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Abstiract

Water leaks are a topic of great concern in Britain and many other countries, because
of decreasing water supplies and the deterioration of old pipework. In leak detection
surveys, the most widely used technique for many years has been the cross-correlation
technique. Currently plastic pipes are used in most water distribution networks due to
low cost and their easy handling characteristics. However in many practical situations,
the application of correlation techniques for plastic pipes involves several factors,
including background noise, acoustic wave attenuation in the pipe and accessibility
for sensors.

This report uses an analytical model of a buried plastic pipe to investigate the
effectiveness of the cross-correlation technique in water leak detection. Based on the
fact that the fluid-borne axisymmetric wavenumber increases monotonically with
frequency, an analytical model of propagation wavespeed and wave attenuation has
been established in previous work. Assuming that the leak signal is band-limited
white noise, an analytical model of the cross-correlation function for wave
propagation in a pipe is established. It is found that the cross-correlation function is
mainly dominated by the lower cut-off frequency provided that the bandwidth of the
input white noise is relatively broad. The analytical models are validated using some
experimental results provided by the National Research Council of Canada. The
model of the correlation function provides an explanation for the effect of the filter

cut-off frequencies used in the cross-correlation technique for leak detection.
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1. Introduction

1.1  Introduction

Water leakage from buried pipes is a subject of great concern in Britain, and many
other countries because of decreasing water supplies due to changing rainfall patterns,
deterioration or damage to the distribution system, and an ever increasing population.
Much attention has been paid to reducing water leakage over the past few years, since
the loss of large amounts of water through fauity pipework system is environmentally
and economically damaging.

An effective leak detection technique yields many benefits. First and foremost, there
is an immediate saving in pumping and treatment production costs. Second, leaks
discovered during a survey can be scheduled for repair, often eliminating the potential
damage to the pipe network itself, e.g., major pipe breaks, and erosion of foundations
of roads and buildings. In addition, by finding and fixing leaks, public health is
protected as every leak is a potential entry point for contaminants if a pressure drop

occurs in the system.
1.2 Literature review
1.2.1 Leak detection

A leak from a water supply pipe system generates noise, which can be used for leak
detection and location. The effectiveness of the existing acoustic leak detection
techniques and equipment has been demonstrated in the previous work ¥, Acoustic
methods are commonly used to pinpoint leaks by most professional users. Other
methods of leak detection which have been used with varying degrees of success are

listening sticks, thermography [

., flow and pressure correlation, and ground
penetrating radar (GPR) detection °\. Each technique has both advantages and
shortcomings. The potential of the non-acoustic technologies has been evaluated by
Hunaidi et al 7, Although they show some promise, they are more complex and
time-consuming, and may fail to detect leaks in practical conditions.

Generally leak detection using acoustic equipment is accomplished in two phases.
During the first phase, the entire system is surveyed for leak sounds. An initial survey
is usnally conducted by listening devices such as listening sticks on all accessible

contact points with the pipework systern. When a sound is heard, the location is noted

as a potential leak site. However, background noise may produce sounds with



characteristics similar to leak signals. During the second phase, each suspect location
is further investigated. More accurate measurements can be taken to pinpoint the exact
locations of the leaks by using geophones (or ground microphones) to listen for the
leak sounds on the ground directly above the pipe at close intervals; or by using leak
noise correlators.

Listening devices utilize sensitive mechanisms or materials, for example piezo-
electric elements. Modem electronic devices may include signal amplifiers and noise
filters, which could be very helpful in adverse environments. The use of listening
sticks is straightforward, but the effectiveness depends on the experience of the user.
On the other hand, a computerised leak correlator is used to pinpoint the exact
location of the leak. The correlator eliminates the need for extensive hit-or-miss
excavation, and the unnecessary destruction of expensive pavement. Normally a leak
detection correlator is much more efficient and yields more accurate results compared
to listening devices. Since the introduction of this device in the early 1980s, the
correlation technique, which is the most widely used acoustic technique, has been
significantly improved.

One of the reasons why the correlation technique is attractive for leak detection is its
robustness in the presence of background noise 8], For a given signal and noise
sitnation, the cross-correlation can be used to improve the signal-to-noise ratio (SNR)
by +3dB for every doubling of the integration period used. Especially for
environments where a very poor SNR situation exists, increasing the length of time
duration over which the cross-correlation is determined can reveal the presence of a
previously masked signal.

Theoretically the cross-correlation technique is straightforward. The preliminary work
is performed by measuring vibration or acoustic signals at two access points using
vibration sensors such as accelerometers or hydrophones either side the location of a
suspect leak. The signals from the sensors are transmitted in some manner to the leak
noise correlator to pinpoint the leak. The noise correlator is a piece of equipment,
which computes the cross-correlation function of the two signals and presents the
results to an operator. The location of the leak relative to one of the measurement
points is easily calculated using a simple algebraic relationship between the time shift
of the peak value of the cross-correlation function, distance between the access points,

and propagation wavespeed in the buried pipe.



Satisfactory results have been achieved when the correlation technique is applied to
locate leaks in metal pipes. Currently plastic pipes made from PVC
(polyvinylchloride) and MDPE (medium density polyethylene), are used in many
water distribution networks due to low cost and their easy handling characteristics.
However in many practical situations, the application of correlation techniques for
plastic pipes involves several factors, including background noise, acoustic wave
attenuation in the pipe and accessibility for sensors. The effectiveness of the existing
technique for plastic pipe leak detection is not well established and most leak
detection professionals are sceptical about locating leaks accurately. For the
correlation technique to be effective, the propagation wavespeed must be known a
priori. Relatively predictable for metal pipes, the acoustical characteristics of leak
signals are largely unknown for the plastic pipe, as the wave propagation behaviour
becomes highly coupled between the pipe wall and the contained fluid.

1.2.2 Wave propagation in pipes

Since current leak detection techniques rely on the vibration characteristics of
pipework system, it is worthwhile to study these characteristics before investigating
leak detection. The way in which vibration and waves propagate in thin-walled shells
in vacuo and in fluid-filled elastic cylindrical ducts has been summarised by Fuller
and Fahy [ !9 by using fundamental equations from reference [11]. Some of the
dispersion curves were experimentally confirmed by wavenumber spectra obtained
from pipe surface acceleration measurements on a straight pipe "2, The energy
distribution among the various wave types was investigated theoretically for a radial
wall input force and for internal pressure pulsations "*. In these papers it was
suggested that well below the pipe ring frequency four wave types are considered to
be responsible for most of the energy transfer. These are three axisymmetric waves,
with n=0, and the n=1 circumferential modes, which relate to beam bending. The
first n=0 wave, termed s =1, is a predominantly fluid-borne wave, which is strongly
influenced by the wall flexibility. The second wave, termed s=2, is predominantly
the compressional wave in the shell with some associated radial wall motion
influenced by the contained fluid. The third wave, s=0, is a torsional wave in the
shell uncoupled from the contained fluid.

Experimental work carried out to validate the analytical perditions of axisymmetric

wavespeed and attenuation for a fluid-filled elastic pipe in vacuo was provided by




4 Bl More recently much attention has been focused on the

Muggleton et al
characteristics of wave propagation in buried pipes in terms of the effect of the
surrounding medium (18 Tt is believed that the effect of the surrounding medium is to
mass load the pipe and at low frequencies its effect on the axisymmetric wavenumbers
is relatively smalil compared to the results for the fluid-filled pipe in vacuo.

For most practical pipework systems, leak detection is most successfully executed on
low frequency leak signals, suggesting that waves propagate most effectively at these
frequencies. In addition, recent work in Canada on typical PVC water distribution
pipes 7. 17 has focused on the dominant low frequency signals. The acoustic
characteristics of several types of realistic leaks simulated under controlled conditions
were investigated, which confirmed that most leak noise energy is concentrated at low
frequencies. The effectiveness of the cross-correlation technique was found to be
largely affected by several considerations including the selection of vibration sensors
and cut-off frequencies of high and low-pass digitised filters. Although it has been
shown that leaks in plastic pipes can be located using the cross-correlation technique,
little interpretation of the effect on cross-correlation functions is attempted in the

literature.

1.3 Outline of report

The main body of this report consists of four sections. Following the introduction, an
analytical model of the propagation wavespeed and wave attenuation is established in
section 2. Assuming that the leak signal is band-limited white noise, an analytical
model of the cross-correlation function is established. Several expressions for the
theoretical predictions of cross-correlation functions including the cross-correlation
coefficient are derived. The effect of the lower and upper cut-off frequencies of the
leak signal on the theoretical results is also discussed. It is found that the cross-
correlation function is mainly dominated by the lower cut-off frequency provided that
the bandwidth of the input white noise is relatively broad.

In section 3 the analytical models are validated using some experimental results
provided by the National Research Council of Canada. Good agreement has been
achieved in the analysis of propagation wavespeed and attenuation in the buried fluid-
filled pipe. Regarding the normalised cross-correlation functions calculated, the model
presented is found to provide a reasonable explanation for the effect of the filter cut-

off frequencies used in the cross-correlation technique for leak detection.



Finally, some conclusions are drawn in section 4. There are three Appendixes in this
report. The dynamic behaviour of fluid-filled pipes in vacuo is reviewed in Appendix
A. Appendix B gives the definitions of the correlation functions and describes the
implementation of the cross-correlation function using the segment averaging method.

A list of nomenclature is presented in Appendix C.



2. Combining the cross-correlation technique with the
analytical model of the fluid-filied pipe

2.1 Introduction

At low frequencies, only a slight difference between the axisymmetric wavenumbers
in buried pipes has been found in comparison with the predictions for the fluid-filled
pipe in vacuo "®. Thus the analytical model for a fluid-filled pipe in vacuo, which
simplifies wavenumber predictions of axisymmetric waves is used in this report to
study leak detection in buried pipes.
As discussed in Appendix A, each axisymmetric wavenumber can be expressed in
terms of a complex wavenumber, the real part of which gives the wavespeed, and the
imaginary part of which gives the wave attenuation. The theoretical background of the
cross-cotrelation technique is given in Appendix B. Combining the analytical model
of the fluid-borne axisymmetric wave for fluid-filled plastic pipes with the assumption
that the Jeak signal is band-limited white noise, an analytical model of the cross-
correlation function is established. The effect of lower and upper cut-off frequencies
of the leak signal on the theoretical results is also discussed.

2.2  Theoretical predictions of wavespeed and wave attenuation
Assuming the effect of the s =2 axisymmetric wave on the pressure wave motion
defined by equation (A.7) is negligible, the internal pressure in the fluid-filled plastic
pipe can thus be expressed as a function of time ¢ and distance x by

plx,1) =R @™ 2.1
where k is the s=1 complex fluid-borne wavenumber given by equation (A.23),

which can be expressed as k =Re{k}+iIm{k}; B, is the amplitude of the internal
pressure at x=0, f=0, which is related to equation (A.7) by B, =BJ, (k{r). In the
case when there is less than one half of a fluid wavelength across the pipe diameter,
P, =B.

The propagation wavespeed can be obtained from the real part Re{k} by

Re{k}=2 (2.2)
c



Assuming that the effect of the wave attenuation on the propagation wavespeed can be
ignored, equations (A.23) and (2.2) can be combined to give the theoretical value of

the fluid-borne wavespeed
—1/2
2Ba
c=c | 1+—— 2.3
1= 23)

where ¢, is the fluid wavespeed. Equation (2.3) indicates that the propagation

wavespeed is independent of frequency at low frequencies, which means that wave

propagation is non-dispersive at these frequencies.

The imaginary part Im{k} determines the rate of wave attenuation with increasing
distance, which is a function of frequency @,

Im{k}=-po (2.4)
where [ is a measure of the loss within the pipe wall. Combining equations (A.23)

and (2.4), the theoretical value of the constant f is given by

- L__ B 2.5)

where 77 is the loss factor of the pipe wall. The loss in dB/m is related to the

imaginary part of the wavenumber by

__20mmik}
Loss=—— = 8.67Im{k} (2.6)

Equation (2.6) shows that there is greater attenuation of waves at high frequencies in
fluid-filled plastic pipes, as Im{k} increases with frequency as shown in equation
2.4).
2.3 Theoretical prediction of the cross-correlation function

Figure 1 depicts a typical measurement arrangement for a leak in a buried water pipe.
The pipe is considered to be anechoic for the fluid-borne wave at all frequencies of
interest. Two access points (normally fire hydrants) where sensors can be attached are
located on either side of the leak at distance d; and d,. Substituting equations (2.2) and

(2.4) into equation (2.1), the pressure in the frequency domain is obtained by

p(x’ a)) - Po(a))e—iwxfce-wﬁx (2.7)
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Fire hydrant Fire hydrant

Leak noise
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- d > != ds >
- | d -

Figure 1. Schematic of a pipe with a leak bracketed by two sensors

The frequency response function between the leak and the sensor signal is given by

—imxlc _—wfx )
H(a)) — PO (a))e € — e—m)):f{,‘e—(oﬁx (2.8)
£ (o)

Amplitede of the frequency response function

Increasing frequency ———»

Figure 2. Illustration of the amplitude of the frequency response function

Figure 2 shows that the frequency response function decreases exponentially with

increasing frequency. The power spectral densities of the leak signal S;, (@) and the

sensor signal S, (@) are related to the frequency response function by

E[|x, @) ]

S (@) =lim =|H(@)[ S, (@) 29

where E[ ] is the expectation operator and X,(w) is the Fourier transform of the

sensor signal x(f) for time duration 7. For two signals measured at positions x=d, and

x=d,, the frequency response function between the positions becomes



—twdy /¢ -wfd,
_ B(m)e e = o) ~ap(dy-d;)

H(w)= . = 2.10
( ) .Po(a))e_,wdljce_wﬁdl ( )
The corresponding cross-spectral density § x,x, (@) is defined by
E| X (@)X (@) "
Sxx, (@) =lim %o - (@) =S, (@) H; (0)H (@) 2.11)

where * denotes conjugation; X, (@) and X,.(@) are Fourier transforms of the
sensor signals x,(r) and x,(¢) for time duration 7; H, (@) and H,(w) are frequency

response functions between the leak signal and sensor signals 1 and 2 respectively.

Substituting equation (2.8) into equation (2.11) gives
Syx, (@) = S, (0)F (@)e ™4 4e (2.12)
where ¥(w) =|H;“(a))H2(w)|=e‘“’f’“’z*dﬂ, which gives the attenuation of the signal

with frequency. The phase spectrum of these two signals is dependent on the time

shift that the signals experience as they pass through the system, which is given by
Dy, (@)= Arg{S, , (@) }=~axd,~d)/c (2.13)
The cross-correlation function, R , (%), is related to the cross-spectral density by the

inverse Fourier transform

R, @=F"{s,, (a;)}:ai_r. [ Sm (@™ de 2.14)

%)

where F7'{ } denotes the inverse Fourier transform. Combining equations (2.12) and

(2.14), the cross-correlation function between two sensor signals is determined by

1 ¢+ .
(D =— j S, (@)¥ (@)™ de (2.15)
' 27 4=
where the time shift T, =—(d,—d,)/c . Since multiplication in one domain is a
convolution in the transformed domain, in terms of the time shift 7}, equation (2.15)

can be rewritten as

R, (O =R(D)®w(r+T,) (2.16)
where @ denotes convolution; R,(7) is the auto-correlation function of the leak

stgnal; and w(7} is given by

vO=F"{¥@}=— [ ﬁﬁ ; = (2.17)



where d =d, +d,. Provided that the leak is a white noise signal, the analytical model
for the prediction of the cross-correlation function can be obtained. Assuming

S, (@)= 3§, , equation (2.16) becomes

S.pd
R (D) =Sy (+T,)= 20‘3 > (2.18)
7| (Bd) +(z+T,) ]
By comparing equation (2.12) with equation (2.18), it is clear that the cross-
correlation function and the cross-spectral density contain the same information about

the time shift between the two sensor signals. The peak value of the correlation

function, which occurs at 7, =-T, = (d, —d, )/ c, is given by

R, (Tpeu) = S (0) = E‘;" y (2.19)
The bandwidth of the cross-correlation function A7 is defined by
R, . (Tpon TAT/2) _1 (2.20)
R () 2
Combining equations (2.18), (2.19) and (2.20) gives
At=28d (2.21)

It is clear from equations (2.19) and (2.21) that by increasing either the loss (damping)
in the pipe wall and/or the distance between the measurement positions of the leak
have an effect on the peak value of the correlation function and the width of this peak.
To investigate this effect equations (2.19) and (2.21) are normalised so that they can
be plotted on a single graph. Combining equations (2.2} and (2.4) gives
. —Im{k}
7= Reli}

= e (2.22)

In terms of the non-dimensional quantity ﬁT\/i:’ the normalised peak correlation is
1%*2

given by

R, (Tpea WTT, _N did, (2.23)

s, whd

where 7, =d, /¢ and 7, =d,/c. The normalised bandwidth is given by

AT d

— 21 (2.24)
\/TITZ \/dl d2
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Figure 3. The normalised peak value and bandwidth of the cross-correlation function

as a function of the non-dimensional quantify il
\‘ dl dl‘

As shown in Figure 3, the normalised peak correlation decreases with increasing

. This demonstrates that it is more difficult to estimate the time delay from

" Jag,

the correlation function if the pipe is heavily damped and/or the measurement position
is far from the leak. One the other hand, the correlation function close to the peak
value spreads out.
2.4  Effect of lower and upper cut-off frequencies on the theoretical
prediction

It is emphasised that the frequency response function defined by equation (2.8) is only
valid at low frequencies well below the pipe ring frequency. This means that the
pressure wave is a non-dispersive propagating wave with a constant attenuation factor
B in this frequency range. Therefore it is of interest to investigate the effect of the

bandwidth of the leak signal on the theoretical prediction of the cross-correlation
function. In this case, the sensor signals are equivalent to passing through an ideal

band-pass filter defined as
G(w) =1 o, S || < @;

(2.25)
=0 otherwise.
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where @, and w, are the lower and upper cut-off frequencies of the leak signal. Thus

the cross-correlation function given by equation (2.18) becomes

R, (D) =Sy (T+T,) (2.26)
and

v’ (1) = F {¥(@)G(w)}

~ehfid 2.27
= ——e——[cos (0,7 +0)—e¥ cos (T + 9)] (227)

) z(Bd) +7°

where 8 = tan™ £ | and the frequency bandwidth A@ = @, — @, . The peak value of
ﬁd 1 0

the correlation function at 7, =—T, =(d,—d, )/ ¢ is

—eipfid
eﬂvbﬁ

S
Rxl-‘z (Tpeak) = S{)l//b (O) = DJTW

Provided that the frequency bandwidth satisfies the condition e

(1—e™) (2.28)

9P <« 1, equation

(2.26) can be approximated by
R, (0)=Sy’(t+T,) (2.29)

and

—anfd

) (1) = —————cos (@7 +6
' (r EWCOS(G)T )

Compared with equation (2.27), the interference term caused by the upper cut-off

(2.30)

frequency @, does not appear in equation (2.30). Furthermore the difference between
equations (2.18) and (2.29) is because of the lower cut-off frequency @, . To achieve a
large peak value, @, should be as low as possible. Therefore, the cross-correlation

function is mainly dominated by the lower cut-off frequency provided that the
bandwidth of the input white noise is relatively broad.

2.5 Theoretical predictions of the cross-correlation coefficient

As described in Appendix B, it is common practice to express the cross-correlation

function in a non-dimensional normalised form, namely the correlation coefficient

2 (7) defined as

R, (@)

(7) = —m——
Pot= [R(O)R,,(0)

(2.31)

12



where R, (0) and R (0) are the values of auto-correlation functions R (7) and
R, (7) at 7=0. The quantity P, (7) can be used to assess the degree of linearity

between any two variables x and y on a scale from -1 to +1. It is especially useful

when two quantities involved are different in scale and dimension. The auto-
correlation function can be derived from the inverse Fourier transform of its auto-

spectrum as
R, (D) =F{S,, (a))}=51; [ S (@edo (2.32)

Combining equations (2.8), (2.9) and (2.32), for the band-limited leak noise signal,
equation (2.32) can be expressed in terms of a convolution as

R, (1)=R,(7)®9"(7) (2.33)
and
e cos (T +0)— e cos (w7 +6)

7\(2Bx) +7°

Assuming §;, (@)=S5,, the maximum value of the auto-correlation function that

o @) =F"{H @) c@)}= 2.34)

occurs at 7 =0, is obtained by
Soe_z%ﬂ *

“omg =) 23

R.(0)=5,p(0) =

Consider two signals measured at positions x=d, and x=d,. Combining equations

(2.26) and (2.35) gives the normalised cross-correlation function

28Jdd,  cos(w,(1+T,)+6)-eP cos(@ (t+T,)+6)

Py, (T) =
I S N e D
(2.36)
At 7, =-T, =(d,—d,)/c, the peak value of the cross-correlation coefficient is
2.4d d 1— —Awfid
Pa, Fpe) == - 237)

d (1 _ pm2bapd, )” 2 (1 _ g 2abd, )1/2

Assuming that d, =d, #0, when the frequency bandwidth satisfies ¢ % <1 (or

-2Awf8d,

e « 1), equation (2.37) gives

E___Vdidz (2.38)

px;xz (Tpeak ) = d

13



If 4, is very small, then d =d,. Assume Aw is still sufficiently large so that

e « 1, but 1-e™** =~ 2Awfd,. The peak cross-correlation coefficient given

/ 2
D T ) = _ﬁd—Aw (2.39)

Similarly when d, is very small, the peak cross-correlation coefficient is given by

[ 2
Py (Tpor) = Firo (2.40)

v
— Theoretical values
— -~ Approximation

by equation (2.37) becomes

—_

e
)
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Figure 4. Peak value of the cross-correlation coefficient as a function

of the ratio of the distances d; and 4,
The comparison of the peak cross-correlation coefficient given by equation (2.37) and
its approximation by equation (2.38) is shown in Figure 4. As the product Awfd
increases, the theoretical value approaches the approximation. The two points marked
by ‘0’ are given by equations (2.39) and (2.40), which provide the approximate peak
value of the cross-correlation coefficient as one sensor is moved close to the leak. For
two equispaced sensors 4, /d, =1, the peak cross-correlation coefficient is found to
be unity, which simply means there is a perfect linear relationship between these two
sensor signals. In comparison with the theoretical value, good agreement can always

be achieved when d,/d, =1.
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2.6 Summary

Combining the analytical model of fluid-filled pipes discussed in Appendix A,
theoretical predictions of propagation wavespeed and wave attenuation have been
studied in this section. Assuming that the leak signal is band-limited white noise, an
analytical model of the cross-correlation function has been established. Several
expressions for the theoretical predictions of cross-correlation functions including the
cross-correlation coefficient have been derived. The effect of lower and upper cut-off
frequencies of the leak signal on the theoretical results have also been discussed. It
has been found that the cross-correlation function is mainly dominated by the lower
cut-off frequency provided that the bandwidth of the input white noise is relatively
broad.
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3. Validation of analytical models

3.1 Introduction
The analytical models established in section 2 are assessed to identify their
effectiveness so that they could be applied to leak detection in plastic pipes.
Experimental results provided by the National Research Council of Canada are
analysed in this section. The normalised cross-correlation functions of the data
measured are calculated by using the segment averaging method described in
Appendix B. The effect of lower and upper cut-off frequencies on the cross-
correlation function is taken into account using a digitised filter with different band-
pass frequencies.
3.2 Brief description of the sensor signals
The description of the test site and measurement procedures are detailed in reference
[7]. A joint leak signal was measured by hydrophones and accelerometers. The
hydrophones were attached to two fire hydrants, while accelerometers were located
underground attached to shut-off values near the fire hydrants. Referring to Figure 1,
the distance 4 between the two sensor signals was 102.6m, and the distance d; from
the leak to sensor 1 was 73.5m. The signals were first passed through an anti-aliasing
filter with the cut-off frequency set at 200Hz. A 66-second segment of hydrophone-
measured signals were then digitised at a sampling frequency of 500 samples/second.
The same sampling frequency was applied to the accelerometer-measured signals for
the time duration of 60 seconds.
3.3  Results and discussions
3.3.1 Validation of theoretical predictions of wavespeed and attenuation for the
fluid-borne axisymmetric wave
Spectral analysis was performed on the digitised data using a 1024-point FFT,
Hanning window with 40% overlap and power spectrum averaging. The following
observations |} are based on the auto-spectra and coherence functions of sensor
signals measured by both hydrophones and accelerometers as plotted in Figure 5.
« Below 5Hz it is believed that the signals were dominated by ambient noise at
peaks corresponding to the longitudinal resonance frequencies of the test pipe.
%+ The coherence function between accelerometer-measured signals was much

poorer than that between hydrophone-measured signals. A reasonable
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cxplanation is perhaps that acceleration signals were dominated by incoherent

noise, which was easily diminished by spectral averaging.

L/
0.0

Most of the frequency content of sensor signals for both hydrophone and

accelerometer-measured signals was concentrated below 50Hz.

*
0.0

Anomalous peaks in the auto-spectra of the two sensor signals are found at
different frequencies due to several sources including longitudinal resonance
of the water pipe, soil resonance, or fundamental frequencies of rotating
machinery on the test site, etc.

Although the tests were carried out at the experimental site where PVC pipes were
buried in soft clay soil, the effect of the surrounding medium on the wavenumber
prediction is relatively small at frequencies well below the pipe ring frequency 1L
Equations (2.2) and (2.4) can thus be used to predict wavespeed and attenuation
respectively.

The axisymmetric wavespeed can be determined from either the frequency response
function between two sensor signals or the corresponding cross-spectral density. The
same information about the relative phase angle between two sensor signals is
provided by these two quantities, which can be seen from equations (2.10) and (2.13).
In practice, due to the presence of significant amounts of background noise,
smoothing operations must be performed before determining the phase angle. The
relative phase angle obtained from the hydrophone and accelerometer-measured
signals is shown in Figures 5a, b (iv).

Since generally there is more than half a wavelength between the sensor signals, the
phase angle displayed in the range £180° must be unwrapped. The unwrapped phase
angle is related to the wrapped relative phase by adding an appropriate integer number
of 180" as follows

when 7 is an odd,

a=180(n+)-¢,,,, 3.1

when »n is aeven,

a=180n+a,,, (3.2)

where &, @,,,, are the unwrapped and wrapped phase angle in degree respectively.

wrap
The corresponding unwrapped phase angle is plotted in Figure 6. For hydrophone-

measured signals, a straight line indicates that the wavespeed is independent of
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frequency below 150Hz. Similarly a linear dependence was found roughly below
140Hz for accelerometer-measured signals. However, they did not go through the
origin. This was possibly caused by the dominant ambient noise at low frequencies.
The least square fit line was also plotted by selecting several points marked on each
unwrapped phase angle.

The propagation wavespeed can be determined from the unwrapped relative angle by

360, —d;)f
o

(3.3)

where f 1s the frequency in Hz.

Based on the slope of the least square fit line plotted in Figure 6, the wavespeed
calculated is 478my/s and 480m/s for hydrophone and accelerometer-measured signals
respectively. Good agreement has been achieved compared with the results obtained
in previous work "7l This validates the value of the fluid-borne axisymmetric

‘wavespeed predicted by the analytical model.
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The wave attenuation can be derived from the amplitude of the frequency response
function between the two sensor signals. Combing equations (2.4), (2.6) and (2.10),
the loss in dB/m is related to the frequency response function by
_ —200n|H(w)|

Ad In(10)

Loss (3.4)

where IH (a))] denotes the amplitude of the frequency response function between the

two sensor signals and the distance difference Ad =d, —d,.

The amplitudes of the frequency respense functions calculated from data measured by
two types of sensors are plotted in Figure 7. Deviations of the frequency response
function from the mean value were relatively large for both hydrophone and
accelerometer-measured  signals. For hydrophone-measured signals, the linear
relationship of the amplitude of the frequency response function in dB with
frequencies below 50Hz validates the theoretical prediction of the wave attenuation
presented in section 3. The corresponding least square fit line gives the attenuation
factor B of 8.95e-5 s/m and the non-dimensional quantity 7 = Pc=0.0428 . However
the analytical model failed to analyse the amplitude of the frequency response
function obtained from accelerometer-measured signals.

Figure 8 illustrates the loss in dB/m as a function of frequency based on equation
(3.4). The loss derived from hydrophone-measured data confirms that the loss within
the pipe increases with increasing frequencies at low frequencies below S50Hz.
However the low-frequency behaviour of accelerometer-measured signals was
puzzling. It seems that there was little wave attenuation below 80Hz, which was not

predicted by the analytical model.
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3.3.2 Analysis of sensor signals by using the cross-correlation method
Assuming that a leak exists between the two points where two sensors are attached, a
distinct peak can be found in the cross-correlation function and the corresponding

time delay, T et » shows the difference in arrival times between two sensor signals.

With reference to Figure 1, the time delay is related to the locations of the sensors by

__dz_dz

peak T

(3.5)
C

By substituting d, =d —d, into the above equation, the position of the leak relative to

sensor 1 is found to be
d—cT,,

d, =—u2”—" (3.6)

where the distance between the two sensors, d, usually measured on site or read off

system maps. The propagation wavespeed, ¢, can be obtained from pipe
manufacturers or is easily measured on-site using a known in-bracket or out-of-
bracket simulated leak.

As mentioned above, below SHz the signals were dominated by ambient noise at

peaks corresponding to the longitudinal resonance frequencies of the test pipe.

Therefore filtering operations must be performed on the digitised sensor signals

before conducting the time domain cross-correlation. The main procedures of the

cross-correlation analysis were performed as follows:

(1) The digitised sensor signals were first passed through high and low-pass filters
of the 4™ order Butterworth type;

(2) The normalised cross-correlation functions were computed by using segment
averaging via a 1024-point FFT. The circular effect implicit in the FFT was
eliminated by 50% zero padding in each segment record.

From equation (2.11), the leak spectrum can be reconstructed by

Sy,x, (@)
H, (0)H (@)
where S, , (@) is the measured cross-spectrum between the two sensor signals;

Sy (@)= (3.7)

H, (w) and H,(w) are the predicted frequency response functions using the analytical

model. As shown in Figure 9, a relatively ‘flat’ leak spectrum was found in the
frequency range from SHz to 50Hz. The variance of this estimation was very large

due to unpredictable ambient noise, soil properties and the pipe wall itself. For
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hydrophone-measured signals, the effect of the low-pass filter cut-off frequency on
the normalised cross-correlation function is shown in Figure 10. The cut-off
frequencies were set at 10Hz for high-pass filters, while changing the cut-off
frequencies from 30Hz to 200Hz for low-pass filters. Tt was found in section 3 that the
effect of the upper cut-off frequency is negligible provided that the pass band of the
leak signal is relatively broad. This effect can easily be seen from Figures 10 (a)-(c),
because there was not a large difference in the normalised cross-correlation functions
when the low-pass filters were set from 30Hz to 50Hz. Furthermore, when the low-
pass filter cut-off frequencies were set above 50Hz, the correlation functions plotted
in Figures 10 (d)-(f) resembled each other and the peak correlation values were
slightly changed. The similarity indicates that most information about the leak signal
was concentrated below 50Hz. It can be seen from Figure 9 that the ambient noise
was predominantly measured by the hydrophones above 50Hz. Thus for the
hydrophone-measured signals, the correlation technique is suggested to be applied in
the range from SHz to 50Hz.

Comparison of normalised cross-correlation functions calculated from the original
signal and theoretical value is made in Figure 11. The cut-off frequencies of the low-
pass filters were 50Hz and those of the high-pass filters were set from 5Hz to 40Hz.
For comparison, the normalised cross-correlation functions obtained from
accelerometer-measured signals are plotted in Figure 12. Several main findings and
observations are as follows:

% For the correlation functions derived from the original hydrophone-measured
signals as shown in Figure 11 (a), a definite peak was obtained although the
osciilation behaviour of the correlation function became more obvious as the
pass band of the leak signal became smaller in the frequency domain. The time
delay was estimated to be in the range 0.090~0.094s and the position of the
leak relative to point 1 was calculated to be 72.8-73.8m. Furthermore, as
expected, a definite peak could not always be obtained when the cut-off
frequency of the high-pass filter was set below 5Hz due to the dominant
ambient noise.

The theoretical values of the normalised cross-correlation functions were

L7
0.0

improved significantly compared with the experimental results. The reason of

their difference was due to the effect of the background noise on the sensor
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signals measured. In terms of the cut-off frequencies of the digital filters, the
same oscillation behaviour of the correlation coefficient could be found as the
results calculated from the hydrophone-measured signals.

Compared with the hydrophone-measured signals, the correlation functions
obtained from accelerometer-measured signals produced a more pronounced
peak despite the poorer coheremce between the signals measured. The
normalised correlation functions obtained from hydrophone-measured signals
were nearly twice as large as those for accelerometer-measured signals. A
distinct peak could be found by correlating the accelerometer-measured
signals without a digital filter as shown in Figure 12 (a).

Referring to Figure 6 (b), for the accelerometer-measured signals a linear
dependence was found below 140Hz. Thus, the sensor signals were passed
through the digital filters with the cut-off frequencies set at 30Hz and 140Hz
respectively. Similar to the hydrophone-measured signals, the high-pass filter
removed the effect of the ambient noise below 30Hz. The normalised
correlation function is plotted in Figure 12 (b). Compared with Figure 12 (a),
the peak correlation value was improved by using digital filters. Moreover, as
shown in Figure 12 (c), when the pass band of the leak signal was much
broader, the peak value could not be enhanced. It indicates that the correlation
technique was most effectively performed in the frequency band from 30Hz to
140Hz. The relative distance d; was 72.9~73.4m, which could be determined

from the time delay in the range 0.090~0.092s.
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3.4  Summary

The analytical models established in section 2 have been evaluated in this section.
Compared with the results obtained by the National Research Council of Canada "7
good agreement has been achieved in the analysis of the propagation wavespeed. The
theoretical prediction of wave attenuation was proved by analysing hydrophone—-
measured data. However the analytical model failed in the analysis of the
accelerometer-measured signals.

The normalised cross-correlation functions obtained from both hydrophone and
accelerometer-measured data were performed by using the segment averaging
method. For the hydrophone-measured signals, the effect of the lower and upper cut-
off frequencies on the cross-correlation function was investigated by using digital
filters with different cut-off frequencies. In addition, the assumption of the model
presented in the previous section was validated by the leak spectrum reconstructed.
The model of the correlation function provides a reasonable explanation for the effect
of the filter cut-off frequencies on the cross-correlation technique.

Although the model was not valid for the accelerometer-measured signals, the
normalised correlation function could be improved if the cut-off frequencies of the

digital filters were properly selected.
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4. Conclusions

The existing leak detection techniques and equipment have been reviewed in this

report. The analytical models of leak detection for plastic pipes by using the

correlation technique have been established. The main findings can be summarised as

foliows:

\J
"

»,
Q’O

An analytical model of the propagation wavespeed and wave attenuation has
been established. It has been validated by analysing the experimental results
provided by the National Research Council of Canada.

Assuming that the leak signal is band-limited white noise, an analytical model
of the cross-correlation function has been established. Several expressions for
theoretical predictions of cross-correlation functions have been derived. It has
been found that cross-correlation functions are mainly dominated by the lower
cut-off frequency provided that the bandwidth of the input white noise is
relatively broad. Regarding the normalised cross-correlation functions
calculated from the experimental data, the model presented is found to provide
a reasonable explanation for the effect of the filter cut-off frequencies on the
cross-correlation technique for leak detection.

The dynamic behaviour of a fluid-filled pipe in vacuo has been reviewed in
Appendix A. For plastic pipes, it is found that the fluid-bomne (s=1)
axisymmetric wave is strongly influenced by the pipe wall flexibility. The
effect of the s=2 wave on the pressure and radial wave motions for the

water-filled pipe can be neglected.
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Appendix A: Dynamic behaviour of fluid-filled pipes

A.l1 Introduction

The objective of this appendix is to review the low-frequency behaviour of fluid-filled
pipes. The characteristics of wave propagation in buried pipes have been discussed by
Muggleton et al 18], They found that at low frequencies the effect of the surrounding
medium on the axisymmetric wavenumbers is relatively small compared to the results

for the fluid-filled pipe in vacuo. Therefore an analytical model for a fluid-filled pipe
[14]

is discussed in this appendix. This
[18]

in vacuo developed by Pinnington and Briscoe
model is based on simplified Kennard’s equations "™, which neglect pipe bending,

transverse shear and rotary inertia in the pipe wall.

n=0

Figure Al. The coordinate system for a fluid-filled pipe and modal shapes
The mode shapes and coordinate system for the pipe considered are illustrated in
Figure Al. The two frequency regimes of a fluid-filled pipe are separated by the pipe

ring frequency, @,, which is the frequency at which the pipe shell vibrates in a

“breathing” (n=0) mode and occurs when the circumference of the pipe equals to a
compressional wavelength B9 Well below the pipe ring frequency, four wave types
are considered to be responsible for most of the energy transfer ¥, These are three
axisymmetric waves associated with the n=0 mode, and the wave related to beam
bending (n=1). Two of the axisymmetric waves involve both structural and fluid
motion, and the strength of the coupling between these motions is governed by the
dimensions of the pipe and its physical properties. The third wave is a torsional wave
in the shell uncoupled from the contained fluid and does not have significant radial
motion. The »=1 bending wave is a beam-like flexural wave and consists of near-

field and dispersive propagating waves with the cross-section of the pipe remaining
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largely undeformed. Above the pipe ring frequency, the dynamic behaviour of fluid-
filled pipes is much more complicated and is not considered here.

This appendix reviews the pipe equations for axisymmetric wave motions consisting
of the s=1 and s =2 waves for a fluid-filled pipe in vacuo derived in reference [14].
The contributions of each axisymmetric wave for the plastic pipe are given in terms of

the relative size of the relationships between internal pressure and radial wall motions.

A.2  Equations of motion

The co-ordinate system for the fluid-filled semi-infinite cylindrical shell is shown in
Figure Al. x, 0 and r are the axial, circumferential and radial coordinates respectively;
u, v and w are the shell displacements in these directions. (A list of nomenclature is
given in Appendix C.) The pipe has a mean radius a and wal} thickness 4, which
satisfies the condition #/a <« 1. The following equations are simplified forms of

81 with shell bending neglected, and so

Kennard’s equations for a thin-walled shell
are only valid below the pipe ring frequency.

Equilibrium of forces in the axial direction gives

pii=00 /dx (A.1)
Assuming no circumferential variation, equilibrium of forces in the radial direction
leads to
pla/h) =04+ paw (A.2)
The Hooke’s Law relationships for the shell are %
E fdu w
o, = —+V— A3
1yt (ax a ) (B-3)
E (w du
O, = —+V— A4
P12 (a dx ) (&.4)
where ~ and -a—bi are the circumferential and axial strains. Substituting equation
a x

{A.3) into equation (A.1) gives

E {9°u vow
it — + =0 A5
P 1-v* [azx a ax] (A-5)
Stmilarly equations (A.2) and (A.4) give
E (w ou .. pa
1-v? ( a  ox ] paw h (A.6)
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These are two coupled equations for the axiymmetric wave motion. Travelling wave
2 ) 2 )

solutions of the form u =Y U "™ and w= Y W, may be used to describe
5=l s=1

the displacement variations in time and space.

The internal pressure can be described by a Bessel function of order zero,

2
p=Y PJ(k[r)e™ (A7)

s=1

where the radial wavenumber, k!, is related to the fluid wavenumber, k., by
(k) =k -k} (A.8)

Substitution of these displacement and pressure solutions into equations (A.5) and

(A.6) gives the following relationship for the s =1 and s =2 wavenumbers

(kia® -kla* U, = ivk.aW, (A.9)
2 2\ - _ r o2 (1-VD)
W, (1-k}a’)—ivk,aU_ =PJ,(k a)a = (A.10)

where &, is the wavenumber of a compressional wave in a plate, which is given by

(1-v?)
ki =a’p =

Each of pressure waves must have a radial displacement at the boundary » = @ , which

is equal to the shell displacement. For each wave mode the radial velocity of the fluid

at the shell wall, given by the fluid momentum equation, is

—_|_1
v P (;;):E)-Jér (A.1D)

¥

Equations (A.7) and (A.11) can be combined to give

__klJy (kla) P i) (A.12)

r=a .
ip,w

r

where a prime denotes differentiation with respect to the argument &[r . Equating v,

to the shell radial velocity, which is derived from the differentiation of the shell
displacement in the radial direction with respect to time, enables the fluid pressure
amplitude to be written in terms of the shell radial displacement amplitude as

w*p,

'PS: ’
ksr']o (ksra)

W, (A.13)
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For small arguments, where there is less than one half of a fluid wavelength across the

pipe diameter, J, 0’ (kj a) =— ksza

. The small argument approximation for the Bessel

functions may be applied to equation (A.13), which gives

P =_.“£__.Wﬂ (A.14)

5 2 a
- & |
kf

Combining equations (A.9), (A.10) and (A.14) gives the following relationship for the

axisymmetric wavenumbers

vik? 7k:
2 2 + 2 2 =
K-k K-k

1~ka®+ 0 (A.15)

where ¥ is fluid loading term due to pressure of the fluid acoustic field, which is
given by

2Ba(l-v?)

= Alé

/4 i (A.16)
A.3  Wavenumber predictions of axiymmetric waves

Equation (A.15) can be used to determine the axiymmetric wavenumbers. The s =1

(the predominantly fluid-borne wave) wavenumber can be found by assuming

k; > k;, that is, the wavespeed of the s=1 wave is much slower than the plate

compressional wavespeed. The solution for the s =1 wave is given by

4
k12 =k; [l—f—l__yz—EJ (A.17)

where the normalised ring frequency Q=k,a, which is the ratio of the excitation
frequency to the pipe ring frequency. It can be seen that the s =1 axisymmetric wave

is always slower than the wave in an infinite medium with a wavenumber k.

The solution for the s =1 wave can be reformulated in terms of the impedance of the

contained fluid, z,,,, and the pipe wall impedance, Zpipe » 88
22 Z fuid
ki =kj| 1+= (A.18)
zpr'pe

where Z fuig = _21%60 and Lpipe = Zrpipe +ZKP='PE :i(phw—E%sz)).
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At low frequencies, 2«1, the contribution of the pipe wall inertia term, z,,,,, is

ipe 3
relatively small compared with the pipe wall stiffness term, z,,,,, . Equation (A.18)

thus becomes
2Ba

In the case when the contained fluid is water, for the same size of pipe, the s =1

wavenumber is determined by the material property of the pipe wall. For a plastic pipe
wall, for example typical PVC pipe with a/h=10, E=5 x10° N/m?, k; =32k, . For

an even softer pipe wall, the s =1 wavenumber 1s much greater than the wavenumber
in the infinite medium. This indicates that the wavespeed of the fluid-borne wave for
the plastic pipe decreases rapidly with increasing fluid loading (decreasing pipe wall
stiffness).

As for the s =2 wave (the axial shell wave), the wavenumber can be obtained with

the knowledge that it is always smaller than the fluid wavenumber k . Setting

k? <k, the solution for the s =2 wave can be found from equation (A.15)

1

2

k:=k (A.20)

l——
1-Q° +y
Similarly equation (A.20) can be reformulated in terms of the impedance of the

contained fluid, z,,,, the pipe wall impedance, z,,, and the impedance of the pipe

pipe ?
wall stiffness, Zpipe » A8

v? L
k; =k | 1+——p—22 (A.21)
1=V 2o T Zauu

pipe
At low frequencies, Q « 1, the contribution of the pipe mass term is negligible, the

solution for the s =2 wavenumber becomes

v? 1
2
1—-v I+ 2Ba
Eh

(A.22)

K=k 1+

It is clear that the s =2 axisymmetric wave is slower than the compressional wave in

a plate, k, , well below the pipe ring frequency. Thus the wavenumber k, satisfies the
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relationship k; <k; < k7. For the PVC pipe discussed above, it is found that the

s=2 wavespeed is very close to the compressional wavespeed k, . In fact, the
wavespeed of the s =2 wave can be considered to be equal to the plate compressional
wavespeed for most plastic pipes. As the plate compressional wavenumber is
comparable to the fluid wavenumber, the wavenumber &, is not substantially smaller
than the fluid wavenumber &, as expected.

In practice the pipe wall material itself is always lossy, and the loss within the pipe

wall may be represented by a complex elastic modulus, E{1+i77). The complex

axisymmetric wavenumbers can also be derived by equations (A.18) and (A.21).

However, in this case the impedance of the pipe wall stiffness is given by

Z Rpipe =—%+%%. Particularly at low frequencies, equations {(A.19) and (A.22)
becomes
K=k | 14280 (A23)
Eh+inkEh

and

2 =r| 1Y ! (A.24)

© | 1-vi(|, 2Ba) 2iBa '

Eh nEn

A.4  Relationship between the internal pressure and radial wall

motions
The relationship between the internal pressure and radial wall motions for the two
axisymmetric waves is found by substituting equations (A.17) and (A.20) into

equation (A.14). For the s =1 wave,

1 L”a2
W = 1 A25
! Q2 JEh (A25)
1- 2
1-v
For the s =2 wave,
Pa
W, =——— A26
2= "p (A.26)
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These equations can be combined to give the ratio of radial wave motions for the two
wave types in terms of the ratio of the pressure waves

W v A&

4= 7 1 A27
W, 1-v’-Q'P (2D
At low frequencies, the ratio can be reduced to

W, -v P

M _72_1 (A.28)

W, 1-V' B,

For most practical pipework systems these two wave types are strongly coupled. In
this circumstance it is of interest to know the expected ratio of radial wall motions
associated with these two waves. Assuming the two modal energies are the same, the

ratio of radial wall motions at low frequencies is found to be given approximately by
[14]

2 2
LA (A.29)
Wil aeny
Substituting into equation (A.28) gives the ratio of pressure waves
Bl &
L2 = ...%.—ZL (A.30)
A K, (1 -y? ) 1+y

For soft-walled pipes, that is, the Young’s modulus of the shell is comparable with the

fluid bulk modulus (¥ >> 1), equation (A.30) can be further approximated by

b

A

k
O A (A31)
1I-vo\k

Considering the PVC pipe mentioned previously with a/h=10, ¥ =7.6, the ratios of
pressure and radial waves given by equations (A.31) and (A.29) are both 0.03. Thus
for the water-filled pipe with higher fluid loading, the effect of the s =2 wave on the

pressure and radial wave motions can be neglected.

A5 Summary
The wavenumbers of two axisymmetric waves for a fluid-filled pipe irn vacuo have
been reviewed in this appendix. For plastic pipes, it is found that the s=1
axisymmetric wave is strongly influenced by the pipe wall flexibility. However, the
s =2 wave is slightly influenced by the contained fluid. The contributions of each
axisymmetric wave have been discussed in terms of the relative size of the

relationships between the internal pressure and radial wall motions. Consequently, the
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cffect of the s =2 wave on the pressure and radial wave motions for the water-filled

pipe can be neglected.
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Appendix B: Implementation of the cross-correlation
function using the segment averaging method

In this appendix the implementation of the cross-correlation function using segment
averaging via the FFT is presented. It is first necessary to recall the definitions of
correlation functions. Consider the situation where the data of interest are two
continuous random process x(¢) and y(z), which are assumed to be stationary
(ergodic). Sefting the mean value of each process is zero, the cross-correlation

function is defined by

R (D) =E[x(t)y(+7)] (B.1)
where 7 is the Jag of time; E[ ] is the expectation operator.

The normalized (non-dimensional) form of the cross-correlation function, sometimes
called the correlation coefficient, is given by

R, (7)

)= B.2)
o= TRLOR, ©

where R, (0) and R (0) are the values of auto-correlation functions R, (7) and

R, (7) at 7=0. The auto-correlation function for a random process x(z) is defined as

R, ()= E[x(O)x(t+7)] (B.3)
The normalised form of the auto-correlation function is
R_(7)
7)=—=— B.4
P(T) R..(0) (B.4)

(21 are detailed as

From their definitions, the properties of correlation functions
follows,

For the auto-correlation function

(I} R_(7) is always an even function of 7, thatis, R _(7)=R_(-7).
(Il) R, (7) attains its maximum value at zero lag, namely, |Rx,r (r)l <R, (0).
(II) Evaluating the auto-correlation function at zero lag gives the variance of the
process, that is, R_(0)=0>.
(IV) R_.(7) collapses to zero which is the square of the mean value of the process

x(1) as 7 increases.
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(V) The normalized auto-correlation function satisfies: —1< p.(T)<1, and

P, (0)=1.

For the cross-correlation function

(I) The cross-correlation function is neither an even nor an odd function of T,
but satisfies the relation: R (7)=R, (-7).
(II) The cross-correlation function follows Iny (T)IS,/RH(O)RW (0) , which is

commonly called the cross-correlation inequality.

(IIl) Unlike the auto-correlation function, R, (0) is not the maximum value of
ny (7). In addition, ny (0) has no specific relationship to the variance of the

Process.

(IV) The normalized cross-correlation function satisfies: —1< P (D)=L

B.1 Correlation function estimators
When computing the correlation functions from a time series, one assumes ergodicity

and uses a time average. If two random signals x(¢) and y(¢) are defined in the
common time interval 0<¢<T, two commonly used estimators of the theoretical

cross-correlation function are derived, which can be written as ﬁx}, (7) and ﬁxy (D)

respectively. The biased estimator }% (7) is given by

T—t
féxy(r)=% [ xye+odr  7>0
0

T (B.5)
I?xy(r)=? j x(D)y(E+0dt  T<0
T+T
The unbiased estimator ﬁry (1) is given by
. 1 T-t
R,@)=—— [ xy@e+adr >0
-7
1 i (B.6)
R (D)=—— [ x®yG+7)dr 7<0
0= | xOy+o)d

T+7
Both of these two estimators are used for engineering problems because they have

intuitive appeals and should be compared on the basis of some criteria 1.

43



B.2 Computation of the cross-correlation function using sampled data
The procedures for implementation of the cross-correlation function using sampled

data are detailed in this section. Assuming both x, and y, are N-point sequences, the

method of calculation using the biased estimator defined by equation (B.5) is

N-1-m
RJL)’ (m) = E z xfiyﬂ'H’R
| et ®.7)
R (~m) =~ Y Viw  (m>0,n=01..,N-1
n=0

A similar method can be used to derive the unbiased estimator. These expressions are
the so-called ‘mean lagged product’ formulae and are evaluated directly if the signals
are not very long time series. Although equation (B.7) provides the most direct
method of estimating the correlation function, it turns out that the frequency domain
implementation via the FFT is generally more efficient to evaluate the correlation
function indirectly.

One way to reduce the tedious computation, at the expense of some loss of accuracy,

is to use segment averaging. The time averaged correlation function as defined by

N-l-m
equation (B.7) is very closely related to convolution. In fact z X, Ypem €an be
n=0

regarded as a convolution of x{n)} with y(-n). Thus the required correlation function
can be derived from the inverse FFT of X (k)Y (k) and scaled appropriately. Here
X (k) denotes the complex conjugation of the FFT of x(n); Y (k) is the FFT of
y(n}.

In conclusion, the approach to implementing the estimation of the cross-correlation
function for digital signals can be obtained by the following process:

(1) Fourier transform x(n) and y(n) using the FFT to give X (k) and Y (k);

(2) Form the product of X (k)Y (k);

(3) Inverse FFT of X (k)Y (k).

However when computing the correlation function of a very long time series, even
using the FFT can be computationally demanding. Based on the frequency domain
implementation using the FFT method, segment averaging can be applied further to
reduce the computational load as follows:

(1) The data is divided into small slices of the same time length;

(2) Estimate the cross-correlation function of each slice via the FFT.
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(3)  Average all the estimates.

When this method is applied, one has to ensure that the segment length is significantly

longer than any delays that may exist between the two signals.
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Appendix C: Nomenclature

x,6,r

n

axial, circumferential and radial directions

shell displacements in the axial, circumferential and radial directions
radial velocity of the fluid

axial and circumferential normal stress

pipe radius, wall thickness

shell, fluid density

Young’s modulus, Poisson ratio of shell material

fluid bulk modulus of elasticity

fluid pressure

amplitudes of axial and radial displacements of the s wave

pressure amplitude of the s wave

axial wavenumber of the s wave

freefield fluid wavenumber

axial wavenumber of a compressional wave in a plate of the shell thickness
radial wavenubmer for the s wave in contained media

fluid loading term

normalised frequency which is given by Q =k, a

wavespeed in an infinite medium

loss factor of the pipe wall
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