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Schematic of 1-D bubble

Plot of stiffness as a function of displacement for air bubble in water.
Predictions in both the adiabatic (k=y=1.4) and isothermal (ik=1) limits
are shown. Those from the nonlinear theory (i.e. from equation 25) are
solid lines. The small amplitude approximate form (equation 26), which
would predict linear oscillations, are broken lines.

Plots of the effect of bubble length, shown as a proportion of tube
which is filled by air at equilibrium, on the natural frequency, as
predicted by linear theory in the limit of small-amplitude oscillations.
The solid lines indicate calculations for which the inertia of the ftuid in
the cone is neglected, and the dashed line corresponds to calculations
including the inertia of the fluid in the cone. The upper two plots
correspond to the adiabatic (x=y) case, and the lower two to the
tsothermal (k=1) situation. Viscous effects are neglected.

Plots of the effect of tube length on the natural frequency, for the
adiabatic (k=Y, broken lines) and isothermal (x=1, solid lines) cases.
Results are shown for tubes filled at equilibrium by gas to a proportion
(from the top) of 2%, 5%, 10% and, for the lowest lines, 50%. Tube
diameter is assumed to be small compared to tube length, but surface
tension and viscous effects are neglected.

Solutions of equation 33 give phase space plots of bubble wall velocity
as a function of wall displacement for the free undamped oscillation of a -
bubble having wy/2x = 23 Hz. The normalised initial displacement
increases from (a)-(d): (a) 0.05, (b) 0.10, (c) 0.25, (d) 0.35.

The displacement time histories associated with the solutions shown in
the corresponding parts of figure 4.

The frequency spectra associated with the displacement time histories
shown in the corresponding parts of figure 5.

The apparatus employed to measure the phase response of a driven
bubble.
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Figure 8

Figure 9a

Figure 9b
Figure 10

The phase response of the driven bubble. Expenmental measurements at
discrete frequencies are joined by solid line. The numerical solutions are
shown for the adiabatic (k=y) and 1sothermal (x=1) cases, as the labels
show. Solutions to the inviscid equation of motion (equation 28) are
shown as long dashes (__ _ __). Solutions to the equation of motion
incorporating viscous effects (equation 38) as shown as short dashes
(----).

The amplitude response of the driven bubble. Experimenial
measurements at discrete frequencies are joined by solid line. The
numerical solutions are shown for the adiabatic (x=Yy) and isothermal
(x=1) cases, as the labels show. Solutions to the inviscid equation of
motion (equation 28) are shown as long dashes (__ __ _ ). Solutions
to the equation of motion incorporating viscous effects (equation 38) as
shown as short dashes (- - - ).

The acceleration of the vibrator which gave the response shown in 9a.
Resonance of air bubbles in ear canals as a function of ambient pressure
{and equivalently, depth) for a 2.5 cm ear canal of diameter 5 mm filled
to (a) 50% (solid line ___), and (b) 10% (dashed __ __ __ ) and () 2%
(dotted line _ _ _ _) operating in a piston-like manner (equation 38).
Viscosity is incorporated, but the inertia of the liquid outside the canal is
neglected (justified since the filling of air is to less than 50%). Values of
1000 kg/m3 and 9.8 m/s? are assumed for the water density and

acceleration due to gravity, respectively.”



ABSTRACT

In this paper the oscillation dynamics of a linear gas pocket in a liquid are analysed.
These include several features of potential use at undergraduate level for illustrating
characteristics beyond those normally encountered in expositions of simple harmonic
oscillators (for example, the simple linear spring-bob system). The oscillator in
question is unusual firstly in that, as with all gas bubbles in liquid, the inertia is
invested primarily in the surrounding liquid, rather than in the pocket itself. In other
words the radiation mass is far larger than the mass of the trapped gas. This is
demonstrable even in the simplest analysis, that of linear undamped small-amplitude
oscillations. Secondly, the oscillator is nonlinear. The equation of motion of a damped,
forced, one-dimensional bubble is obtained, the nonlinearity arising through the
dependence of the oscillator stiffness (or alternatively the gas compressibility) on the
amplitude of oscillation. In reduced forms, this equation can be solved analytically for
the natural frequency of undamped oscillations in the linear limit, and also in the
nonlinear regime of finite-amplitude free oscillation, where the fundamental frequency
is found to be amplitude-dependent. Whilst analytical solutions of the undamped,
unforced form of the equation of motion can be obtained in phase space, the full
nonlinear damped forced equation must be solved numerically. These solutions are
compared with those of the linear undamped analysis. Experimental measurements of
the phase and amplitude response of a laboratory one-dimensional bubble are made,
and compared with theory. Viscous effects, which for three dimensional bubbles in
water are second-order and often justifiably neglected in simple analyses based on the
gas stiffness and liquid inertia, are in the case of one-dimensional water bubbles
comparable with these other effects (i.e. stiffness and inertia), and cannot be neglected.
The analysis is used to predict (i) the response of air bubbles within the ear canals of
divers to low frequency underwater sound (from several tens of hertz to several
hundred, such as is being used increasingly in the ocean for climate monitoring), and
(ii) the theoretical potential of bubbles in blood to cause haemorrhage of blood vessels,
particularly within the lung, when subjected to high-amplitude ultrasonic pulses.



INTRODUCTION

Most students are introduced to the physics of oscillators through the behaviour of an
idealised mass-spring system. If the bob of mass m undergoes a displacement &, the
spring (assumed to be massless) responds by applying a force of -ke . If there 15 a
damping force proportional to the speed of the bob, then the equation governing the

motion of the bob is found from Newton's Second Law to be
me + be +ke=F (1)

where F represents any external forces applied to drive the system. In the absence of a
driving force and damping, substitution of the linear solution €=€4c08tt into equation
1 shows that the disturbed systern undergoes oscillation at the natural circular frequency

Mgy, where
C!)O: Y k/m ] (2)

and so is independent of g, the amplitude of the displacement. Equation 2 can also be
obtained by equating the maximum kinetic energy of the system, @K max, which is
attained when the bob passes through the equilibrium position (£=0; le | = weEo),
with the maximum potential energy that is stored in the system, ®p max. The potential

energy stored in the spring reaches a maximum at either extreme of the motion (g=¢;

le |=0)such that

€o
Opmax = [ke de =5 keo?. 3)
0
Equating this to
DK max =”21“ m(m080)2 ) 4)

yields equation 2, the natural frequency of the undamped oscillator.

In conditions of light damping (i.e. when b2<4km), substitution of the trial solution
e=AeS! into equation 1 yields s=- b/2m * iy, where i2=-1, such that the motion is a

damped oscillation of the form



£ = (2,610t 4 Z,¢710bty -®2ML o equivalently (5)
e = (X;sinwpt + X,cosmyt) e (b72mjt (6)

where Z19 and Xj7 are constants indicating the amplitude of oscillation; and where

the frequency of oscillation,
o, = V(4km-b?) /2m, (7)

is less than @y, the natural frequency of the undamped motion, by an amount which

increases with the damping (French, 1979).

This idealised system is suofficient to illustrate how the ratio of the two primary
characteristics of the oscillator, stiffness and inertia (represented in the idealised
spring/bob model by k and m respectively) relate to the natural frequency for

undamped motion; and how damping reduces the frequency of oscillation.

The idealised model outlined above differs from the real spring/bob oscillator in both
the stiffness and the inertia. Such features may be introduced into an increasingly
involved model. Whilst at small amplitudes the stiffness is independent of the
displacement, at larger amplitude this is not the case. The spring may for example be
extended beyond its elastic limit, and the motion becomes history-dependent. Whilst
the inertia in the simple model is invested wholly in the bob, in reality a displacement of
the bob will cause a displacement of component elements of the spring, and a driving
force will not only have to accelerate the bob but also the material of the spring.
However, there is inertia invested elsewhere, in addition to the bob and the spring.
When the bob is displaced upwards, a volume of air must be displaced downwards: the
driver must provide not only the kinetic energy of the bob, and that of the varying
elements of the spring (which move with velocity roughly in proportion to distance
from a fixed point) but also the kinetic energy of an amount of the surrounding gas.

The inertial contribution from the surrounding fluid is characterised by the so-called

"radiation mass" my, which is defined through ®xg max . the maximum kinetic energy

of the surrounding fluid only, in the following way:

My lé max |2 (8)

B |

DKE max =



(compare with equation 4).

In the one-dimensional bubble, these departures from the ideal spring-bob oscillator are
accentuated. Whilst in the spring/bob oscillator the radiation mass is generally
negligible in comparison with the inertia of the bob, when gas is trapped in bubbles in
liquid, the inertia associated with acceleration of the relatively dense liquid is very much
greater than the inertia of the gas itself.

In addition, the stiffness (which as with all gas bubbles in liquids is provided by the
compressibility of the gas) is dependent on the displacement. Whilst the nonlinear
oscillations of three-dimensional bubbles has been studied for some time (Leighton,
1994), less is known of one-dimensional bubbles, which may feature significantly in

the interaction with sound of gas pockets within several biological structures.

THEORY

Natural frequency of the undamped bubble (small amplitude harmonic motion assumed)

The natural frequency of the undamped one dimensional bubble can be calculated by
equating the maximum potential energy with the maximum kinetic energy, as was done
for the 1dealised spring/bob model in equations 2 to 4. Initially, surface tension, friction
and viscous effects are ignored, as are the possibilities of meniscus deformation.

Potenitial energy of the gas

The idealised one-dimensional bubble analysed here and shown in figure 1, is modelled
as a cylindrical pocket of gas contained within rigid walls except at the flat interface
with the liquid, which can move only in a piston-like manner. The liquid is contained
within the rigid walls of a connected tube and cone. The liquid is assumed to be
incompressible, and all the potential energy is taken to be invested within the
compressibility of the gas. Assume that the gas within the bubble behaves
polytropically, such that

pV¥ = constant, 9

where p is the gas pressure within the bubble, of volume V, and where x is the so-
called polytropic index (which varies between %, the ratio of the specific heat of the gas
at constant pressure to that at constant volume, and unity, depending on whether the
gas is behaving adiabatically, isothermally, or in some intermediate manner). Therefore
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the gas pressure and bubble volume at equilibrium (pg, Vo) can be related to values at

some general position through

P _ Vo ¥ _ s AoXo K
Po (V ) (AOXO‘AOEJ ,

(10)

where Ag 1s the cross-sectional area of the bubble, € the displacement of the meniscus

from equilibrium (positive for the upwards direction), and x, the bubble length at
equilibrium (see figure 1). If e«xo then equation 10 can be expanded to give the

change in gas pressure from equilibrium to be

KE
P-Po="i2 (11)
Q

If an incremental displacement de occurs, and the bubble volume changes by

dV=A,de, then the incremental change in the potential energy of the gas is
dDpE = -(p-pe)dV. (12)

Integrating equation 12 from equilibrium to the extreme of the oscillation, using
substitution from equation 11, gives the maximum potential energy stored in the gas

€
KA KA 2
(I)PE,max = f XZPO ede = ( x(;po)%
0

(13)

Kinetic energy of the liquid

The inertia of the gas is assumed to be negligible, owing to the much greater density (p)
of the liquid. Assume a harmonic displacement € of the meniscus, £=Soei“’0t. Since the
liquid is assumed to be incompressible, the maximum kinetic energy of the liquid in the
column (of equilibrium length yo=Hj-X), of mass pAgye, occurs when the speed 1s a

maximum (i.e, l¢ max |= Moto) and the displacement zero, and equals

H
DKEmaxcol = 5 PAGYoDo e . (14)



Since the cross-sectional area in the cone increases with distance from the meniscus, so
that the flow velocity of the incompressible liquid decreases in proportion, the area (A),
radius (r) and distance from the imaginary apex of the cone (h) of a horizontal section
through the cone are related to their values at the base of the column (Ag, Lo, and hy

respectively -see figure 1) through

Ag o2 7(ho tan9)? Ag .

A T3 = > = 7 - (15)
r 7(h tanB) 7t(h tanB)

where 0 is the half-angle of the cone. The volume of liquid crossing all such areas A in

a time dt must be constant if the lquid is incompressible, so that equating liquid fluxes

gives the liquid velocity crossing the area A in the cone tobe £ Ag/A. The volume of
a liguid element of thickness dh of cross-sectional area A 1in the cone is Tc(htane)zdh;

its mass is pnth tane)zdh; and its maximum kinetic energy 1s
L on(h tan®)’dh E max P(AG/A)

Substituting for Ag/A from equation 15, letting le max | equal wgeq, and integrating
up the kinetic energy of all the liquid elements in the cone gives the maximum kinetic

energy of the liquid in the cone:

Hy
D ) = L on(h tanB)? € IQ—AO“—Z dh
KE,max,cone j(zp( )" lemax n(h tan®)?
Bo
Hy
_ 1p(Acto)® [dh
2 gtan2e h?
[+]
_ 1p(Acto®)* (1 1 (16)
2 7 1an?@ (ho HQ) .

The total maximurn kinetic energy of the incompressible liquid is therefore
DPKE max = PKEmax,col + PKEmax,cone » (17)

which can be found by substituting from equations 14 and 16 to give:



1 1 1
R R () 7 I oo

The natural frequency of the undamped oscillator is found, as before, by equating
DKE max 10 PPE max , which can be done through equations 13 and 18 to give

KPo

Ao 1 1
PXO(YO + S (ho HZ))

KPo

px{(Hz-xO) y—Bo_ (hi : ﬁl—i)J

T tanZ@
(19)

which is related to the linear natural frequency, fy, through wo=2mnf,.
The inertia

The radiation mass of this one-dimensional bubble can readily be found through

cormparison of equations 8 and 18 (using £ max | =000g0), to give

Ao /11
me = pAgyo| 1 + 20— (. )] . 20)
r=p OYO[ yor tanZ6 (ho HZ)) (

The first term in brackets (unity) arises from the kinetic energy of the liquid in the
column. Unless the volume of liquid in the column is very small (see the discussion
after figure 2), then this first term has a much greater contribution to the radiation mass
than the second term (typically 100 times with the experimental apparatus described
later), which reflects the kinetic energy of the liquid-in the cone. This is because whilst
the liguid in the column has the same velocity as the meniscus, the liquid velocity in the
cone falls off rapidly with depth (in the ratio Ap/A, i.e. as h2, as discussed after
equation 15). As a result the radiation mass of such a bubble is only slightly greater
(typically 1% more) than the mass of liquid in the column, pAgyo, but very much less

than the actual gravitational mass of liguid, which equals

2
pAgyel 1+ =R (5,3 _n3)) @1
3A0Y0
6



In equation 21, the first term (unity) represents the gravitational mass of the liquid in
the column, and the second term (which for this apparatus is roughly two orders of

magnitude larger) represents the gravitational mass of the liquid in the cone.
The stiffness

Having obtained the effective inertia of the oscillator, an expression for the stiffness, if
available, has two uses. Firstly the ratio of the stiffness to the inertia can be used to
obtain the natural frequency (and so provide a check on the earlier expression), as in
equation 2; and secondly it can be used to formulate the equation of motion of the
oscillator (see equation 1). In this case it also serves to illustrate a source of

nonlinearity.
As outlined in the introduction, the stiffness k of this oscillator can be found by
determining the force exerted by the bubble in response to a displacement €. That force

can be characterised through the change in gas pressure p, so that

k=ho & . (22)
Je

The term dp/de can readily be calculaied from equation 10, recalling that Agx, =V, :

39 = K AgPo Vo (Vg - Age) THD (23)
£

which can be simplified to

QR =KA—OPO_ i- £ '(K"'l)‘ (24)
oe Vv, X0

Substitution of this into equation 22 gives the stiffness of the bubble to be:

2
o - KPoAo (I_Aoa) (1) 05)

Vo Vo

This is scen to deviate from the stiffness of the ideal spring/bob system in that it is not
constant, but instead is dependent on the displacement, and so will vary throughout the

oscillatory cycle. Figure 2 plots the stiffness of the gas for both positive and negative
values of meniscus displacement €. The nonlinear expression for stiffness, equation 25,

7



is plotted as solid curves for both the adiabatic and isothermal limits. As can be seen
from figure 2, the stiffness increases in compression (€>0), and decreases in
rarefaction. If the change in volume is so small as to be negligible compared to the
equilibrium bubble volume (i.e. Aglel«V) then the stiffness becomes independent of

displacement, and of value

2
k:%—fg"— . 26)

This small-amplitude approximation is also indicated on figure 2 as dashed lines
corresponding to the isothermal and adiabatic limits, in which the stiffness is indeed
constant through an oscillatory cycle, and so would correspond to a linear oscillation.
Following equation 2, the root of the ratio of the small-amplitude approximation to the
stiffness (as given by equation 26) to the radiation mass (from equation 20) gives the
natural frequency of the undamped oscillator, in agreement with equation 19. If, for the
radiation mass, the inertia of the liquid in the column only is used, and the effect of the
liquid in the cone is neglected, the following approximation to the natural frequency is
obtained:

KPo
PXoYo

O =

[ —P @7
pxo(H1-Xo)

This is equivalent to neglecting the kinetic energy of the liquid in the cone,
®KE max,cone- it the derivation given in equations 9 to 19, and instead of equation 17
applying in its place ®KE max ~ PKE.maxcol. Within this approximation the natural
frequency, as given by equation 27, is symmetrical about the midpoint of the column as
regards the equilibrium position of the meniscus, the term Xgyo= Xo(Hi-Xo) reaching a
maximum when xo=vo,=H1/2, at which point the natural frequency as given by
equation 27 becomes a minimum. The term Xoyo 1S zero when either Xo Of yo are
zero (i.e. there is either no liquid, or no gas, within the column) at which point the

resonance frequency becomes undefined.

The effect of bubble length within a tube of given length on the natural frequency is
shown in figure 3a. The solid lines correspond to the approximation where the inertia
of liquid in the cone is neglected, and the dashed lines to when it is not. In both cases

the frequencies predicted by adiabatic theory are greater than those predicted by
8
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isothermal theory, the discrepancy being significantly more than that caused by
neglecting the cone mass except when the tube is nearly full of gas (equivalence occurs
at around 90% filling). In agreement with equation 27, the solid plots from linear
theory in the limit of small-amplitude oscillations, neglecting the mass of the fluid
within the cone predict (1) that a tube which is y% air-filled will have the same natural
frequency as a tube which is (100-y)% air-filled, and (ii) that this frequency becomes
undefined for the conditions of x;)=0 (no bubble present) and x,=H;j (air fills tube
completely). Whilst the first scenario need not be considered, in the second clearly the
inertia of the fluid outside the tube is important in establishing a physically meaningful
oscillation. Indeed it can be seen that when the inertia of the fluid within the cone 1s
considered, the plot of equation 19 departs from that of equation 27 to give a finite

natural frequency for the xg=H; condition.

The natural frequencies of tubes of various lengths which are filled by bubbles to 50%,
10%, 5% and 2% are shown in figure 3b, using equation 27. The smaller the
proportion of tube filled (for cases that are <50%), the higher the natural frequency for
a given tube length. The dashed lines correspond to the adiabatic condition, and below
each is the solid line corresponding to the isothermal oscillation with the same
proportion of tube filled. The inertia of the liquid outside the tube is assumed to have
negligible effect for tubes long in comparison with the bubble length and the tube
diameter. The other inherent approximations (small-amplitude displacements, with
negligible damping, viscous and surface tension effects, and no meniscus deformation)
are still maintained. Equation 19 {(and its reduction, equation 27) both employ an
inherent assumption that the stiffness is independent of the displacement. Since the
stiffness has in fact been shown to be displacement-dependent (equation 25), the actual
response of the oscillator may only be found by formulating the equation of motion, in

analogy with equation 1.

The equation of motion

This can be found through substitution of the radiation mass, as given by equation 20,
and the stiffness, as given by equation 25, for the appropriate terms in equation 1. The

assumptions are still that the liquid is incompressible, and that the inertia of the gas is

negligible. A damping term may also be included.

mée +be +ke=F =

Ao (L IN: Lo, KPoAS A
(PAoyo(l +yontan26 (hO-Hz)Da + be + vy I—VO e =F

9



(28)

The motion can be analysed by presenting the undamped, unforced version of equation

28, explicitly

(PAoyo( | 4 —Bo (Blg _ ﬁiijﬁg N KP%A:OZ (1_;2%5)-(“1} -0

yoT tand .
(29)

which can be more compactly expressed in terms of the normalised displacement

X=£fx, as

X+ 021y D x=0 30)

where the constant @2 is defined by the formulation of equation 19. Note that whilst
the notation m,2 imitates the classical notation for the linear equation describing simple
harmonic motion, in this nonlinear equation however it only reflects the natural
frequency for small displacements. Equation 30 can be solved in phase space by
making the substitution

X =v%x‘i where v=x (31)

to give the separable first order differential equation

V% = - ol (32)

Integration of both sides of this equation yields

dx 2(1-kx)
VZH{ ﬁ(l)ov m+c (K1)
(33)
v=3 =m0\/ —(f—x)-in(l—x)+c (x=1)

where ¢ is an arbitrary constant. This equation relates displacement to velocity, that is,

it is a solution in phase space. Further integration will be required to obtain

10



displacement as an explicit function of time, a task best suited to numerical rather than
analytical methods. However the solution of equation 33 does enable the description of

a trajectory of the solution in phase space.

Figure 4 illustrates four typical trajectories obtained from equation 33 for the free
undamped oscillations of a bubble having /27 = 23 Hz with four different initial
displacements. The closed form of these curves indicates the periodic nature of the
solutions. The curves are not of the ellipsoidal form that the linear model would
produce, a difference which increases with increasing initial displacement, indicating

significant departures from linearity in these solutions.

Using numerical integration the time histories associated with the solutions shown in
the corresponding parts of figure 4 can be calculated (figure 5). The corresponding
frequency content of these solutions is shown in figure 6. At small initial displacements
the oscillation is nearly sinusoidal (figure 5a), with a fundamental frequency of 23 Hz
(figure 6a), in accordance with the natural resonance predicted by the small-amplitude
linear theory through equation 19. However for the larger initial displacements the
greater the harmonic content of the frequency content (figure 6), as reflected in the
increasing asymmetry of the time histories in figure 5. This arises because, in
compression, the system has an increasing stiffness and therefore a more rapid
response; conversely, in rarefaction, the stiffness is reduced and the response more
sluggish, in agreement with figure 2. The fundamental frequency, as given by the peak
closest to the origin in each spectrum in figure 6, decreases with increasing
displacement, being (a) 23 Hz, (b) 23 Hz, (c) 21 Hz, and (d) 18 Hz.

The analytical reatment of the equations of motion which are either damped, forced, or
both, is not feasible, and requires the adoption of the numerical path. The solution to
equation 30 can be calculated using standard Runge-Kutta algorithms (Forsythe ez al.
1977). A sinusoidal form for the forcing term is assumed. The size of the damping term
can be obtained from theory, and has been solved for similar geometries, though the
analysis is not simple (Miller and Nyborg, 1983; Miller and Neppiras, 1985). In this
case estimates of the quality factor were obtained from experimental data (see later), and

a value of Q=3.5 was chosen.
EXPERIMENTAL

An experimental one-dimensional model bubble was constructed within the laboratory
in order to investigate the limitations of this theory. The bubble model uses glass

capillary tubing of =123 mm length (depending on exact position of screw top), having

11



an internal diameter of 1.5 mm and a wall thickness of about 2 mm, attached to an
inverted glass funnel. The base of this funnel is covered with a rubber diaphragm
(figure 7), which is connected by bolt to a vibrator. Because of the area ratio of the
funnel mouth to the diameter of the capillary tube, a small displacement of the
diaphragm will produce a displacement approximately twenty times greater in the tube,
so facilitating observation of the meniscus motion and minimising vibration of the
glassware. The glassware has two stopcocks attached at either end of the capillary to
enable both the control of pressure and the introduction of a known amount of liguid

(which was degassed, filtered, and coloured with food dye).

The diaphragm is driven by a Ling vibrator (type 409) supplied by a sinusoidal signal,
the excitaton frequency and amplitude being made adjustable by the sinewave generator
(Therlby Thandor type TG220) and amplifier. The acceleration is measured using an
accelerometer connected via a charge amplifier (Bruel and Kjaer types 4367 and 2635
respectively) to a storage oscilloscope (Gould type OS1420).

Two types of measurements were made, each requiring a different set of equipment.
The phase sensor comprised a photoresistor (NORP-12) and an LED which was
masked to minimise light transmission through paths other than those which crossed
the tube interior, such that the obscuration of the light by the dyed water produced a
signal which, when incorporated into the circuit shown in figure 7, could be used to
monitor the meniscus displacement. The driver (accelerometer) and response
(photoresistor) signals were displayed on the oscilloscope as an X-Y plot, in the
resulting Lissajous figures. These could then be interpreted to give the driver-response
phase relationship, once all the phase changes introduced by the electronics had been
accounted for (including filter effects). The light detector signal was filtered to reduce
mains interference using a low pass filter (Barr and Stroud type EF3-04) set to 50 Hz.
Since the accelerometer signal tended to be corrupted by noise, particularly at low
frequencies and at low amplitudes, a 40 Hz low-pass filter (Fern Developments type
EF5-02) was incorporated. The phase response for increasing frequencies was found
for constant acceleration amplitude. Although adequate for the measurement of phase,
this procedure proved to be inadequate for demonstrating an amplitude resonance. This
was due to the fact that a constant amplitude voltage input signal to the vibrator, for
increasing frequency, resulted in an increasing acceleration amplitude generated by the
driver: hence to keep the acceleration amplitude constant (as monitored with the
accelerometer), the input voltage to the vibrator has to be reduced each time the
frequency is increased. This process decreases the displacement amplitude of the
meniscus to such an extent that the optics used to measure displacements were not

sensitive enough to detect a resonance peak. This problem was overcome by taking

12
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displacement measurements for constant input voltage to the driver as the frequency
varied, the acceleration amplitude of the vibrator being continually recorded. The
amplitude of displacement was found by illuminating the moving meniscus with a
stroboscope (Dawe type 1204C) tuned to a frequency approximately twice that of the
driver. This optically reduced the velocity of the image of the meniscus, so that the
extreme of the oscillation could be measured using a travelling microscope (Type 2162-

HB) with a Vernier scale.

RESULTS

Measurements of phase relationship between the driver and a one-dimensional bubble
oscillator (x4=71.5£0.5 mm, yo= 52.0+0.5 mm), taken from the accelerometer and
photoresistor signals respectively and suitably corrected for phase changes in the
electronics, are shown as a function of frequency in figure 8. The acceleration
amplitude of the vibrator was constant at 8.92 m/s2. The amplitude response of another
bubble (xo=70.0£0.5 mm, yo= 53.0+0.5 mm) is shown in figure %a, the driver
amplitude (which, as explained above, necessarily increased with frequency) is shown
in figure 9b. Taken at discrete frequencies, experimental results, joined by a solid line,
are shown with the associated error. The experimental parameters are summarised in
Table 1. The table also lists the resonance frequencies, as determined from these
experimental data, and as calculated through the various theories. The analysis
presented so far follows the classical formulation for spherical bubbles presented by
Minnaert (1933), and as such neglects viscous effects. It gives rise to equation 28,
integration of which in the limits of x=1 and x=y yields the broken curves (i.e. long
dashes labelled "inviscid" in figures 8 and 9a). The resonances predicted by this theory,
which allows for finite amplitude nonlinear damped oscillations and employs the
experimentally-determined quality factor of 3.5, are shown in Table 1. Also shown are
the natural frequencies predicted by the infinitesimal-amplitude inviscid linear theory
(equation 19). For the calculations, pg= 10° Pa and p=1000 kg 3.
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Fig ] xo/mm yofmm Vibrator Resonance Resonance Resonance
acceleration | (Linecar theory, (Nurmerical (Experimental)
amplitude eqn. 19) theory eqn. 28) | /(Hz)

/(s %m) /(Hz) / {H)

8 71.5+0.5 ] 52.020.5 [8.92 26.1202 (k=1) |26.0£0.5 (x=1) | 261
30.910.2 31.040.5 (x=1.4)
(k=1.4)

Ga 70.0£0.5 |53.00.5 Fig. 9b 26.1x0.2 (k=1} [ 25+1 (x=1) 26£2
30.9+0.2 30.0£0.5 {(x=1.4)
(x=1.4)

Table 1 Comparison of experiment with inviscid theories :
linear {equation 19) and numerical (equation 28).
DISCUSSION

Estimations of the resonance frequency by linear theory tend to be greater than the
experimental results. As a result the isothermal approximation gives better agreement.
However experience with three-dimensional bubbles leads us to expect that bubbles of
such relatively large sizes as those tested experimentally should tend closer to the
adiabatic, not the isothermal, case (Devin 1959). The theories expounded in the
preceding sections differ from the physical one dimensional bubble in several key
aspects. Though viscous damping is by far the least important mechanism in bubbles as
large as a few millimetres (compared to encrgy losses associated with acoustic radiation
and thermal processes (Devin, 1959)), the geometry of the one-dimensional bubble is

very different, and suggests that the effect of viscosity must be considered.

Additional assumptions in the theory include that of uniform acceleration over the
diaphragm (which it clearly is not since for the experimental bubble the perimeter is
fixed) and that surface tension can be neglected. Whilst deformations of the meniscus
have been neglected, such deformations are however readily observable in the
experimental bubble, and are of an oscillatory nature. The presence of a second

oscillator in the system may clearly have important implications to the dynamics.
The dynamics of similar oscillators have been studied in the past. Howkins (1965)

made observations and preliminary calculations regarding the oscillations of gas
bubbles in water attached to the submerged base of an inverted vibrator (both roughly
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spherical bubbles beneath a plane face, and gas pockets trapped within 'pits’ within the
base). Analyses have been made of several other cases. Miller (1979) studied
cylindrical bubbles bounded by elastic walls, to model the response to ultrasound of
gas spaces of micron-order size between plant cells within Elodea. The cylindrical
bubbles within this model were assumed to vibrate in the radial mode, rather than be
dominated by motion of the end-walls, and the stiffness of the plant walls was very
much dominant over the stiffness of the gas. Other analyses include the diaphragm-like
oscillation of the meniscus as it undergoes a Bessel-function deformation, the so-called
‘clamped-drumhead' vibration. This was first considered for a small circular meniscus
within a solid plane (i.e. having infinitesimal thickness, but infinite in the other two
dimensions) separating two half-spaces, one of gas and the other, liquid (Miller, 1979).
The oscillator was therefore baffled, as were two later geometries in which this
membrane was placed. These two geometries both incorporate a gas pocket which fully
fills a space within a submerged solid sheet (Miller and Nyborg, 1983). In the first
case, the space consists of a perforation right throu gh the sheet, and in the second, a
uniform circular pit in the surface of the sheet. In all these cases the resonance
frequency and the damping were found. The 'clamped-drumhead’ resonance of a
meniscus within a partially-filled perforation and pit within a flat solid sheet was also
found. This case represented a departure from the earlier ones, in that the inertia was
not solely invested in the liquid outside the hole, but also included that due to the liquid
in the hole. Miller and Nyborg (1983) also examined the piston-like motion of the
bubble wall, as discussed in this paper, but only for the baffled case, where the gas
fully fills the pore. This constraint was relaxed somewhat by Miller and Neppiras
(1985), who discussed the oscillations of a partially-filled pore within a flat solid sheet
in terms of two distinct regimes, those of 'clamped-drumhead’, and of piston-like,
motion. At small amplitudes, symmetrical perforations gave the same resonances as

pits which had the same depth and gas content as half of a perforation.

Miller and Nyborg (1983) show that for such pore geometries, if the thickness A of
the viscous boundary layer is an appreciable fraction of the radius of the cylinder, o,
then the effective inertia of the liquid content of the cylinder is increased by a factor
(1+A/r). The boundary layer thickness is given by A=V (u/mpfp), where | is the
liquid viscosity and f}, the linear resonance frequency of the piston-like mode
resembling the one discussed in this paper. The value of A for the experimental bubble
investigated in this study is around 10 m, such that the Y(1+A/rg) gives a correction
factor to the denominator of around 8%. Owing to the low resonance frequencies that
manifest in the experimental bubble, this factor is significantly larger than the 0.5%
increase in denominator that would result from using the radiation mass as opposed to
simply using the mass of liquid in the column (equation 20). Incorporating the
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correction for viscosity into the theoretical estimations for the resonances in Table 1
allows a much better comparison between theory and experiment (Table 2). As can be
seen from the table, the resonance predicted by linear analysis incorporating viscosity,

i.e.

KPo
W = 21l = r— (34)
e \/pxoyo<1+A/ro) -

more closely agrees with experiment. However in those cases where agreement is
outside the allowed range given by experimental error and the 1<x<y range, simple
theory still tends to overestimate. The numerical predictions, based now not on
solutions to equation 28 but on solutions to the following equation {where the effects of
viscosity on the inertia of the cylindrical liquid element are incorporated):

ml;é +be +ke =F =

_ B0 1 . RN
[pAOYO ((IH\/TO) + Yor ran26 (ho HQ)DE

* KpoAOQ' Aos)'(x"' 1 )
+ be + v, (1— Vg

e =F (35)

are plotted on figures 8, and 9a as broken curves (short dashes, labelled "With
viscosity"), in the limits of k=1 and x=y. A calculated value of A=0.111 mm is used.

in the calculations. The predicted resonances are incorporated into Table 2, and give

results within experimental error of the measured values.

Fig

Resonance (Hz)

Linear (equation 34)

Resonance (Hz)

Numerical {equation 33)

Resonance (Hz)

Experimental

24.120.2 (x=1)
28.8+0.2 (v=1.4)

25.0£0.5 (k=1)
30.0+£0.5 (k=1.4)

261

Oa

244402 (xk=1)
28.8+0.2 (x=1.4)

24.0+05 (x=1)
20+ (x=14)

26+2

Table 2 Comparison of the experimentally-determined resonances with those
determined by theories which incorporate viscous effects (linear analysis and numerical

solutions). Values for xg, v and the acceleration are as shown in Table 1.
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The importance of this analysis and calculation lie not in their ability to predict the
behaviour of a laboratory experimental bubble: atiempts to construct even a rudimentary
one-dimensional bubble resulted in a device too complicated to allow exact agreement
with theory. The one-dimensional bubbles of real interest exist in biological structures,
and two of these in particular are exposed to intense sound of a particular frequency.
The first case is of one-dimensional bubbles trapped within ear canals of divers, and the
adverse effects on divers and other mammals exposed to high intensity sound in the
marine environment is currently of great concern. The second case is of one
dimensional bubbles trapped within capillary blood vessels. This may occur particularly
in the lung, and evidence suggests that the lowest thresholds for damage by clinical

ultrasound in mammals iz vive are found in the lung.

Given that the biological consequences of the excitation of such gas bodies may be very
tmportant, and given in addition the preliminary indications that mammalian lung and
ears are patticularly sensitive to very high and very low frequency sound respectively,
the importance of these calculations is to suggest whether they predict that such gas
bodies, under such conditions, may indeed respond in a significant manner. For such
purposes the degree of agreement between idealised theory and the simplest model
available {which even so is still too complex to allow exact modelling by theory) 1s

adequate.

Divers today are increasingly becoming exposed to high-intensity sound in the
underwater environment both as unwanted noise from apparatus-associated with their
work, and from the increasingly common acoustic techniques associated with
communication, exploration, monitoring, and exploitation of the oceans by man.
Apparatus may include tools operated by the divers themselves (including stud guns,
plasma cutters, rock drills, jet cleaning tools, impact wrenches, grinders and drills)
which may produce sound pressure levels (SPL) of 150-170 dB (re 20 pPa)
underwater, up to 210 dB SPL (re 20 pPa) having been recorded (Molvaer and
Gjestland, 1981; Nedwell er al., 1993). Tool emissions occur over a wide frequency
range, at least from a few tens of hertz to around 10 kHz (Nedwell et al., 1993). Whilst
active sonar operates from a few kHz up to around 100 kHz, given the dimensions of
the ear canal (roughly 2.5 cm long and with a diameter varying around 0.5 cm - Davis
1978) of particular interest recently are experiments involving the propagation of low
frequency sound {from a few tens of hertz up to around 250 Hz) over long ranges (of
order 1000 km) for climate monitoring. For detection over such long ranges, the
sources of such sound are necessarily powerful (220 dB re 1 pPa at 1 m) (Baggeroer
and Munk, 1992).
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Comparatively little is known about air bubbles trapped within the ear canals of
submerged humans, other than that they can occur. These bubbles are capable of
having a significant effect on underwater hearing (Al Masri 1993). The precise
geometry of these bubbles is not known, but the most likely shape is a cylindrical gas
pocket, bounded at the curved wall by the flesh of the ear canal itself, and at the ends
by the ear drum and the gas/water interface within the ear canal. The remainder of the
canal would be water filled leading to the pinna, where a much larger body of water
occurs external to the head. As with the column-cone model of the liquid body used in
this investigation, the inertia of the oscillator will be invested primarily in the liquid
contained within the ear canal, the radiation mass associated with the water outside of
the head being far less significant, and the inertia of the entrained gas within the ear
negligible. Therefore use of the simple linear theory given by equation 34 is justified
for making estimations of the resonances (though clearly there is elasticity associated
with the fleshy boundaries). Given typical ear canal dimensions, simple linear theory
predicts that air bubbles trapped within divers' ears may be expected to resonate at such
frequencies as those which, as outlined above, may occur at high intensity in the
underwater environment. This is shown in figure 10, where the resonance for the
piston-like motion of an ear canal, of 5 mm diameter and 2.5 cm length air-filled to
50%, 10% and 2%, are shown as a function of depth in both the adiabatic and
isothermal limits. The increase in frequency of the piston-like mode with depth arises
from the increase in ambient pressure. There will in addition be a resonance for the
clamped-diaphragm model. Because of the relative gas volume changes which the two
geometries can generate, it is likely that the piston-like motion can generate the larger

pressure fluctuations within the gas.

The energetics of such resonances, and their harmonics, clearly may cause a noticeable
effect within a system which is designed to be sensitive to acoustic stimulation through
gas, rather than liquid, adjacent to the eardrum, and one might expect significant effects
on the acoustics of the ear canal at these frequencies (from a few tens of hertz to a few
hundred) if such bubbles were present. The mechanisms of underwater hearing itself
are involved, and it is not a simple matter to theoretically extrapolate from this the effect
of such bubbles on underwater hearing. However human diving is potentially
hazardous, and the occurrence of any resonances coupling the human hearing,
orientation and balance systems to an ocean medium which can contain intense sound at

those frequencies must be considered.

There is far more documented evidence concerning the situations where one-

dimensional bubbles might be expected to be exposed to high intensity acoustic ficlds.
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The acoustic excitation of gas pockets which are stabilised within biological structures,
the so-called "gas body activation" (Miller, 1984) was first considered to interpret the
biological effects of ultrasound on the leaves of ihe aquatic plant Elodea, as discussed
earlier (Mtiller, 1977). Such bodies have also been considered to discuss the mechanism
of bioeffect when pockets of gas trapped in blood vessels, insect trachea and

mammalian cells are subjected to ultrasonic irradiation.

There are conceivably many mechanisms of acoustic interaction with matter through
which ultrasound could generate a bioeffect (ter Haar, 1986), and these potentially
include both cavitational and non-cavitational ones. There are many possibilities
through which cavitational bioeffects may potentially arise. If driven at low amplitude,
the bubble will oscillate stably and repeatably, and such stable cavitation (of spherical
bubbles) has been observed to cause bioeffect (Vivino er al., 1985). However of
particular concern has been the phenomenon of 'unstable' or 'ransient' cavitation,
typified in the explosive growth of unconfined spherical bubbles, followed by their
rapid collapse. This collapse typically involves gas shocks and adiabatic heating of the
gas to high temperature, both processes being capable of generating free radicals. The
collapse is followed by a rebound, capable of generating lquid shocks. Transient
cavitation being an almost instantaneous response to acoustic pressure changes, the
presence or not of bubble activity during short-pulse regimes (such as lithotripter and

diagnostic ultrasound) has been the object of much concern.

Damage resulting from exposure to lithotripter pulses in vivo often manifests in vessel

walls, particularly in capillaries and medium-sized veins, with focal lesions in arterial -

walls tending to occur much less frequently (ter Haar er al., 1994; Delius ef al. 1990a,
1990b).The most sensitive organ to shock wave exposure is the lung, and Hartman
(1990) demonstrated that fetal murine lung has a lower threshold for damage resulting
from lithotripsy exposure than has the adult lung. This is presumed to be because of the
absence of stabilised gas bodies within the fetal lung (ter Haar e al. 1994). Noting that
Child ez al. (1990) and Frizzell er al. (1994) have observed haemorrhage in mammalian
lung resulting from exposure to pulsed ultrasound at levels low compared to those
required to produce cavitation in tissues that do not contain stabilised gas bodies, ter
Haar er al. (1994) comment that whilst the mechanism is not clear, it does appear to be

mediated by existing stabilised gas bodies in tissue.

The question of whether cavitational effects are important, and what form they take,
depends critically on the sound field which reaches the bubble, and upon the nature of
that bubble. Attempts to understand cavitation bioeffects have been dominated by
models of spherical bubbles (Leighton 1994), such that indications of the likelihood of
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evoking an energetic response from a suitable free-floating microscopic spherical
nucleus, should it exist, are characterised by a mechanical index (Holland and Apfel,
1989; Apfel and Holland 1991) which may be assigned to various operating conditions
of clinical ultrasound devices. However the potential for bioeffects from a stabilised
cylindrical bubble is another issue. As with spherical bubbles these may show the
equivalent of not just 'stable’, and 'transient, regimes. However if .the gas bodies
stabilised within biological structures resemble the one-dimensional bubbles discussed
earlier in this paper, in certain circumstances it would be expected that the growth phase
in transient behaviour is the key mechanism for bioeffect, in contrast to the traditional

emphasis on the collapse phase in the transient cavitation of spherical bubbles.

Research has shown that if the medium resists bubble growth (for example, it is a
liquid constrained to a fixed volume by structure, such a mammalian cell; or the gas
pocket is itself part-bounded by rigid walls, for example the larval trachea), then
stresses can be induced by the growth which may damage to the restraining structure
(Ward et al., 1983; Venter ef al., 1983; Aymé and Carstensen, 1989). However the
analysis presented here shows that the bubble need not be surrounded by solid cell

walls to exert significant stresses on the structure, if it is a within a tube-like structure.

The hypothesis to be examined here is that one-dimensional bubbles within lung
capillaries may rupture the capiliary during their growth phase. Consider how such gas
pockets might arise. As blood flows away from the heart, it may be subjected to
conditions which cause gas to come out of solution, including decompression or if the
blood temperature were raised. Of particular note is the case of blood flowing in the
pulmonary artery and subsequent branches. Conditions within the blood flowing from
the heart to the lungs are designed to encourage gas to come out of solution. Whilst gas
may transfer directly from the blood into the capillary wall, to the air-vesicle wall and
from there to the air space, the conditions are such that gas may come out of solution
within the blood itself {indeed, the interface between the blood and the vessel wall
provides a suitable location for the nucleation of exsolution). Since the vessel size is
continually decreasing, a bubble which with. larger vessels grows to a size comparable
with the capillary diameter may become trapped in position there. The exsolved gas
contained within such vessels may in fact, as a result of the surface tension pressure,
transfer more readily into the capillary wall which surrounds most of its volume than
the gas which is still dissolved within the blood. The migration of gas-filled echo-
contrast agents to blood vessels comi)arable with their size might also lead to this
condition. In fact the bubble, no matter what its origin, need not even fill the cross-
section of the vessel, since when subjected to tension by the ultrasonic pulse it will

rapidly grow until its volume does fill a cross-section. It is at this point, no matier how
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it comes about, that geometry of the one-dimensional bubble is attained and the key

feature, that of the liquid inertia, comes into dominance.

This response of the one-dimensional bubble from this moment becomes radically
different from that of the free-floating spherical bubbles normally considered, since the
inertial term does not asymptotically tend to a finite value unless the enclosing tube
widens significantly. For a pulsating spherical bubble of equilibrium radius R, the
radiation mass has value 47:R03p (Leighton, 1994). This has a finite and relatively
small value because of the diverging geometry: if the meniscus velocity is

R when the bubble has an instantaneous radius of R, then because of the spherically
diverging geometry the liquid particle velocity at a distance 1 from the bubble centre is
r = R (R%r?) (Minnaert, 1933). This inverse square law means that at large distances
from the bubble, the liquid velocity is very small, so that the total kinetic energy
invested in the liquid is finite, even within an infinite liquid medium. In contrast the
liquid geometry in the one-dimensional bubble system shown in figure 1 clearly does
not begin to diverge until the cone section, the inertial contribution from the liquid
contained within the glass capillary tube increasing monotonically with the tube length.
This can also been seen by examining the two contributing terms to the radiation mass
for this system as given in equation 20: the inertia of the liquid in the pipe is pAoyo. In
contrast to the spherical case, a one-dimensional bubble within an infinite non-
diverging pipe would have infinite inertia, and so not be an oscillator at all. Therefore in
the blood circulatory system, where the geometry does not simply and rapidly diverge
but consists of long branching tubes, the inertia of such a bubble would be very high.
On expansion, for example after the passage of a compressive pressure pulse or under a
tension, the bubble cannot move the massive column of liquid within the blood system
Since the liquid resists gross bubble growth, the stresses will be exerted on the
capillary wall and the meniscus. If the stresses so exerted within the capillary wall are
greater than the cohesion between the single layer of cells which make up the blood
vessel wall, then haemorrhage will occur. The only other 'give' within the expanding
one-dimensional bubble within the blood vessel is the meniscus: this will bow, causing
local fluid motion and in the first instance, small gas volume change. If the deformation
is sufficiently extreme daughter bubbles will be generated. However to do this a
uniformly-bowing meniscus must pass through the hemispherical condition, where the
surface tension pressure is a maximum. For a typical capillary of radius =10 um this
corresponds to a confining pressure of =30 kPa. Adhesion between capillary cells must
exceed this to prevent haemorrhage. The ultimate tensile strength of the weakest tissue
noted by Yamada (1973) is 50 kPa. Should daughter bubbles be in fact produced, these
may seed further expansions, though still confined by the capillary. In summary, the
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geometry acts against allowing the large-scale gas expansion required to relieve the

stress on the capillary wall, and so prevent haemorrhage.

CONCLUSIONS

The dynamics of a one-dimensional bubble were developed, including a simple analysis
of small-amplitude linear oscillations, analytical phase-space solutions of the undamped
unforced equation of motion, and numerical solution to the full equation of motion. The
theoretical results demonstrated the expected trends, and the analysis were capable of
predicting the correct order for the oscillations of laboratory bubbles of centimetre-order
length. With one-dimensional bubbles of such size, viscous effects are not negligible.
The physical insights gained by the models allowed examination of the potentially
biologically-significant cases of acoustic exposure of one-dimensional bubbles in

divers' ear canals and within mammalian lung capillaries.
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