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Abstract

Wheel/track impact due to rail joints or wheel flats has been studied over many years. The
railway track is usually assumed to be linear in order to simplify the track model, although the
rail pad and ballast are actually non-linear. This may cause incorrect results to some extent in
some circumstances, as the pad and ballast stiffness varies with load. In this paper wheel/track
impact is studied using a non-linear track model. The rail is represented by an FE model and
1s supported by a non-linear track foundation. Wheel/track impacts are simulated at different
train speeds and three types of rail pad, soft, medium and stiff, are used in the simulations. Tt
is shown that the impact forces rise dramatically when the stiff rail pads are used. On the
other hand, using soft pads can reduce impact forces significantly. Compared with the results
from the linear track model, both the impact force and the track vibration level are shown to
be noticeably higher from the non-linear track than those from the linear track. It is therefore
concluded that linear track models are not appropriate for wheel/track impact because the

track foundation stiffness varies dramatically under the impact force.
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1. Introduction

Wheel and rail running surfaces are not perfectly smooth but contain discontinuities, such
as rail joints, switches and wheel flats. Flats are formed on a railway wheel by locking of the
wheel during braking and may be typically 50 mm long, extending to over 100 mm long. The
geometry of a rail joint can be characterized by the gap width and the height difference in the
two sides of a gap. The gap width may be typically 5-20 mm and the height difference
0.5-2 mm. These discontinuities on the wheel and rail can generate large impact forces
between the wheel and track when wheels with flats subsequently rotate or wheels roll over a
rail joint. As a consequence, a transient impact noise is produced in addition to the usual
rolling noise, which is more stationary in character.

Wheel/track impact has been studied over many years. A detailed study of the interaction
between a wheel and the track in response to wheel flats was carried out by Newton and Clark
[1], including both prediction and measurement aspects. The track model used in [1] is linear
and consists of an infinite beam, representing the rail, on an elastic foundation. Wu and
Thompson [2, 3] studied wheel/rail impact due to wheel flats and rail joints using a simplified
track model, which is represented by low order ordinary differential equations transformed
from the frequency response function of the track. A finite element (FE) track model was used
by Nielsen and Igeland [4] to study bogie/track interactions due to rail corrugation, wheel
flats and unsupported sleepers and by Andersson and Dahlberg [5] to investigate wheel/rail
impact due to a wheel or bogie passing over a railway tumout crossing. In the above studies
all track models were assumed to be linear, although the wheel/rail interface was considered
as non-linear and described by a Hertzian contact spring.

In a railway track, the rails are supported by pads, sleepers and ballast. Although the pads
and ballast are non-linear, they are usually assumed to be linear in order to simplify the track
model. This may cause incorrect results to some extent in some circumstances, as the pad and
ballast stiffness varies with loads. Moreover, adjacent sleepers may be lifted clear of the
ballast under axle loads as ballast cannot sustain tensions. A non-linear track model is
therefore needed to take account of these properties and their effects on wheel/track dynamics.

Dong et al [6] studied wheel/rail impact due to wheel flats using an FE track model, in which



loss of contact between the rail and rail pads and between the sleepers and ballast was taken

into account, although the pads and ballast were assumed to be linear. Wu and Thompson [7, 8]
investigated the effects on track dynamics of the non-linearity of the pad and ballast using an

equivalent linear track model, in which the stiffness of each track support was determined

using a non-linear static track model. It was shown that only a few supports near the wheel

loads were stiffened, and at those more than about 2 m away from the wheel the preloads in

the pads and ballast due to vehicle weight were very low and thus negligible. Dahlberg [9]

studied the rail deflection using a non-linear track model during the passage of a high-speed
train bogie. It was found that the differences in the results between the non-linear and linear
models were considerable. The results from [9] imply that if the load to the rail pad and

ballast varies significantly, a non-linear track model is needed to simulate wheel/track
dynamics. This is because the pad and ballast stiffness varies dramatically when the load in

the pad and ballast varies significantly. In such cases a linear track model is not appropriate,

for example, to calculate the rail deflection during a train passage as in [9], or to simulate
wheel/track impact due to wheel and rail discontinuities.

The main objective of this study is to explore the effects on wheel/track impact of the
non-linearity of the railway track supports. Wheel/track impacts are studied using a non-linear
track model. In the model both the non-linear stiffness of the pad and ballast and potential loss
of contact between the rail and rail pads and between the sleepers and ballast are taken into
account. The rail is represented by an FE model using Timoshenko beam elements and
interacts with the wheel through a non-linear Hertzian contact spring. Wheel/track impacts are
simulated at different train speeds. Three types of rail pad, soft, medium and stiff, are used in
the simulations. The results of wheel/track impact are presented in terms of the impact forces
between the wheel and rail and in the pad and ballast, dynamic displacements of the wheel,
rail and sleeper and the general vibration level of the rail and sleepers. These results are then
compared with those from an equivalent linear track model to examine the effects of the track
non-linearity. It is found that linear track models are not appropriate for wheel/track impact
calculations because the differences in the results between the linear and non-linear track

models are not ignorable.



2. Track non-linearity

Fig. 1 shows schematically the wheel/track interaction model. The vehicle system is
simplified to a static load W and a wheel (unsprung mass M,,). This is because the vibration
frequency of interest here is within the audio frequency range, for example 50-2000 Hz,
whilst the natural frequency of the vehicle-suspension system is only a few Hertz, and thus
the low frequency vibration of the vehicle body and bogie is effectively isolated from the high
frequency vibration of the wheel and track. At frequencies above about 1.5 kHzr wheel
resonances should be taken into account but for simplicity these are omitted here. The track
model is composed of a Timoshenko beam on a discrete spring-mass-spring foundation
representing the rail pad, sleeper and ballast respectively. The wheel and rail interact via a
Hertzian contact stiffness which is non-linear; the contact force is proportional to the elastic
contact deflection to the power 3/2 provided loss of contact does not occur.

For simplicity the pad and ballast stiffness is usually assumed to be linear and no loss of
contact is allowed between the rail and pad and between the sleeper and ballast in the track
dynamics. Damping can be introduced by adding loss factors to the pad and ballast stiffness.
In practice, however, the pad and ballast stiffness is non-linear and increases with the preloads
in them. Fig. 2(a) shows the measured static stiffness of two types of pad [10]. The static
stiffness can be seen to increase with the load. For the medium pad measured, the stiffness
increases with load linearly. For the stiff pad measured, the stiffness increases dramatically
with load up to about 20 kN, and beyond 20 kN it still increases, although more gently.
According to the measured results, the pad stiffness &, can be assumed to increase with Joad
linearly or piece-wise linearly, such as

k, =k, +bf,, 0

where kq is the pad stiffness without load, £, is the load to the pad and b is the rate of increase.
The pad dynamic stiffness at high frequencies is generally higher than the static stiffness
due to the non-linear properties of the elastomers, and at sufficiently high frequency due to
internal resonances. The pad dynamic stiffness has been measured by Thompson et al [11]
using an indirect method and a specifically designed test rig. Their results showed that the pad

dynamic stiffness varies with preload and frequency, for example, for a Pandrol studded 10
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mm pad, its dynamic/static stiffness ratio changes from 3.5 to 4.5 under a 40 kN preload when
the frequency increases from 50 to 500 Hz, and the ratio varies between 3.5-3.8, as the
preload varies between 20 and 80 kN at 200 Hz. The ballast stiffness also varies with preload
and frequency [12]. In a wheel/track interaction model the dynamic stiffness of the railway
track should be used rather than the static stiffness. The pad dynamic stiffness used in this
study is shown in Fig. 2(b). For the medium pad the dynamic/static stiffness ratio is chosen to
be 3.6 and for the stiff pad it is chosen to be 2.3 [10]. For simplicity the relation between the
preload and stiffness is approximated to be linear as shown in Figs. 2(a) and 2(b). The
dynamic stiffness for the soft pad and for the ballast used here are from the measurements by

Dahlberg [9], and they are represented approximately by

k, =52+6.24x10°x. MN/m, (2)

k, =22.75+2.60x10°x} MN/m, (3)

where k, and k; are the soft pad and ballast stiffness respectively, and x, and x, are the
compression (in metre) of the pad and ballast respectively.

Since the stiffness of the medium and stiff pads is assumed to increase linearly with the

load as shown in Eq. (1), and the tangent stiffness is given by k, =df,/dx,, the
stiffness-deflection and load-deflection laws can be derived as
k, =k ()
f,= %2 - )

For the dynamic stiffness of the medium pad ko = 115.2 MN/m and b = 7.49 mm, while for
the stiff pad ko = 1000.5 MN/m and & = 9.89 mm. They are shown in Figs. 2(c) and 2(d). For

the soft pad and ballast, the load-deflection laws can be derived from Egs. (2) and (3) as

f, =52x, +2.08x10°x, MN, (6)
f, =22.75x, +0.87x10°x] MN. @)

Apart from the non-linear load-deflection laws for the pad and ballast, another non-linearity
of the railway track is that loss of contact may occur between the rail and rail pads and

between the sleepers and ballast. This is also taken into account in the non-linear track model



in this study.

The track deformation and the preload in the track foundation caused by a 100 kN point
force representing a static wheel load are calculated using a finite element model. Timoshenko
beam elements [13] (see appendix) are used for the rail. Twenty sleeper bays are considered in
the FE model, and the point force is applied in the middle of this length and above a sleeper.
The length of a sleeper bay is chosen to be 0.6 m. Each piece of rail within a sleeper bay is
divided into four Timoshenko beam elements. Natural boundary conditions are used at the
two ends of the track, where the shear force and bending moment vanish. Since the track
foundation is non-linear and the stiffness matrix of the track is load/deformation dependent,
the point force applied to the track is divided into 100 increments and the calculations are
performed in 100 steps. In each step the stiffness matrix is assumed to be constant and it is
determined using the deformation from the previous calculation step. Although the force
applied to the track is static, the dynamic stiffness of the pad and ballast is used in the
calculations. In addition a 20 kN force is applied between the rail and sleeper at each support.
This force is actually from the rail fasteners. Moreover, the weights of the rail and sleeper are
also applied to the track. The rail weight is 0.6 kN per metre and each sleeper (half) weight is
1.6 kN.

Figs. 3 and 4 show the results for the railway tracks with soft and stiff pads respectively in
terms of the track deformation at the forcing point and the loads in the pad and ballast. It can
be seen that the track deformation caused by the point force occurs only in the near field of
the wheel load. The foundation is therefore preloaded by the wheel load only within 3-4
sleeper bays on each side of the load. At a distance more than four sleeper bays away from the
load, the preload in the foundation caused by the wheel load can be neglected. Compared with
the track using soft pads, the deflection of the track using stiff pads is smaller and the preload
i8 larger in the foundation close to the wheel load. Also shown in Figs. 3 and 4 are the pad and
ballast stiffness. It can be seen that, due to the preload and non-linearity, the pad and ballast
stiffness increase dramatically in the foundation near the wheel load. It is therefore expected
that the impact force between the wheel and rail will increase due to the stiffening pad and

ballast under the wheel load.



3. Wheel/track non-linear interaction models

A relative displacement excitation model is used to calculate wheel/track impact [14]. In
such a model the wheel remains stationary on the rail and the discontinuities on the wheel and
rail rolling surfaces are effectively moved at the train speed between the wheel and rail as an
excitation [2, 3]. The wheel/track interaction model is shown schematically in Fig. 1. In this
model the wheel interacts with the rail through a non-linear Hertzian contact spring and loss
of contact between the wheel and rail is allowed. The equation of motion for the wheel is
given as

1
M

X =

W=71), ®)

, (9)

fc:{CH(xw—~xr—r)3’2, x,~x,—r>0

0, x,~x,-r<0
where x,, is the wheel displacement, x, is the rail displacement at the wheel/rail contact point,
r 1s the moving discontinuity excitation due to the wheel flat or rail joint, M, is the wheel
mass (unsprung mass) and M,, = 600 kg, W is the vehicle load and W = 100 kN, f. is the
contact force and Cy is the Hertzian constant, taken here as Cy = 93.7 GN/m™?

The rail is modelled using the finite element method and Timoshenko beam elements are
used to represent the rail. The mass and stiffness matrices of the Timoshenko beam element
are given in appendix. 40 sleeper bays (24 m long) are included, and each piece of rail in a
sleeper bay is divided into four elements. The wheel/track impact is assumed to occur in the
middle of the track. Natural boundary conditions are again used at the two ends of the track,
where the shear force and bending moment vanish. The equation of motion for the rail is
given by

M. X, +K X, =F, +F, +F,, (10)

where M; and K are the mass and stiffness matrices of the FE rail model respectively and X,
is the rail displacement vector. The forces applied to the rail consist of three components; F
is the static load vector including the rail weight and the clip forces on the rail side from the
rail fasteners, F is the wheel/rail contact force presented in the vector form and Fp contains

the forces due to the pad deflection and damping. F} is non-linear and its elastic component
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can be calculated using Eq. (5) or (6). When loss of contact occurs between the rail and pad,
the pad deformation is zero and the corresponding element of F, vanishes.
The equation of motion for the sleepers is given as

M, =F, -F, +F,, (11

where M and X are the mass matrix and the displacement vector of the sleepers respectively,
Fs is the static load vector applied to the sleepers including the weight of the sleepers and the
iorces from the rail fastener on the sleeper side, and Fy, contains the forces due to the ballast
deformation and damping. F;, is non-linear and its elastic component can be calculated using
Eq. (7). Fy, vanishes when loss of contact occurs between the sleeper and ballast.

The damping in the pad and ballast is assumed to be viscous, as the track model is
non-linear and the calculations should be performed in the time domain. Thus the hysteretic
damping in the frequency domain needs to be transformed into the viscous damping in the
time domain. The following formula is used to calculate the equivalent viscous damping from

the hysteretic damping loss factor:
¢;=nm,;, 12

where ¢; is the equivalent viscous damping coefficient, #; is the loss factor of the hysteretic
damping of the pad and baliast, m; is the equivalent mass and w; is the natural frequency. i = 1
and 2 are for the ballast and pad damping respectively. The loss factors for the ballast and pad
are chosen to be #; = 1 and #, = 0.25 respectively.

Based on the fact that the rail vibrates on the ballast stiffness at the first order natural
frequency [15], the equivalent mass and the first order natural frequency in Eq. (12) can be

calculated approximately using formulae
m =m, +m, (13)
and

o, =k, /m, (14)

respectively, where m; is the sleeper mass, m; = 162 kg, m, is the rail mass in a sleeper bay, m,
= 36 kg, and k; is the ballast stiffness calculated by Eq. (3). Similarly, as the rail bounces on

the pad stiffness at the second natural frequency of the track vibration, the equivalent mass



and the second order natural frequency in Eq. (12) can be calculated approximately using

formulae

m, =23 * (15)

and

w, =.Jk, [m, (16)

respectively, where &, is the pad stiffness calculated using Eq. (2) or (4). As the equivalent
viscous damping depends upon the pad and ballast stiffness, the damping coefficients ¢y and

¢, also are non-linear.

4. Wheel/track impact simulations

Numerical simulations are carried out using the models introduced in section 3 for the
wheel/track non-linear impact due to the discontinuity on the wheel and rail rolling surfaces.
Wheel/track impact may be caused by severe roughness or wheel and rail discontinuities such
as rail joints, crossings or wheel flats. Here, only a wheel flat is considered. Impact due to a
wheel flat can be studied altematively by considering a round wheel rolling over a rail with a
corresponding indentation on the rail head, for details see [1-3]. The following irregularity

(indentation) on the railhead is used in the present simulations to represent a wheel flat {1]:
r=%(1—coszyz§), 0<z<!I 17)

where d = 1 mm is the wheel flat depth, / = 100 mm is the flat length. Taking V as the train
speed, then z = V¢ and r forms the moving irregularity excitation between the wheel and rail.
The rail parameters used for the simulations are from UIC 60 rail, and they are:
E=2.1x10" N/m?, G=0.77x10"Nm?,  p =7850 kg/m’,
A=7.69x10" m’, 1=30.55x10"°m", k=04,
where F is the Young’s modulus, G the shear modulus, p the density, A the cross-sectional
area, I the second moment of area and x the shear coefficient.
The equations of motion for the wheel, rail and sleepers are assembled to form a state-space
model. A fourth order Runge-Kutia method is used to simulate the wheel/track non-linear

impact. The simulation results are given in terms of the maximum impact forces between the
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wheel and rail and in the track supports, and the general vibration level of the rail and sleepers.

The rail vibration level is calculated using the following formula:
4N .
VL =Y V2@t (18)
n=1

where v, is the vertical vibration velocity of the rail at each node, N is half the number of the
sleeper bays (N = 20) in the track model (there are 4 nodes per sleeper bay), as the
wheel/track impact is assumed to occur in the middle of the track and the rail vibration is
symmetrical. T is the impact integration period and is chosen to be 0.06 seconds, which is
long enough to capture the main impact event for all speeds considered. The vibration level of

the sleepers during impact is calculated by
L
v, =Y [ vi@ar, (19)
n=l

where vs, is the sleeper vibration velocity. The vibration level described by Eqgs. (18) and (19)
is proportional to the vibration energy of the track and is related to the impact noise
generation.

Fig. 5 shows the results of impact for the tracks with soft, medium and stiff pads in the
speed region 20-240 km/h. The impact is assumed to occur above a sleeper. The maximum
impact forces can be seen to increase with running speed until they reach the peaks around
80-130 km/h for the different pads, then decrease with running speed, although the wheel/rail
impact force still keeps increasing after 130 kmv/h for the soft pad track. It is also observed
that the impact forces are large when the stiff pads are used, for example, the maximum/static
wheel/track force ratio can be as high as up to 8 in this case. Thus, using soft pads can reduce
impact forces significantly. It can be seen from Fig. 5 that the impact force is the largest
between the wheel and rail and is the smallest in the ballast because of the inertia of the rail
and sleeper, the distributing effect of the rail and the isolation provided by the pad. On the
other hand, the rail vibration level is the highest and the sleeper vibration level is the lowest
when the soft pads are used. For the latter it is because the impact forces transmitted to the
sleepers are the lowest among the three types of rail pad.

For comparison, the wheel/track impacts are also calculated using a linear track model, in

which the support stiffness is assumed to be constant, although the pad and ballast stiffness is
9



different at the different positions. These are chosen to be the non-linear stiffnesses under a
100 kN static preload calculated in section 2 using the non-linear track model, see Figs. 3 and
4 for example. In addition, there is no loss of contact allowed between the rail and rail pads
and between the sleepers and ballast, although the wheel/rail loss of contact is considered in
the model. The results calculated using the linear track model are shown in Fig. 6. It can be
seen that the maximum impact forces from the linear model are much smaller, compared with
those from the non-linear track model, especially for the tracks using the stiff and medium
pads. This is because the non-linear stiffness of the pad and ballast increases with the load.
Under a high load the pad and ballast become very stiff, as a result of which the impact force
is very high. The vibration level of the linear track is mostly lower than that of the non-linear
track. The reason for this is that the calculated displacement is larger when a non-linear track
model is used, as the deformation in the track foundation is relatively larger at the early
loading stage due to the soft stiffness under a small Joad of the non-linear pad and ballast, and
therefore the final displacement and velocity of the non-linear track are larger. In addition the
impact forces from the linear track are lower, and so they result in lower level vibration
responses.

Comparing the results from the non-linear track model with those from the linear model, it
can be concluded that for wheel/track impact problems a linear track model is not appropriate
because the impact load is very large and the pad and ballast stiffnesses increase dramatically
with the load. Moreover, large impact forces often result in loss of contact between the
sleepers and ballast, and this is not allowed by a linear model. However, if the excitation is the
roughness on the wheel and rail rolling surfaces, a linear track model can be used, as in this
case the wheel/rail interaction force is moderate [16].

The wheel/track impact is also simulated for the impact occurring at mid-span. The results
are shown in Figs. 7 and 8 for the non-linear and linear track models respectively. The
variation of the impact forces and vibration level with the speed and pad type and the
differences in the results between the non-linear and linear models are similar to those for the
impact occurring at a sleeper, although the dependence of the wheel/rail impact forces with
the running speed are shown to be more complicated. The impact forces at the pad and ballast

are smaller here because the support where the impact forces are shown is half a sleeper bay
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away from the wheel.

More detailed information and characteristics of the non-linear wheel/track impact can be
observed from the time series of the impact forces and displacements. Figs. 9 and 10 show the
wheel/rail impact force, the impact forces in the supports and the displacements of the wheel,
rail and sleeper at the impact position due to a wheel flat used in the previous simulations.
The simulation results in Figs. 9 and 10 are from the tracks with the soft and stiff pads
respectively for a running speed of 120 km/h and for the wheel above a sleeper when the
impact occurs. At this speed the maximum wheel/track impact force is locally minimum for
the soft pad track, see Fig. 5, but for the stiff pad track it is near to the local maximum.

When the indentation (relative displacement input due to the wheel flat) appears between
the wheel and rail (the sign convention adopted is positive for an indentation and for
downwards displacements), the wheel falls and the rail rises. Since the wheel and rail cannot
immediately follow the indentation due to their inertia, the contact force is therefore unloaded
and loss of contact occurs between the wheel and rail. When the wheel contacts the rail again,
impact occurs and the contact force increases rapidly until it reaches its peak. For the track
with the soft pads the maximum wheel/track impact force is about 270 kN, whereas for the
track with the stiff pads the impact force reaches a peak of 800 kN. Thus using soft rail pads
can effectively reduce the impact forces. It can be seen from Figs. 9 and 10 that the impact
forces in the pad are also high, although the impact forces in the sleeper are relatively lower. It
can be observed that the high impact forces in the track foundation only appear at the nearest
support to the wheel. At other supports the impact forces are dramatically reduced. Since the
sleepers are attached to the rail, loss of contact occurs between the sleepers and ballast when
the rail bounces during the impact. Moreover, loss of contact occurs between the rail and rail
pads for the track with the stiff pads, even though 20 kN clip forces are applied. The small
ripples in the wheel/rail and pad impact forces at a high frequency (about 1 kHz) are due to
the vibration wave reflections from the rail ends, as the track model here is not infinitely long
and thus the propagating waves in the rail cannot effectively decay to zero.

Fig. 11 shows the spectra of the wheel/track impact force and the impact forces in the pad
and ballast at the first support corresponding to the results shown in Figs. 9 and 10. The

spectra in Figs. 11(a) and 11(b) are for the track with the soft and stiff pads respectively. From
11



Fig. 11 the impact forces ¢an be seen to show a broadband characteristic. The force spectra
from the stiff pad track are shown to be slightly higher than those from the soft pad track at

high frequencies because the impact is sharper for the stiff pad track.

5. Conclusions

Wheel/track impact has been studied using a non-linear foundation stiffness and allowing
loss of contact between the track components in the track model. The rail is modelled using
the FE method with Timoshenko beam elements. Wheel/track impact has been simulated
using a relative displacement input at different train speeds. Three types of rail pad, soft,
medium and stiff, have been used in the simulations.

The pad and ballast stiffness is effectively non-linear, load-dependent and it increases with
the load. Due to the non-linearity of the track the foundation near the wheel load is stiffened,
but only a few supports are influenced. The impact forces between the wheel and rail and in
the track foundation increase with increasing pad stiffness. Impact forces rise dramatically
when stiff rail pads are used. Thus using soft pads can reduce impact forces significantly. On
the other hand, however, soft pads increase the rail vibration level and thus the impact noise
radiation from the rail. Non-linearity of the railway track may also involve loss of contact
between the rail and rail pads and between the sleepers and ballast. This occurs when the
wheel/rail contact force is unloaded and the rail bounces during impact. Compared with the
simulation results using the linear track model, both the impact forces and the track vibration
level are shown to be noticeably higher from the non-linear track model than those from the
linear track model. This can be justified from three aspects. First, under a high load the
non-linear pad and ballast become very stiff; as a result the impact forces are very high.
Second, the deformation of the non-linear foundation is relatively larger at the early loading
stage due to its soft stiffness under a small load, and therefore the displacement and velocity
are larger for the non-linear track. Finally, the lower impact forces from the linear track result
in lower level vibration responses.

It can be concluded that linear track models are not wholly appropriate for wheel/track

impact problems. However, if the excitation is due to roughness on the wheel and rail rolling

12



surfaces, linear track models can be used, as in this case the wheel/rail interaction force is

moderate.
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Appendix: finite element for Timoshenko beam

For beam vibration at high frequencies, the shear deformation and rotary inertia effects
should be taken into account. Thus Timoshenko beam elements are used for the rail FE model

in this study. The mass and stiffness matrices of a Timoshenko beam element are given as [13]

m,
M - PAa nm, M Sym
©2100+38) |my ~m, m
m, m; ~—m, m @A
i,
N ol mg  my Sym
30a(l+38Y |-m, -my, m,
Mg My —Hy My

where p is the density, A the cross-sectional area, J the second moment of area, a half the
length of the element,

my = 156+8828+12604°

my = (4442315+3158%a

ms = 54+3784+6305°

my= (~26-1896-3155%a

ms = (16+848+1265%a*

me = (—12-845-1264%)a> (A2)

m7=18

ms= (3-45p)a

mg = (8+305+1808%)d’

myo= (—2-308+ 905%)d’

[ is given by
EI
= A3
s KAGa® (43)
where E is the Young’s modulus, G the shear modulus and & the shear coefficient, and
3
3¢ (4+38)k* Sym
K - I (@+38) y A
2¢°(1+38)| -3 -3a 3

3¢ (2-3Bk® -3a (4+38)’
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The corresponding nodal deflections are

Xe={wi rwsn ]

where w; is the vertical deflection and ¢ is the rotation of the cross-section.

(A5)
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