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ABSTRACT

As a wheel moves along a discretely supported track, it can experience parametric
excitation due to the varying dynamic stiffness of the track. In order to study this, an
equivalent time-varying model is developed for the track, according to the space-varying
receptance in a sleeper bay. Using this track model combined with a mass representing the
wheel, the wheel/rail interaction and response to the parametric excitation are simulated. The
results are compared with those from a moving irregularity model and the differences
between the moving wheel and moving irregularity models are examined from various aspects
of wheel/rail dynamics. The wheel/rail interaction force due to the parametric excitation may
be significant compared with that due to the roughness excitation especially at low
frequencies and increases in magnitude with the running speed of a train. Because of the
parametric excitation the wheel/rail contact force spectra contain many harmonics with a
basic component at the sleeper-passing frequency, and the components around the pinned-

pinned resonance frequency show a higher level.
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1. INTRODUCTION

Wheel/rail vibration and noise emission can be caused either by roughness, the small-
scale unevenness on the wheel and rail tread, or by discontinuities of the wheel and rail such
as wheel flats, rail joints, turnouts and crossings. In addition, wheel/rail vibration can also
result from a parametric excitation at the sleeper-passing frequency. This is caused by
variations in the dynamic stiffness of a track within a sleeper bay. As the track is essentially
periodic, when a wheel rolls over the rail, it experiences the varying dynamic stiffness of the
track and thus is periodically excited at the sleeper-passing frequency. As a result, the
wheel/rail contact force varies and the track is also excited.

Wheel/rail system dynamics has been studied over many years. Two main kinds of model
have been used to study wheel/rail interactions, a moving irregularity between a stationary
wheel and rail, and a wheel rolling on the track [1]. The moving irregularity model is justified
on the basis that the structural wave speed in the rail is much higher than the train speed in the
audible frequency range. Moreover, wheel/rail interaction can be studied either in the
frequency domain or in the time domain. As noise generation is generally studied in the
frequency domain, the frequency domain model with a moving irregularity was used by
Remington [2] and Thompson [3] for rolling noise prediction. It was also used by Grassie et
al. [4] for studying short pitch corrugation on the rail head. For the impact problem due to the
wheel and rail discontinuities, a time domain model is needed because in such cases loss of
contact often occurs between the wheel and rail, which the frequency domain model cannot
deal with. A time domain model with a moving irregularity was used by Newton and Clark {5]
for the wheel/rail impact due to a wheel flat, and also by Wu and Thompson [6, 7] for the
prediction of impact noise generation.

Whether the time or the frequency domain is used, either the moving irregularity or the
moving wheel model can be considered to study wheel/rail interaction. Alfhough the moving
wheel model is the most realistic one, it is also the more difficult one to deal with. The
moving irregularity model, on the other hand, is much easier to use and its calculations are
straightforward and therefore it has been widely used for the investigation of wheel/rail
dynamics. The question that arises is what the difference is between the two models and in
what circumstances the moving wheel model is necessary. For a continuously supported rail
the error introduced by using a moving irregularity model can be neglected and this was
proved by Ilias and Knothe [8]. The reason for this is that the stiffness of a continuously

supported rail is uniform along the track and the train speed is much lower than the wave



speed in the rail. For a discretely supported rail, however, the moving irregularity model
cannot deal with the parametric excitation at the sleeper-passing frequency caused by the
periodically varying stiffness between the supports. The moving wheel model is therefore
essential to investigate the effects on wheel/rail interaction due to the parametric excitation.
The response of a discretely supported track to a moving mass/vehicle has been studied by
Kisilowski et al. [9], Sibaei [10], Ripke [11] and Nordborg [12]. In [11] a finite element
model was used to represent the track, and the wheel/rail interaction force was found to vary
periodically at the sleeper-passing frequency. In [12] both time and frequency domain models
were used to study a moving wheel/track interaction. The wheel/rail contact force from the
time domain model was shown to have a component at the sleeper-passing frequency and its
harmonics.

In order to determine the difference between the two models and in what circumstances
the moving wheel model is necessary, further study is needed to investigate the effects on the
wheel/rail dynamics due to the parametric excitation in terms of wheel/rail interaction,
vibration, impact, noise generation and corrugation growth etc. In this work the wheel/rail
interaction and response due to the parametric excitation are studied using a spatially quasi-
static method combined with an equivale.nt system approach. Based on the fact that the
structural wave speed in the rail is much greater than the train speed, the point receptances
(inverse of the dynamic stiffness) of a track at different positions within a sleeper bay are
calculated using a fixed harmonic force. Then an equivalent time domain model with time-
varying paramet'ers is developed for the track in accordance with the spatially varying
receptance calculated in the frequency domain. Using this model combined with a simple
wheel model, the wheel/rail interaction and response to the parametric excitation are
simulated. The results are compared with those from a moving irregularity model. The
differences between the moving irregularity and the equivalent moving wheel models are
examined from the aspects of wheel/rail vibration, impact, noise generation and rail
corrugation. Finally some recommendations are made concerning the circumstances in which

the moving wheel model is necessary.

2. EQUIVALENT TRACK MODEL WITH TIME-VARYING PARAMETERS

The objective of this section is to develop an equivalent track model with time-varying

parameters. This will be combined with a wheel model to simulate the wheel/rail interaction



due to the parametric excitation by the varying dynamic stiffness of a discretely supported

track.

2.1. Receptance of a discretely supported rail

A conventional Timoshenko beam model is employed to calculate the point receptance of
a rail with discrete supports for different positions within a sleeper span. Although a
Timoshenko beam model can be used for predicting the rail head response for frequencies up
to close to the frequency at which the higher-order ‘foot flapping’ wave cuts on, ie. up to
about 5 kHz [13], for the purpose of studying the wheel/rail dynamics due to the parametric
excitation, the rail responses are calculated here only up to 2.5 kHz. This covers the pinned-
pinned resonance frequency of a discretely supported track, which normally occurs around
1 kHz. Details concerning the modelling of a discretely supported rail and calculations of
track receptances can be found in [13], here only the results are summarised.

Figure 1 shows the point receptances of a discretely supported UIC 60 rail with the
excitation acting at four different positions from above a sleeper to mid-span. The parameters
for the rail are:

E=21x10""'N/m?, G=0.77x10"' N/m?, p =7850 kg/m’, 7,=0.01,

A=7.69x107 m?,  I=30.55x107°m’, k=04,
where E is the Young’s modulus, G the shear modulus, o the density, 7, the loss factor of the
rail, A the cross-sectional area, I the second moment of area and x the shear coefficient. The
parameters for the discrete support are:

K, =350 MN/m, 7,=025, K»=50MN/m, 7,=10, M,=162kg, d=06m,

where K, is the pad stiffness, 77, the loss factor of the pad, K}, the ballast stiffness, 7, the loss
factor of the ballast, M, the sleeper mass and d the sleeper span length. These parameters
correspond to a track with concrete sleepers and moderately stiff rail pads.

The point receptances for the rail can be seen to reach resonance at about 80 Hz and
530 Hz. At 80 Hz the whole track bounces on the ballast stiffness although this resonance is
over-damped, while at 550 Hz the rail vibrates on the pad stiffness. The pinned-pinned
resonance appears at about 1080 Hz, at which the wave length in the rail equals twice the span
length. Here the rail receptance reaches a peak at mid-span and a minimum at a sleeper, while
at other positions it is mostly between these extremes. The differences in the point receptance
between the various positions are mainly around the pinned-pinned resonance frequency and

also in the frequency region 250-800 Hz.



2.2. Equivalent parameter-varying model of the track in the time domain

Since the track has different receptances within a sleeper bay, when a wheel rolls over the
track, it is subject to the varying dynamic stiffness and thus is periodically excited at the
sleeper-passing frequency. Fixing the observation point on the moving wheel, the wheel can
be considered to interact with a periodically time-varying system. A time-varying model for
the track can be sct up by firstly using a spatially quasi-static approach in the frequency
domain, i.e. working out the receptances of the track at different positions within a sleeper
bay under a fixed harmonic force, then transforming the track model in terms of its
receptances from the frequency domain into the time domain, and conveying the space-
varying dynamic stiffness into the time-varying parameters. This method is based on the fact
that the structural wave speed in the rail is much greater than the train speed, and that the
track model is assumed to be linear and thus can be transformed readily from the frequency
domain to the time domain.

Before performing the transformation, it is of considerable benefit to approximate the rail
receptance using a transfer function in the form of a ratio of two polynomials, so that
conventional system theory can be applied for setting up a mathematical model for the
track dynamics in the time domain. The function ‘invfreqs’ in the Signal Processing
Toolbox of MATL.AB is used for this task [14]. This function returns the real numerator
and denominator coefficient vectors b and a of the transfer function

B(s) bs" +b,s"" +..+b,s+b,,
Als)  s"tas" +..ta,_s+ta,

H(s)= , (1)

whose complex frequency response approximates the required response, in this case the rail
receptance, at specified frequency points. Scalars m and n specify the desired orders of the
numerator and denominator polynomials. It is important to ensure that, whatever values of m
and n are selected (here m = 7 and n = 8), all the poles of the returned transfer function H(s)
are in the left half-plane and thus the system is stable. As the track receptances vary within a
sleeper bay, there are a series of the coefficient vectors a and & corresponding to the different
positions in a span. Here 12 points are chosen in a sleeper bay, at which the receptances are
calculated, with the distance between two points being 5 cm. The receptances at other points
are obtained by interpolation of ¢ and b.

In Figure 2 the receptances at a sleeper and at mid-span are compared between the {ull
track model and the equivalent model (H function, equation (1)) in terms of magnitude and

phase. It can be seen that the fitted frequency responses of the A functions are in good



agreement with the receptances of the discretely supported track model in the whole
frequency region considered. At the other positions in a sleeper bay the frequency responses
of the corresponding H functions also show good agreement with the track receptances,
although they are not presented here. Figure 3 shows the variations of the track receptance
within a sleeper bay at 350 Hz and 1060 Hz, the latter being at the pinned-pinned resonance
where a large variation of the receptance within a sleeper bay can be observed. The
comparison between the two models is made again in Figure 3 and good agreement can be
seen.
A differential equation corresponding to H(s) in equation (1) can be given as

(D" +a D" +..+a,_D+a)y@)=GD"+..+b,D+b ) f (1), 2)
where D represents the differential operator d/dr. y() and f{z) are the output and input of the
system and, in relation to the track vibration, they represent the corresponding rail
displacement and wheel/rail interaction force respectively. The state-space representation of

equation (2) for the case of n=m+ 1 can be expressed as follows (see reference [15]):

X, 0 1 0 e 0| x ¢
X 0 0 1 - 0 |x c :
i I T )
xn - an - an—l - a’nLZ e - (11 xn Cn
x, (1) = y(), 4)
where
¢ =5,
i—1
¢ =b—Ya_c,, i=2,n (5)

j=1

The coefficients a; and b; here, and therefore ¢;, are periodically time-varying and their
variation rate or period is related to the wheel speed and the sleeper span length. In equation
(3) only f and x; have explicit physical meanings and represent the force and displacement at
the wheel/rail contact point respectively. The other variables have no direct physical meaning.
Nevertheless equation (3) represents the track dynamics at the wheel/rail contact point with
time-varying parameters. Using equation (3) combined with a wheel dynamics model, the
wheel/rail interaction and vibration due to the parametric excitation, or combined with other

kinds of excitation such as roughness, wheel flat and rail joint, can be readily simulated.



2.3. Wheel/rail interaction modelling

The wheel/track interaction model is shown schematically in Figure 4. In the chosen
frame of reference the wheel is fixed and the track moves at the train speed V. The track
model is formulated by equation (3) with the time-varying parameters to produce the
parametric excitation. For simplicity, the wheel is regarded as a mass M,,, although the high
frequency modes of a wheel can be included in a time domain model without difficulties. The
wheel mass is M., = 600 kg, including the unsprung mass attached to the wheel. As the natural
frequency of the vehicle-suspension system is much lower than that of the wheel/track
vibration, the vehicle is simplified as a static load W acting on the wheel. The static load to

the wheel is chosen as W = 100 kN. The equation of motion for the mass wheel is given as

M X =W-f, (6)
where fis the wheel/rail contact force and given by

f=Cy(x,—x, -2, (7a)

f=0, when x, —x, —r<0, (7b)

where x, and x, are the wheel and rail displacement in the vertical direction at the contact
point respectively (x, = x1), r represents the displacement excitation due to roughness, wheel
flat or rail joint etc, Cy is the Hertzian constant, taken here as Cy = 93.7 GN/m™”. The sign
convention adopted here for r is positive for a dip, negative for an asperity.

Using equations (3-7) the wheel/track interaction and vibration can be simulated. In fact
equations (3-7) are universal and can be used for either a moving wheel model (taking a; and
b; as time-varying) or a moving irregularity model (taking ; and &; as constant). Moreover, by
choosing different excitations r in equation (7), the wheel/rail interaction and vibration can be
simulated either due to random roughness or due to discrete wheel or rail discontinuities.

Setting r = 0, the effect of parametric excitation can be predicted separately.

2.4. Error estimation

As the track model used here is approximate, it is helpful to discuss the possible errors
that arise due to the approximation. Firstly, errors could be generated from the method of
calculating track receptances, in which a fixed harmonic force is used rather than a moving
one. In the wheel/track interaction model the observation point is fixed on the wheel, which

moves at the train speed V, and the rail acceleration is given by



2 2 2 az
dff=ai’+2Vax’"+V"‘ ir
dt ot 0z0t 0z

The first term on the right side of the equation is the acceleration observed from the ground.

(8)

When a non-moving force is used to calculate the receptances, the last two terms are omitted.
The errors due to the omission can be estimated approximately by comparing the wave speed
in the beam with the train speed. The wave solution of the beam vibration can be assumed,
observed from the moving wheel, to be

x,(z,1) = Xe'“* €

where @ is the circular frequency and £ is the wave number, and

w
k=—, (10)
Cg
where ¢ = ¢, £V is the wave speed relative to the moving wheel and ¢ is the wave speed in
the beam relative to the ground. Substituting equation (9) into equation (8) gives

2 2 + 2 42
d’x, :_wzx{livarV J:(cg_zv] 9x, an

dar’ cp Cy c, £V | or*

where the positive sign before V is for the wave propagating in the opposite direction to the
wheel motion, and the negative sign is for the wave propagating in the same direction as the
wheel motion. Since the train speed (tens of metres per second) is much lower than the
bending wave speed in the beam at audio frequencies (hundreds to thousands of metres per
second), the coefficient of the partial acceleration is close to 1. A similar conclusion can be
derived for the rail velocity. The errors caused by using receptance calculated using a non-
moving force are therefore limited. Moreover, the receptance at each point within a span is
calculated using the same method and, as the parametric excitation results from the relative
differences in the dynamic stiffness at different positions, the errors due to this are expected to
be smaller than those estimated by equation (11).

A second error source is the differences in the track receptance between the full model
and the equivalent model. They can be found to be quite small from Figure 2, as the
receptances calculated from the equivalent model are in good agreement with those from the
full model, especially around the pinned-pinned frequency, where the differences in the
receptance within a span are the major source of the parametric excitation. Thus the errors
caused by this are expected to be small. Again, the differences between adjacent points are

more important than the actual dynamic stiffness, and these are modelled correctly.



Finally, a third error source could be from the numerical simulation which uses a fourth
order Runge-Kutta method and the equivalent wheel/track interaction model. The Runge-
Kutta method is an integration method, where the solution at time % is calculated based on
the system state at time #;. For the wheel/rail interaction problem, if a moving wheel model is
used, the wheel/rail contact at time 7; and #,. is actually at two different positions on the rail.
When an integration method is used to calculate the rail vibration at the contact position at #;.1,
the displacement and velocity of the rail at the same position but at the previous moment, #;,
are needed. In the present wheel/rail interaction model, however, they are not available and
thus are approximated by those at the previous contact position at #. This may cause errors.
To reduce the possible errors caused by this, small time steps are used in the simulations, as

the vibration state for two very close points on the rail are almost the same.

3. SIMULATIONS AND RESULTS

Numerical simulations are carried out using the models introduced in the previous
sections for the wheel/rail interaction and vibration due to the parametric excitation by the
varying dynamic stiffness of the track. Apart from the parametric excitation, roughness and a
wheel flat are also considered as inputs for the simulations. Roughness excitation is a broad-
band random process and causes steady wheel/rail vibration and noise emission, whereas a
wheel flat results in impacts between the wheel and rail. Three combinations of excitation are
considered to explore the differences in wheel/track dynamics between a moving wheel model
and a moving irregularity model. These combinations are: (i) pure parametric excitation for a
perfectly smooth rail and rail, (ii) parametric excitation plus roughness, (iii) parametric
excitation plus a wheel flat. The simulation results are therefore presented in these three

categories in the following sections.

3.1. Wheel/rail interaction due to parametric excitation

It is assumed first that the wheel/rail interaction and vibration are caused only by the
varying dynamic stiffness of the discretely supported track. Although, in practice, roughness
always exists on the wheel and rail contact surfaces, this assumption makes it possible to
observe the effects of a parametric excitation on the wheel/rail interaction and vibration
without mixed effects from other factors.

Figures 5 and 6 show simulation results of the wheel/rail interaction due to the parametric

excitation from the varying dynamic stiffness of the track. Two wheel speeds are chosen in



the simulations; they are 24 and 48 m/s, so that as the distance between sleepers is (.6 m, the
sleeper-passing frequencies are 40 and 80 Hz respectively. All the simulations here are
arranged to begin at a sleeper; the time 0.1 s also corresponds to positions above a sleeper in
each case. The results are shown in terms of the wheel/rail interaction force, in both time
series and frequency components, and the wheel and rail displacements at the contact point.

Comparing these two figures, the wheel/rail dynamic contact force due to the parametric
excitation can be seen to increase in magnitude with the wheel speed. The basic components
in the contact force spectra are shown to be at the respective sleeper-passing frequencies,
although high order harmonics are distributed throughout the frequency range considered. It
has been proved analytically in [16] that a parametrically excited single degree of freedom
system generates responses to a constant force including a basic component at the frequency
at which the system parameter varies and its harmonics. Here the wheel/track interaction
simulations show a more complicated behaviour.

It is noticeable from Figures 5 and 6 that the components in the contact force spectra
show a higher level around 1.1 kHz, which is close to the pinned-pinned resonance. These
components can also be identified in the time series of the contact force. The reason for this is
that a discretely supported track displays the greatest differences in its receptance (or its
dynamic stiffness) at the pinned-pinned resonance frequency, i.e. the receptance reaches a
maximum at mid-span and a minimum at a sleeper, refer to Figure 1. As a result the
parametric excitation by the varying dynamic stiffness is larger around the pinned-pinned
resonance frequency and thus the wheel/rail interaction force is higher at these frequencies. It
is therefore expected that the larger contact force components around the pinned-pinned
resonance frequency may contribute to the formation of short pitch corrugation [17] and
therefore, the parametric excitation mechanism should be included in a wheel/rail interaction
model for the prediction of corrugation.

The wheel and rail vibration due to the parametric excitation can be seen to be dominated
by the components at the sleeper-passing frequency. At the wheel speeds 24 and 48 m/s the
dominant frequencies in the wheel and rail displacements are 40 and 80 Hz respectively.

Compared with the rail response, the wheel response is smoother because of its larger inertia.



3.2. Wheel/rail interaction due to parametric excitation plus roughness

In practice roughness is present on the rail and wheel contact surfaces. When a wheel
rolls on the rail, the roughness forms an excitation with multiple frequency components which
can be regarded as a broad-band random process.

Figure 7 shows a typical 1/3 octave band roughness spectrum. This spectrum corresponds
to the roughness of a wheel with cast-iron block brakes on a smooth rail [18], and the
frequencies correspond to a train speed of 100 km/h. Starting from this spectrum, a narrow-
band spectrum is generated with a bandwidth of 5 Hz, which corresponds to the 1/3 octave
band spectrum. (For simplicity the amplitude is assumed equal in all narrow bands within a
given 1/3 octave band) The narrow-band spectrum is then used to generate a time series by
using the inverse Fourier transform, the phase of each Fourier component being chosen
randomly between —7 and 7. This time series is used as a roughness input to the wheel/rail
system combined with the parametric excitation due to the varying dynamic stiffness of the
track.

Figures 8 and 9 show the wheel/track interaction and vibration due to a roughness
excitation as described in Figure 7. The results are shown from both a moving wheel model
and a moving irregularity model for comparison. It can be seen that the wheel/rail contact
forces from the moving wheel model are a superposition of the forces due to the parametric
and roughness excitation. Although the contact stiffness between the wheel and rail is
assumed to be non-linear, the effects of non-linearity on the wheel/rail dynamics are
negligible for this level of excitation and wheel load so that the superposition principle
approximately holds. This is the case as long as there is no loss of contact between the wheel
and rail [19]. As the roughness input used here is not very severe, the higher spikes in the
contact force spectra can be clearly seen in the results in Figures 8 and 9 and these have
similar levels to those due to the parametric excitation without roughness input found in
Figures 5 and 6. As the parametric excitation of the periodically supported track is not
included in the moving irregularity model, the wheel/rail interaction force in the latter case is
generated only by the roughness excitation, and thus lacks the spikes in the contact force
spectra, compare (¢) with (d) in Figures 8 and 9. The contact force for the moving wheel and
irregularity models is given in Figure 10 in terms of 1/3 octave band spectra. The wheel/rail
contact forces from the moving wheel model can be seen to be greater than those from the
moving irregularity model around the sleeper-passing frequency and its first few harmonics.

Above about 250 Hz for 24 m/s of 500 Hz for 48 m/s the results from the moving wheel

10



models lies between the two results from the moving irregularity model at mid-span and
above a sleeper.

As the differences in the response of the rail vibration to a unit force are insignificant
between a moving wheel model and a moving irregularity model, only showing two low-level
splitting peaks around the pinned-pinned resonance [11], the differences in the vibration
response between the two models are therefore expected to be mainly determined by the
differences in the contact forces. Thus for the railway rolling noise prediction, theoretically
speaking, using a moving irregularity model to calculate wheel/rail interaction may under-
estimate the noise emission level to some extent at low frequencies. However, under a more
severe roughness, the difference between the two models will become smaller, as the
wheel/rail interaction due to the roughness becomes more significant compared with that due
to the parametric excitation.

The same calculations as previously introduced are also carried out for a track with soft
rail pads, where the pad stiffness is chosen to be 70 MN/m and the other parameters remain
unchanged. The receptances of this track at a sleeper and at mid-span are shown in Figures
11(a) and (b), and the wheel/rail interaction force spectra in 1/3 octave bands are given in
Figures 11(c) and (d) for both the moving Wheel model and the moving irregularity model.
The force spectra can be seen to have a type of similar variation in the low frequency region
as that for the track with the stiffer pads, but there are almost no differences among the three
cases above 400 Hz, including around the pinned-pinned resonance region. However,
although the difference in the receptance between the positions of a sleeper and mid-span is
smaller at the pinned-pinned frequency for the track with the soft pads than for the track with
the stiffer pads, the differences in the force spectra between the moving wheel and moving
irregularity models are found to be slightly greater in the low frequency region for the soft
pad track than for the stiffer pad track. This can be justified from two aspects. Firstly, the
strength of the parametric excitation of the wheel/track system can be estimated
approximately using a relative variation ratio in the dynamic stiffness around the pinned-
pinned resonance:

maximum receptance — minimum receptance

ratio = ;
maximum receptance + minimum receptance

The ratio is 0.82 for the soft pad case and 0.97 for the stiffer pad case, and thus the strengths
of the parametric excitation in both cases are quite similar. Secondly, the receptance at low
frequencies is generally greater for the soft pad track than for the stiffer pad track. This means

that the soft pad track can be easily excited at low frequencies by the wheel, which is
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subjected to the varying dynamic stiffness of the track, and thus the wheel/rail interaction at
low frequencies may appear at a higher level for the soft pad track than for the stiffer pad
track. These two factors may justify why the differences in the interaction force spectra
between the moving wheel and moving irregularity models are slightly greater for the soft pad

track than for the stiffer pad track.

3.3. Wheel/rail impact due to a wheel flat plus parametric excitation

Wheel/rail impact may be caused by severe roughness or wheel and rail discontinuities
such as rail joints, crossings and wheel flats. Here, only a wheel flat is considered. Impact due
to a wheel flat can be studied altematively by considering a round wheel rolling over a rail
with a corresponding indentation on the rail head, for details see [5] and [6]. The following
irregularity (indentation) on the railhead is used in the present simulations to represent a

wheel flat [5]:
ry =%(1—cos2ﬂ'§), (12)

where d = 2 mm is the wheel flat depth, and I = 150 mm is the flat length.

Simulations are carried out using both the moving wheel model and the moving
irregularity model for comparison. Two wheel speeds are again chosen in the simulations, 24
and 48 m/s. Results are shown in Figures 12-15. For the moving wheel model the wheel/rail
impact is chosen to occur above a sleeper, whereas for the moving irregularity model results
are calculated for impact both at a sleeper and at mid-span. The time domain results from the
moving irregularity model are shown only for the impact at a sleeper because those at a mid-
span are found to be very similar.

From Figures 12-15 the impact can be observed to occur in similar ways. When the
‘indentation (corresponding to the wheel flat) appears between the wheel and rail, the wheel
falls and the rail rises. Since the wheel and rail cannot immediately follow the indentation due
to their inertia, the contact force is therefore partly unloaded. If the train speed is high, for
example at 24 and 48 my/s, the static load cannot maintain contact between the wheel and rail
and thus loss of contact occurs. Impact happens when the wheel hits the rail again. The
contact force rises dramatically and the ratio of the peak force to the static load is greater than
5. In fact loss of contact and impact occur twice in each case in Figures 12-15, but the second

impact is much smaller than the first one.
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In terms of the peak impact force, the results from the moving wheel and moving
irregularity models do not show many differences because the contributions due to the
parametric excitation are not dominant. Concerning the impact force spectrum, which is of
interest in the impact noise generation, the differences may be noticeable. Figure 16 shows the
impact force spectra in 1/3 octave bands from the moving wheel and moving irregularity
models. Differences in the force spectra between the two models can be identified at the
pinned-pinned resonance. However, unlike the results from the roughness excitation in
Figures 10 and 11, there are no significant differences in the spectra due to parametric

excitation at low frequencies.

3.4. Discussion

It is important to note that the calculations presented here are based on an ideal periodic
track. The sharp peak and dip in the receptance at the pinned-pinned resonance are somewhat
more extreme in such predictions than in measured track receptances [20]. This is caused by
random variations in sleeper spacing for a ballasted track [21]. Additionally, the rail is
supported by the finite width of the pad, whereas in the model the pad is repreéented by a
point spring. Moreover, it has been shown that multiple wheels present on the track tend to
negate the pinned-pinned peak due to interference effects [22]. These various effects will
therefore reduce the parametric excitation around the pinned-pinned frequency in practice, so

that the results presented here should be seen as an upper bound.

4. CONCLUSIONS

The wheel/rail interaction and response due to the parametric excitation by the varying
dynamic stiffness of a discretely supported track have been studied using a spatially quasi-
static method, based on the fact that the structural wave propagation speed in the rail is much
greater than the train speed in the audible frequency range. The point receptances of a track at
different positions in a sleeper bay are calculated. Then an equivalent time-varying model is
developed for the track in accordance with the space-varying receptances. Using this track
model combined with a mass wheel model, the wheel/rail interaction and response to the
parametric excitation are simulated. The results are compared with those from a moving
irregularity model and the differences between the moving wheel and moving irregularity

models are examined from various aspects of wheel/rail dynamics.
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The wheel/rail interaction force due to the parametric excitation increases with the
running speed of a train. Although the contact force spectra comprise many harmonics with a
fundamental frequency at the sleeper-passing frequency, the components around the pinned-
pinned resonance frequency also show a high level. This is because a discretely supported
track displays the greatest differences in the receptance at the pinned-pinned resonance. It is
therefore expected that the higher level of contact force generated around the pinned-pinned
resonance may be responsible for short pitch corrugation and a wheel/rail interaction model
excluding the parametric excitation might not be appropriate for the prediction of corrugation
growth. For railway rolling noise predictions, using a moving irregularity model to calculate
wheel/rail interaction could under-estimate the noise emission level to some extent,
particularly at low frequencies, because the components due to the parametric excitation are
omitted from such a model. On the other hand, for the wheel/rail impact simulations due to
the wheel or rail discontinuities, use of a moving irregularity model will not cause significant
errors as the impact components are greater than those due to the parametric excitation.

Since the model used for the predictions is idealised and some effects present in practice

are neglected, the results presented in this work should be seen as an upper bound. .
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Figure 1. Receptances of a discretely supported track at different positions, — at a sleeper,

at mid-span, --- 0.1 m away from a sleeper, ----- 0.2 m away from a sleeper.
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Figure 2. The comparison of receptance between the full and equivalent models of the track,

(a) at a sleeper, (b) at mid-span, — from full model, -~ from equivalent model.
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Figure 4. Wheel/track interaction model.
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excitation, wheel speed V = 24 m/s, — rail displacement, ----- wheel displacement.
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Figure 6. Wheel/track interaction force and vibration displacement due to parametric

excitation, wheel speed V = 48 m/s, key as for Figure 3.
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Figure 7. One-third octave band roughness spectrum of tread-braked wheel on a smooth rail
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Figure 10. Wheel/rail interaction force spectra in 1/3 octave bands, (a) wheel épeed

V =24 m/s, (b) wheel speed V = 48 m/s, — from moving wheel model, --- from moving
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mid-span.
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Figure 12. Wheel/rail impact force and vibration due to a 2 mm deep wheel flat at wheel

speed 24 m/s using a moving wheel model, — rail displacement, ----- wheel displacement, ---

equivalent wheel flat excitation.
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Figure 13. Wheel/rail impact force and vibration due to a 2 mm deep wheel flat at wheel
speed 24 m/s using a moving irregularity model. For displacement, key as for Figure 12, for

force spectra— impact at a sleeper, - impact at mid-span.
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Figure 14. Wheel/rail impact force and vibration due to a 2 mm deep wheel flat at wheel

speed 48 m/s using a moving wheel model, key as for Figure 12.
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Figure 15. Wheel/rail impact force and vibration due to a 2 mm deep wheel flat at wheel

speed 48 m/s using a moving irregularity model, key as for Figure 13.
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Figure 16. Wheel/rail impact force spectra in 1/3 octave bands, (2) wheel speed V= 24 m/s, (b)
wheel speed V = 48 m/s. -— from moving wheel model, -~ from moving irregularity model

and wheel at a sleeper, - from moving irregularity model and wheel at mid-span.
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