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5.4.4. Force positions coincident with response positions
Tables 29 and 30 give results for force positions coincident with the response
positions. Figure 22 gives the condition numbers.

Comparing this case with the previous case, the results are very similar or
identical. The errors of results identified for this distribution are less than or equal to

those in the previous one because the variation of force positions is relatively small.

In conclusion, the performance of force and response reconstruction using a far
distribution of force positions is better than those using a close distribution when not
considering force and response positions altogether. However if considering all
positions of forces and responses, force positions near to response positions are more
beneficial. In each case OCV gives better results than GCV, although as the results

improve the difference between the methods becomes less.

Condition number

L I
10 20 50 100 200 500
Frequency [Hz]

© 1 1

Figure 22. Condition numbers of the measured FRF’s due to different levels of noise

low

for the distribution of force positions coincident with response positions.

noise level, — — — medium, - - - - high.
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Table 29. Average errors in dB calculated in 1/3 octave bands in forces reconstructed
in the frequency range of 10 — 500 Hz for the distribution of force positions coincident

with response positions.

Noise levels in operational Noise levels in operational
ocy responses GCV responses
Low |Medium | High Low |Medium| High
0 Low 0.2 2.6 54 08 Low 0.2 2.8 5.5
é 3% |Medium | 14 1.8 6.3 § 35 |Medium| 15 2.0 6.7
2 High 2.6 2.9 2.8 = High 2.6 32 2.8
Noise levels in operational Noise levels in operational
MFE responses MRE respornses
Low |Medium | High Low [Medium | High
0 E Low 02 15 2.1 = Low 1.5 25 3.3
§ £ é Medium | 1.1 1.8 2.1 ‘Za” T & [Medium| 19 3.1 43
= High 1.6 1.9 2.1 - High 2.3 2.9 3.6

Table 30. Average errors in dB calculated in 1/3 octave bands in responses
reconstructed in the frequency range of 10 — 500 Hz for the distribution of force

positions coincident with response positions.

Noise levels in operational Noise levels in operational
ocv responses GCV responses
Low | Medium| High Low {Medium | High
o E o | Low 0.1 02 i.0 0 & Low 0.1 0.1 09
§ $ 5 |Medium | 02 0.2 2.1 § 3% |Mediom| 02 0.1 2.1
= High 0.2 0.2 0.8 - High 0.2 0.3 0.7
Noise levels in operational ' Noise levels in operational
"MFE responses MRE TESPONSEs
Low |Medium | High Low |Medium | High
0 8w | LOW 0.1 02 0.9 - Low 0.1 0.2 0.3
§ 3 & |Medium| 0.1 0.2 0.9 § B3 |Medium | 0.1 0.1 03
o
= High 0.2 0.3 0.8 = High 0.2 0.2 0.3
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6. VARIATION OF THE SIGNAL-TO-NOISE RATIO IN FRF’S AND IN
OPERATIONAL RESPONSES
6.1. Introduction
In this section, the performance of OCV and GCV for reconstructing forces is
considered for a large range of the noise levels, that is the signal-to-noise (S/N) ratios
of the FRF’s and measured operational responses.

To ihvestigate effects of only noise in signals on the performance of the two
methods, other factors need to be excluded. Therefore, firstly exact frequency
response functions and operational responses with no noise are calculated, and
random noise with proper S/N ratios is added to the exact signals. Then from the
measured signals wifh known noise levels, the reconstruction of forces is conducted
by using the methods of OCV and GCV, and their performances are compared with

respect to the S/N ratio. This procedure is summarized as follows:

1) Calculate exact frequency response functions H(w) and operational responses
a(w) without noise.
2) Generate noise models such as
N{(w) =N e’ (21)
where N _, is normally distributed random number with mean 0 and standard
deviation 1 and N, is uniformly distributed random number in the range from

Oto 1.

3) Adjust noise models to give specific S/N ratio such as

IS(w)' £ (22)

N(w,e) = N(w) @)
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where S(w) is H(w) or a(w), € is a S/N ratio, and |[ is a 2-norm in

matrices or the Frobenius norm in vectors.

4) Add noise to signals and make measured FRF’s and responses

H(w,e)=H(@)+ N, (0,£)

A (23)
alw,eY=a(@)+ N, (w,&)

where N »{w,¢€) and Z(Ta (w,€) are respective noise values with specific S/N

ratio.
5) Repeat the above steps 2 to 4 for different values of S/N ratio.

6) Reconstruct forces and responses by using OCV and GCV.

6.2. Effect of S/N ratio on the performance of OCV and GCV
In this study, a series of S/N ratio are used between —40 dB and — 10 dB with a step of
1 dB. The S/N ratio of —40 dB corresponds to a low noise level and that of — 10 dB
corresponds to a high noise level. Figure 23 shows an example of the exact signals
and noise with S/N ratio of —40 dB. The noise here differs from that considered
earlier in this report by the fact that it is proportional to the signal at every frequency.
Note also that only single noise samples are used, whereas previously averaging was
performed in obtaining ‘measured” FRF’s and operational responses.

Using the measured frequency response functions and operational responses with
S/N ratio of —~40 dB to — 10 dB with a step of 1 dB, the average errors of forces are
calculated by using three methods: OCV, GCV, and MFE (minimum force error).

These were carried out under four conditions:

1) low noise level (S/N ratio of —40 dB) in FRF’s, variable noise in operational

IESponses,
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Figure 23. Comparisons of responses and noise with the S/N ratio of —40 dB.

signal, - - - - noise.

2) high noise level (S/N ratio of —10 dB) in FRF’s, variable noise in operational
responses,

3) low noise level (S/N ratio of —40 dB) in operational responses, variable noise
in FRF’s, and

4) high noise level (S/N ratio of — 10 dB) in operational responses, variable noise

in FRF’s.

Figures 24 to 27 shows the average errors in reconstructed forces and in

regularization parameters selected as optimal values in each condition mentioned
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above. Here 10 sets of results of reconstructed forces and regularization parameters
are obtained from 10 different sets of measured frequency response functions and
operational responses. The average result from these 10 cases is presented in the
figures (NB This differs from using the average FRF and responses in determining the
forces).

The average errors in the forces in these figures are defined as the root mean
square error (RMSE) between the forces obtained by OCV (or GCV) and the forces

obtained by MFE and are written as

l bitd
melhod _2
m

i=1

\/;} > (2010glF2, .| - 2010gF2,. |f | (24)
i

=1
where method is OCV or GCV, m is the number of result sets (here 10), and n is the
number of forces (4). Similarly the average errors in optimal regularization
parameters are defined as the average of the differences between those obtained by

OCV (or GCV) and those obtained by MFE in logarithmic scale and are written as

L& o '.
A pethod = ; Z |108 A’fnzrhad log )L;zfpfl . (25)
1

i=

For low noise level in the FRF’s (see Figure 24), the force errors are small in the
frequency range above 100 Hz and in this range noise effects are relatively small. In
the frequency range below 50 Hz the force errors are small only for low noise levels
in the operational responses. For OCV, a high error exists around 55 Hz regardless of
the noise level in the operational responses, which is not present for GCV. The errors
in the regularization parameters show a somewhat reversed trend compared with the
trend of the force errors. Thus at high frequencies and low noise level, the methods
may give large differences in optimal regularization parameters but this has little

effect on the forces.
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As shown in Figures 24 to 27, the comparison of the results by the two methods is
difficult because the results are similar to each other. Therefore, other plots are needed
to be able to compare the performance of OCV and GCV more easily. Figures 28 and
290 show the differences between the average errors by OCV and by GCV in forces
and in optimal regularization parameters. These figures show the dominant area of
each method. The concept to separate the regions where OCV or GCV gives better
results is defined as

OCV better: AF,, —AF;., <-1dB,
Similar: AF,., —AF;,|<+1dB, (26)

GCV better: AF,., —AF,., 2+1dB.

From Figure 28, OCV is seen to be better than GCV in the low frequency region

below 50 Hz and around 100 Hz and GCV is better around 50 Hz and above 100 Hz.
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Figure 24. Average errors in forces reconstructed and regularization parameters

selected for low noise level in FRF's and variable S/N ratio in operational responses.
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Figure 25. Average errors in forces reconstructed and regularization parameters

selected for high noise level in FRF’s and variable S/N ratio in operational responses.
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Figure 26. Average errors in forces reconstructed and regularization parameters

selected for low noise level in operational responses and variable S/N ratio in FRF’s.
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selected for high noise level in operational responses and variable S/N ratio in FRF's.
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Figure 28. Comparison of average errors in forces reconstructed by OCV and GCV
for various noise levels in operational responses and FRF's.

0: OCV better, a: same, m: GCV better.
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Figure 29. Comparison of average errors in regularization parameters selected by
OCV and GCV for various noise levels in operational responses and FRF’s.
0: OCV better, m: same, m: GCV better.

For some frequencies at which GCV is better than OCV in Figure 28, the
validation functions of OCV and GCV are plotted in Figure 30. The results shown in
Figures 24 to 29 are obtained from 10 different sets of data. In Figure 30 two
examples of each are given. The validation functions in each case show different
curves and different optimal regularization parameters for OCV and GCV. The

squared singular values are also shown in Figure 30 but these have no consistent
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relationship with the minima in the validation functions. The presence of two local
minima in the validation functions at 55 Hz appears to be the cause of the poor results
for OCV at this frequency. However the reason for this feature could not be
established.

As shown in Figure 28, it is difficult to estimate the superiority between OCV and
GCV in the full frequency range because of the variation of the performance of the
two methods with respect to the frequencies. Thus a new value to represent the
superiority at each S/N ratio under each noise condition is needed. The average of the
results in Figure 28 is first calculated in each 1/3 octave band. Then the average over
all 1/3 octave bands is formed. For calculating this average, the white areas where
OCYV is better than GCV a value of +1 is taken, the black areas where GCV is better
than OCV a value of —1 is taken, and the grey is allocated a value of 0. So if the
average is positive then OCV is better than GCV, and if that is negative then GCV is
better than OCV.

Figure 31 shows the results of this comparison of the average errors in
reconstructed forces obtained by OCV and GCV. It can be seen that OCV is better
than GCV for low noise levels in FRF’s without regard to S/N ratios in operational
responses and also for high noise levels in operational responses without regard to
S/N ratios in FRF’s. However in the case of high noise levels in FRF’s and in the case
of low noise levels in operational responses, no consistent difference is found between
the methods so that the performance of OCV and GCV is similar in these conditions.
Therefore these results from Figure 31 are consistent with previous results, see for

example Table 4.
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7. CONCLUSIONS

In this study, the method of generalized cross validation was investigated in order to
apply this method to structural dynamics problems. For a rectangular flat plate, the
forces and responses were reconstructed by ordinary cross validation, selective cross
validation, generalized cross validation based on OCV and a variant based on SCV,
minimum force error, and minimum response error. From the average errors of forces
and responses reconstructed by each method, it can be seen that the method of
ordinary cross validation is generally more reliable than the other methods considered
except t‘he ideal methods of minimum force error and of minimum response error. The
robustness of these methods was investigated for different noise levels in FRF’s and
in operational responses. The method of generalized cross validation based on
ordinary cross validation is better at high frequencies (where condition numbers are
low) but worse than OCV at low frequencies. A merit of generalized cross validation
is that in the present results 0 is not chosen as a regularization parameter, whereas
with OCV this is often the case. However this can be overcome by limiting the
allowable range.

The optimal range of regularization parameters used for each method was
investigated. An initial full range between 0 and the largest singular value squared
was used, but this range is too wide for general use. Therefore a narrower range is
needed. For the upper limit, the largest singular value squared appears reasonable. The
norm of the error matrix and the smallest singular value squared are considered as the
lower limit. From simulations for several ranges of regularization parameters, it is
concluded that the minimum of these two values should be used as the lower limit.

The effécts of some factors described in chapter 5 on the performance of the

methods of OCV and GCV were evaluated. For thershape of plates, the square plate is
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found to have smaller errors than a rectangular plate. A small damping ratio gives
better performance for low noise levels in operational responses whereas a large
damping ratio gives better performance for high noise levels in operational responses.
However this will not necessarily always apply to other damping ratios. For the
positions of forces, a distribution of forces far from one another allows better
reconstructions than a distribution of forces close to one another. Moreover a
distribution near to response positions gives better performance using either OCV or
GCV. For all these cases OCV and GCV show fairly similar results with low and
medium noise levels in operational responses but OCV is usually better than GCV for
high noise levels in operational responses.

Finally, results have been obtained for a large range of noise levels added to the
FRF’s and operational responses. Generally OCV has a better performance at low
frequencies, while GCV is better at high frequencies. However, since the need for
regularization in the present problem is greater at low frequencies, where the
condition numbers are high, it is found that OCV gives more reliable results than

GCV.
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APPENDIX A
DERIVATION OF ORDINARY CROSS VALIDATION [6]

The ordinary cross validation function is defined by

©6)

o~

" o2
ﬁk“Aka[

m

Vo()v) = “1—2

mig

where m is the number of responses, @, is the kth measured operational response, and

A.F. is the reconstructed response by the force vector obtained from the responses
except the kth one, where Ak is a vector containing one row of A.

The force vector f}c is given by
Fo=(A"A+ AT AYack) (Al)

Thus, the vector of estimated

where d(k)=[4, &, -4, a,(A,k)4,, --a,1

responses can be written as
a(Ak) = AF, = A(A" A+ AI" A¥a(k) = C(L)ack) (A2)

where the matrix C(A) is given by A(A”A+AI)" A" . This relationship can be

written in full as
(a,(AE)] ey e o] &
a,(A.k) Cop € =t Gy a,
N : : (A3)
ak(ﬂ,k) Ck] Ck2 Ckm ak(l!k)
_am (A”k)_ _cml sz o Cmm.. L am -

where ¢; are the components of matrix C(A). Now, the estimated responses using all

measured responses can be written as
a(d) = A(A* A+ AV ARG = C(M)a (Ad)
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and written again in full as

a,(A) ey G v G i Gy
a,(A) Cyp Cp v G| Gy
: | : : A - (A5)
a,(A) Ca G2 7 Cm |
..am (/1')_ _cml Coz """ Com N _&m .

From the above two matrix equations, a relationship between a,(A4,k) and a,(A) can

be derived. Therefore

a,(A,k)=c d, + b, ++cya,(Ak) +--+e,d, (A6)

and
a,(A)=c 8+l + -+ Cpdy + + ¢, (A7)

The difference between these two equations shows that

(1~c, )a, (A.k) =a,(A) - c,d, . (A8)
Therefore,
a, —ak(a,k)=um—). (A9)
I-c,

This enables the expression for the ordinary cross validation function V,(A) given by

equation (6) to be written as

k=1 I- Cut

Vo(}b)zii{m}.} . (A10)

Since a(L)=AF(A)=C(L)4, this expression can be written as
1 ”
Voh) =BT - Cf Q)

where [ - | indicates the Buclidean norm and B(A) is the diagonal matrix whose

entries are given by I/ (1 —Cy (ﬂ)).
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APPENDIX B
CIRCULANT MATRICES

An nxn matrix, whose rows are composed of a cyclically shifted version of a length-n

list {€y,C;,Cy,*sC,1 } » 18 called a circulant matrix and has the form

B T
Co Cpu Cog 0 G
5 G  Cua €y
A=lc, ¢ ¢ - . (B1)
_Cn—l cn—Z cn—3 o C[} N
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APPENDIX C
DERIVATION OF GENERALIZED CROSS VALIDATION

If the transformed model is given by
g =a-AF, (15)
where & =WU"¢, 4 =WU"4, and A =WSV? , and ordinary cross validation (7) is

applied to this transformed model, then the generalized cross validation can be

defined as

V.(A) = i"B, M- Ml 1)

where C,(A)= A (A" A + A A" and B,(A) is the diagonal matrix whose entries
are given by 1/(1—c!,kk(l)), ¢, (A) being the kkth entry of C,(A) and constant

because C,(A) is a circulant matrix (see Appendix B). Therefore

1 1

I,= I, (€2)
1—c,,(A) *~ Um)Tr(I - C,(A))

B(A)=

where I, is the identity matrix with same size to B,(A). Substituting equation (C2)

into equation (C1), the generalized cross validation function can be written as

_ /mfld —C, (A4, I’

Ve S Tyt - C.ONE (o
where C,(A) is a circulant matrix and thus constant along the diagonals.
Since C(A) and C,(A) have the same eigenvalues as below
Cy=AA"A+ M) A% —us(sis + AT s*U" =UAU®,  (C3)
and C(y=AA"A + ) A7 =ws(s”s + ALV S"WT =WAW", (4
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where A = S(S IS+ Al TESH is the diagonal matrix with eigenvalues, hence the traces
of C(A) and C,(A) are equal to each other,
Tr(C(A))=Tr(C,(1)), (C5)

and the norm of the numerator of equation (16) is

|7 - c. v = -waw” wutal)=|w (- ap*a
= [wu (1 -vav® | = WU (1 - c(aya (C6)
=|(1-c)
because W and U” are unitary matrices.
Therefore, equation (16) can be written as
V.= A/ m)|2 -cna|’ an

(U m)Tr(I - CONE
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