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1. INTRODUCTION

Vibrations in pipes are excited by mechanical machinery, by pumps and by internal
turbulent fluid motion. Pipe vibrations cause annoying, sometimes hazardous, noise
radiation and can cause failure due to fatigue, possibly resulting in economical and
environmental disasters.

Predictions of pipe vibrations are made with the finite element method (FEM) with direct
methods formulated in the frequency domain, e.g. [1-4] and with statistical energy
analysis (SEA) [5-6]. Most of these methods are not yet sufficiently developed to result
in commercially available code while the cost, in man and computer time, required for
full scale FE calculation makes this methods application to large pipe structures
impractical. Additionally, the lack of knowledge of the sources of vibration makes any
prediction doubtful. Therefore, measurements are needed to asses pipe structures
integrity, this being increasingly interesting as there is a demand for ‘life extension’ of
existing plants.

In chemical industry, energy production and on off shore installations there are often
many kilometre’s of pipes. Clearly it is impossible to instrument such plants with strain
gauges ‘everywhere’ to find maximum strain or stress to predict fatigue life. A more
practical cause of action would instead be to measure vibration amplitudes using portable
accelerometer and analyser equipment.

Previously, relations between vibration velocity and strain have been obtained [7-14].
The amazingly simple result is that, within an element the strain is to a fair approximation
proportional to the ratio of the vibration velocity to the dilatational (sound) velocity in
the elements material. The objective of the present work is to further our understanding
of this ‘velocity method’ for estimating strain and in particular its application to pipe
structures.

Hunt initiated the method studying single mode response in rods and beams [7]. He
showed that the maximum strain in a rod (at a vibrational node) is equal to the maximum
velocity ratio (at an antinode). Within beams with rectangular cross section the maximum

strain is a factor of /3 larger than the maximum velocity ratio; at a blocked end the
maximum strain is increased an additional 40-65% [7]. Ungar considered wave fields in
semi-infinite plate and plate-beam structures deriving the strain as a function of the
amplitude of an incoming wave [8]. Ungar defined the ‘dynamic strain concentration
factor’ as the ratio of the strain at a restriction (such as a frame) to the average strain
within the element. Stearn studied theoretically and experimentally the statistical
variability of the strain within plate and cylinder elements in which there is an
approximately diffuse field, showing the variation for frequency band averages to be
proportional to the square root of the number of modes within the band [9]. Stearn also
calculated and measured the strain concentration at junctions between plate elements
with different wall thickness’ [10]. Norton and Fahy made measurements on an oil-filled
pipe verifying, also for such structures, the simple relation between vibrational strain and
radial velocity [11]. However, at a restriction, a flange, the measured strain
concentration factor was very large - of the order of 10-100. Possibly so, as the strain at
the flange was compared to the velocity at the same place, that is, not to the vibrations
within the pipe. Koss and Karczub developed a more elaborated version of the velocity



‘'suonipuod Arepunoq [e1oads 10§ uoneiru ajqissod e uo jutod osye Aoy ‘ISASMOH
'samonns odid jo snSpey Suissasse Ioj poyjew AMdo[eA sy Ioj [enusjod 9y} moys
sinsaz oy, 'sadid Ut urens wnwixe pue A100[eA [eiper a8elaAr UsamMIaq UOHR]SL ay) JO
SpEW SI UONESNISIAUL SAISUSYaIdWI00 [re]  ‘[fe UL USLIXIS ‘SUORIPUOD AJepunoq 31} pue
359yt Surdrea A¢f *sIoquinu [eUOISUSUIP-UOU M3 B AJUo jo uonouny e st sadid Jo uoneIqlA
313 Jey) smoys sisA[eue [euoisuaw(] pajussaid are sjuswiadxs [2oUSWINU ‘p UONDSS U]

‘UrRHS pue A)D0[2A UOIRIQIA
June[nus 10§ yoeoidde pesuswinu 2y seynsnf symsaI1 oY) jo juswedlde pood sy,
'SSaNS pue ulens Jupenofed 10§ pue ssuodsal uonelgia ofessae Sune[no[ed I0] saURNOI
Aq padojeasp a1ay ‘[4] ut pejussaid poyieur yuswape Uy OIWRUAD 1991IP 33 PIM pUnOS
950q) 03 pareduiod SIe S[NSSI JUGUIRINSEIUI SY Y, ‘UIAIS ST S0USISHIP STy} I0] uoneue[dxa
sqissod ® - T+ 10%08) ® 10} Inq [{]] uonoN pue qnzorey Aq 9soy: yim 2913 s)jnsa:
oy], "paruasaid are pua paydo[q B Pim armdnns odid B U0 SiUSWAINSEAUT ¢ Uono9g Ug

"opryidure UOTIBIqIA WINMIXRWE
Sy puy o3 ueyy uonelqra oferoae aunsedw o) oqduns Aqeonoerd st Ip jey) pue 10snp
SIOUI SI SUOHEINORD YHS WOIJ SI[NS3I 01 uone[al ay) 1ey) ‘sanonpoid atow Ajjenydesuos
2q ued yoeoidde ASious ayi jeyy pensie st )] spmdure uonwIqIA wawrxeur ay}
0 PIje[al SI UreJ)s WNUWIXeW Y] AI3yM [{] ‘L] Ul 9UO o3 WOI ‘JuaIxa 19jeais B 0) ‘pue
saAem Suruioour Jo apmyndure 9ABMm U] 0} Paje[al ST UTeS])S WINLWIXEW ay) I3y [01-%]
Ul 3U0 3Y3 WO TRyMIUWOS ‘SIAYJIP UONeIqiA 982IsAr oY) 0) UTel)S WAWIXeW oY) Surje[el
yoeoidde sryy, -odid ot ur Aroo[ea uonelqra ae1aae ot 03 reuontodord ‘sny) ‘A81oua
oneuny a3ereae oy} 0} [euontodoid ag pinoys ‘AS1sus urens o1 03 [euonzodoid Suraq
‘urens wnurrxewr 9y jeys Sumdre 10y uonepunoj v saAld syl -afersAe [RUONOSS SSOID
SI S3WQ JOJOB) JURISUOD © £q PajIUN] ST ‘uIm) Ul ‘Yorym Aisuap AS1sua urens sy o) peje[el
st wutod & up ‘ssans pue ‘uiens wnumxew oyJ, ‘ASIsus uoneiqA JO SuonBIAPISUOD UO
paseq padofeasp st poysaut sy3 03 yoeordde [2a115109Y) sAlEIAE UR Yom jussald oy ug

‘urens Sunpipard Joy poyysur A1100[9A 9y padojaaap
pue pamataar aaey [p]] uouoN pue qnzowmy pue [g1] qnzorey ‘Apusosy ‘pae[nofeo
sem ulens o) sy} woij pue suonenbs uresq ay1 03 suonnjos saem ‘umowy Ajqewnsaid
‘Inoy oy jo sapryridure Sy puly o) pssn a1om sTuipear Ig19W043[320y “[71] poyswa



2. MAXIMUM STRAIN AND STRESS IN CYLINDERS

In this section the stress and strain in cylinders are expressed. Limits for their maxima
are found to be proportional to the square root of the strain energy density. For
reverberant fields or in wave fields, the strain energy density is related to the average
vibration energy. It is argued, the average vibration energy is estimated by the average
radial vibration velocity, which is accessible from comparatively simple measurements.

The motion of the cylinder is described with an implicit time dependence of the form

e "'. Thus the analysis applies for harmonic vibration and stationary random
vibration.

2.1 STRAIN AND STRESS IN CYLINDERS

The motion of thin-walled cylinders is investigated using a Fourier decomposition of
the circumferential dependence of the displacements and using the Kirchhoff
hypothesis [15]. Thus, the strains, in directions specified in Figure 1, are

sz =‘Y¢z = 'Yz = 0’ (1)
while the displacements are
u, = (u+20,)cos(nd); u, = (v+28,)sin(nd); u, = wecos(ng), (2)

where, from equation (1)

6, = —%—j—:—; 8, = (v-i-nw)/R.

(3)

Using the Love-Timoshenko strain-displacement relations for thin-walled cylinders,
neglecting all but the dominating terms in the small quantity 7, / R, the remaining three

strain components are [16]

Y, = (g, +zx,)cos(nd); v, = (e¢+z1<2)cos(n¢); Y = (y +2zt)sin(no), @

where T is the cylinder wall thickness and R is the radius and where

_Qu _mviw _ ru Qv
&5 %" R YR
5
atw 3 nv+ntw . 2 av+ dw )
=- : e e e il W] ot ¥ Rl A
% ox*' 2 R* Riox 9dx

Accordingly, considering an isotropic Hookean material and assuming plane stress
[15, p. 14}, the stresses are
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e, = E'lz(yx'y: + v(yx7;+y¢'y:) + Y, + g'ym'y:@), (13)
where
g = G/E = 2/(1+v). (14)
To find a similar limit for the maximum principle strain, it is easier to go backwards

2¢,/E =y, +vy,[ +(1-v?)}y,| =
(15)

Bl =vival)’ + @=v2 )l = bl (0 = 2vbva vl + o).

This function has a minimum at y,|=v1y,|, from which it follows that

2
I‘yll < ————(l_vez”)E, = (2 e,/ E. (16)

So, limits for the maximum strain and stress have been found. These limits may be used
for estimates. The possible overestimation that such a procedure results in is found as
in equation (15)

26,/ E < (| +vinl) +0-vOf = bl (1 + vy + hory[). 47
Since by definition I'Yzl < h’ll this function is maximised for b'2| = hql . Therefore

| < J2e,/E < vl V27-v). (18a)

By similar calculations

|G;| = w/2 e, E < 101| J27(1-v). (18b)

For an isotropic material 0<v <£05. Hence, using equations (12) and (15) for
estimating strain and stress may lead to an overestimation by a factor of two. This
maximurn overestimate results for v = 0.5 and if the two principal strains (stresses) are
equally large.

2.2 MAXIMUM CROSS-SECTIONAL STRAIN ENERGY

Above, limits for the maximum stress and strain in a point are expressed as functions of
the strain energy density. In this section, the points, on the cylinder cross-section,
where the strain energy is maximised are identified and limits for these maxima are
found to be proportional to the cross sectional average of the strain energy density.
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Above, limits of maximum strain and stress are expressed as functions of the strain
energy density at z==%T /2 averaged over the circumferential. The next step is to

express these limits as functions of the averaged cross-sectional strain energy density.
To that end, consider

2
+

? (24)

i
iF (e, (x. 0. £7c12)) = [ 5K,

T Y(. .T :
+ 2v Rc([gi-é‘-’-xz) [a, -I_-E“K,D + gl'vi-z‘—'c J

< 4[([3,‘[2 + IS¢|2 + 2V Re(g," €, ) + 8|Y]2)

I2 (6 + el + 2v Refi, x,) + gmz)}

1,
e +—x

x 2 ]

+

2
12
4 .
A E

(ep(x, b, z))“,‘z .

where the average over z is calculated as in the derivation of the Arold and
Warburton cylinder theory, that is upon neglecting the trapezoidal form of the cylinder
cross-section. The factor of four in the in-equality results as for any a and b,

la+ 38 <4flaf +[p]). In equation (24), the left and right hand sides are equal if

the in-plane strain is a factor 1/+/3 less than the flexural strain, in each of the four

terms. For propagating radial-axial waves, below the ring-frequency this is not the
case. For these waves the dominating terms in the strain energy density are the in-plane
axial, circumferential flexural and flexural shear [18]. These terms appear in different
terms in the left hand side of equation (24). Thus, using the right hand side of the
equation for estimating stress, in many cases, leads to an overestimation of a factor in

the range of 2/ V3 to 2, as compared to the left hand side. However, the result leads to

the beneficial conclusion that the maximum stress in a cross-section of a cylinder is
limited by an expression that is proportional to the square root of the cross-sectional
average of the strain energy density.

2.3 DISTRIBUTION OF STRAIN AND STRESS ALONG THE CYLINDER

Hamilton’s principle states that the true motion of a system is the one that minimise the
time averaged difference between potential and kinetic energy. For two important
cases this difference is zero. Thus, for a wave in an infinite cylinder the time averages
of the kinetic and the potential cross-sectional energy densities, for any x, are equal.
Also, for a finite cylinder performing free vibrations and obeying any of the classical
boundary conditions (i.e., homogeneous boundary conditions of the first or second
kind), the time average total kinetic and potential energies are equal.

The classical boundary conditions are characterised by that there is no work, thus no
exchange of energy, at the boundary. For the industrially very important case of a long
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Away from the boundary and the excitation and any other irregularities, where the
vibration field is as in equation (25), the maximum strain energy is four times its
average. It is argued, at a boundary the strain energy may become even larger but this
increase must be limited since there is a limited number of boundary conditions to fulfil,
giving rise to a limited number of nearfield components resulting in a limited increase
in the cross sectional strain energy.

The kinetic energy density in a thin-walled pipe is

1 7
e, = (i +pf ) @D

For frequencies well below the ring frequency and considering the radial-axial modes
(n 1), the axial in-plane inertia may be neglected and the cylinder motion is almost
inextensional. Then the cross sectional average kinetic energy density, to a good
approximation, is proportional to the square of the radial velocity [18]

1 28
e, = przlw|2(1+1/n2). (28)

Now, from the arguments above, it is hypothesised, the maximum strain at a boundary
is given by

(29)

(

where ( ) denotes spatial average and where the non dimensional constant konst is

mx)z < Q(EP)MIE = konst*p/E (0)2|w|2) \

dependent on frequency and boundary condition. It may also depend on excitation and
the relative amplitudes of the incoming waves of different trigonometric orders in
which case the hypothesis is not effective. However, for boundary conditions that are
separable in x and ¢ and for pipes where the excitation is several wavelengths away
from the boundary, the arguments above support the idea of an effective and
descriptive non dimensional number.

Upon this basis, we define the non dimensional strain factor I"

Fos S o = JET V= o), 30

Following Hunt [7] it is seen that for arod I"=+2 . Withinabeam I' = /6 whereas
at a blocked end of a beam, according to Hunt, it is an additional 40-65% higher.
Karzub and Norton published a list for the relation between maximum velocity and
strain [14]. Converting the value given for a cylinder to a relation between average
velocity and strain gives I' = 4.
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3 EXPERIMENTS

To verify that the maximum strain in a pipe is proportional to the rms average vibration
velocity and to find the constants of proportionality, experiments are made on a pipe. It
was expected, the classical boundary condition that causes the largest strain
concentration is the one with all displacement components blocked. To facilitate the
application of this boundary condition a light-weight plastic (drain) pipe was chosen for
the experiments.

In what follows the relation between the average vibration velocity of the pipe and the
strain at the blocked end is estimated from measurements. The results are compared to
those from calculations with the spectral finite element method presented in [4). Before
this, measurements are made to determine the material data of the plastic pipe. Also, to
verify the spectral FE-code, the results of a simple response calculation are compared to
measurements.

3.1 PIPEDATA

The wall thickness, radius and density of the pipe were measured using a pair of
callipers and a scale. To find the loss factor and Young’s modulus, a 2 cm long slice of
the pipe was cut off. This ring was hung in a thin elastic string and its accelerance was
measured using a light weight accelerometer and an impact hammer. In Figure 2 is the
transfer accelerance to a point 180 degrees from the force.

The resonance frequencies of a thin-walled ring are given by

n2 (n2"1)2 Elp (31)

1+n*  (2n R)2

=B

Young’s modulus is estimated with a least square fit applying equation (31) to the first
three resonances, corresponding to n = 2, 3 and 4. As can be seen in Figure 2, there is a
slight tendency that the stiffness of the ring increases at higher frequencies. Besides this,
the experiment verifies the use of linear thin-walled theory for describing the plastic

pipe.

The pipe loss factor is estimated from the rings point mobility using the 3-dB bandwidth
. for the first four resonance’s.

The response calculation, described in Section 3.2 below, was initially made with
Poisson’s ratio, v =0.3. This resulted in slightly too low cut-on frequencies for the
higher order radial-axial modes, when compared to measurements. The resonance
frequencies for the n = 1, beam modes, are almost independent on Poisson’s ratio while
for then > 2 modes, the cut-on frequencies are proportional to 1/+/1-v? [18]. Using
this, an improved estimate of Poisson’s ratio is, v = 0.4.

The data for the pipe thus found are specified in Table 1 and will be used in the
calculations.

13
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positions were measured. The accelerometers were then moved and the measurements
repeated. The eight transfer functions were then integrated, their rms average was
calculated and finally the result was inverted so that an estimate of the ratio of the strain
to the average vibration velocity was found.

Figure 6 shows a typical accelerometer and strain measurement. Also shown is the
coherence which 1s quite low at frequencies where the strain is small. However, the
coherence is good but at the minima of the strain while this work is focused on
maximum strain.

Figure 7a shows the strain factor, equation (30), for the three axial and Figure 7b for
the two circumferential strain gauges. Figure 8 shows, for each of the three axial strain
gauges, the relative standard deviation of the eighth transfer functions between
acceleration and strain. The relative standard deviation is of the order of 0.4 showing
that, in this experiment, eight accelerometers is just about enough for estimating the
average vibration velocity.

The results show that the strain varies with frequency, direction and position, while it is
limited. Thus, in all cases the non dimensional strain factor I", equation (30), is smaller
than approximately five.

3.3.2 Spectral Finite Element Calculation

The measurements are simulated with the spectral finite element method (SFEM) [4].
Using this method the element formulation is remade for each frequency. The shape
functions are a combination of the solutions to the equations of motion that depends
linearly on the displacements at the ends. For a pipe element, between x=-L and
x= L, the shape functions are

(32)
* diag(exp(ax -, L))* A*[V, V,T

where the row vectors B, B, and B, and the wave numbers o are found from the
dispersion relations [4]. This means that any of the columns of the 3 by 8 matrix

B (33)

B, |* diag(exp(ax))

1s an exact solution to the homogeneous equations of motion for the pipe.

In equation (32)

15
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calculated as the displacements. However, with the shape functions (32) the derivatives
needed for the strain are calculated explicitly without any errors. Consequently, from
equations (4), (5) and (32), the strains are given by

¥,(x,0,2) = cosnp * [Bu*diag(a) - sz*diag(a)z] * W, (39)
Yo(x.0,2) = cosnp * [(nB,+B,)/R + z(nB, +n’B,)/ R*| * W,
Y, (1.0.2) = sinn¢ * [-nB,/R+B, diag(ar) — 27/ R(B, +nB,)*diag(a)] * W
where the vector W is
W() = diaglexplox—-a,L)*A*[V, V,T. (40)

The strains are calculated at the blocked end on the outside of the pipe, at z=T7,/2. The

contributions for each trigonometric order n = O until » = 8 are calculated and summed.
Then the largest eigenvalue of the strain tensor, equation (10), is calculated. This
procedure is repeated for 180 equally spaced angular positions. Finally, the maximum
strain at the blocked end of the pipe is found as the maximum of the largest principle
strain in any of the 180 points along the circumferential.

3.3.5 Results

In Section 2, equation (30), the non dimensional dynamic strain factor I' was defined as
the maximum strain times the ratio of the sound velocity to the spatial rms radial
velocity. The calculated dynamic strain factor is plotted in Figure 9. At low frequencies
I" has an approximately constant value: T =6. At very low frequencies it increases
somewhat as the part of the pipe where the motion is almost blocked increases with the
wavelength and therefore the calculated rms velocity in the section near the boundary
becomes smaller. At higher frequencies, when the n = 2 modes are cut-on, the dynamic
strain factor fluctuates. The different trigonometric orders are correlated as the
incoming waves originates form the same point source. As the source is several
wavelengths away and the trigonometric orders travel with different speed their relative
phase varies rapidly with frequency and so does the maximum strain. The fluctuations,
however, are not very large and the constant value I" =6 still applies on average. At
frequencies above 1 kHz, there is a small drop in the strain factor, probably caused by
damping. At high frequencies the energy density decays away from the source so that
the vibration energy at the blocked end has decayed more than the average energy in the
section where the velocity is calculated.

Also plotted in Figure 9 is the measured value of T". It is found by taking, for each
frequency, the maximum of the five strain factors shown in Figures 7. The measured
value fluctuates more than the measured and is consistently lower. There are three
possible explanations for the differences: 1) The strain is measured only in one direction
at five positions, hence it is very unlikely that the maximum strain in the cross section is
detected. Therefore, the measured value should be lower than the calculated. 2) It is in
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4 NUMERICAL EXPERIMENTS

Dimensional analysis shows the free vibration of cylinders to be a function of only four
non-dimensional numbers

2 (41)
B:—I“—T, Q=9—£,nandv,
12R ¢,

where Q is the non dimensional frequency. Forced vibrations of finite cylinders, in
addition to the four non dimensional numbers in equation (41), also depend on the
excitation and on the boundary conditions. However, from the analysis in Section 2.3 it
follows that for a pipe which is several wavelengths long, the strain concentration at one
end does not depend on the boundary condition at the other end. Similarly, the precise
description of the excitation is not needed as it is only reflected by the amplitudes and
phases of the incoming waves, one for each trigonometric order. Additionally, as the
different waves travel with different speed, for broad band excitation they are on average
uncorrelated. Thus, if the trigonometric orders are not coupled by the boundary
conditions, on average they act independently at the boundary and the strain
concentration does not largely depend on the excitation.

Considering this, the numerical experiments are made with a long pipe which is point
excited at its middle and the total response for the trigonometric orders n=1 to n=25
is caleulated. But for details in narrow bands, because of correlation between the waves,
this experiment should be representative for any long pipe structure. The experiment
depends only on the non dimensional numbers B, € and v and on the boundary

conditions at one end. By a systematic variation of these, the experiments presented
below are a fairly complete study of the strain concentration in pipe structures.

4.1 INFINITE PIPE
An almost infinite pipe is investigated to give an idea of the strains within pipes. The pipe

is 10* m long, the loss factors are 1, =7, =107 while all other data are as given in

Table 1. The maximum strain in a cross section 125 m away from the excitation and the
rms average radial velocity in a 5 m long section are calculated.

The dynamic strain factor is shown in Figure 10. At low frequencies, when only the n = 1
beam mode is cut-on, I' has a constant value I"=2. At the cut-on frequency of the

n =2 mode I increases by a factor .‘f3 (1+ 1/ 22)/ 2 , as is explained in what follows.

At frequencies well below the ring frequency the average cross sectional kinetic energy
density is to a good approximation given by equation (28)

e, = RTA, plow) (1+1/n)/4.

Close to a modes cut-on frequency, the pipe response is dominated by this mode.
Therefore, at the cut-on of the n =2 mode, the ratio of the square root of the kinetic
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2J2 (1+p), f<f, (44)

T = i
26 (1+2u (2;192/5)"5) f>f,

where f_, is the cut-on frequency for the n = 2 mode which is given by [22]

n (nz _1)2 43)

b
T2mR

fCﬂ B

1+n?+2nn

The strain factor estimate in equation (44) agrees with the measurements presented by
Norton and Fahy [11].

4.3 STRAIN FACTOR AT THE END OF PIPES

For pipes described with thin-walled cylinder theory, four boundary conditions are
required at each end. In this paper, homogenous boundary conditions of the first and/or
second kind are considered, that is, either the displacements or the force resultants are
set to zero at the end. Thus the boundary conditions are [15]

u=0 or N, =0, (46)
v=0 or S,=0,
w=0 or V, =0,

w,=dw/dx=0 or M, =0,

where the explicit expressions for the force resultants N,,S,,,V, and M, are given in

[15, equation (2.144) and Tables 1.4 and 1.5]. However, they are not needed here since
the spectral FE calculations are based upon a variational principle. Boundary conditions
of the second kind are then natural boundary conditions, meaning that if no requirements
are made on one of the displacement components, the boundary condition will
automatically be that the corresponding force resultant is zero.

The boundary conditions are labelled as by Leissa [15, Section 2.4.6]. Thus, e.g., the
“blocked boundary condition is labelled (u,v,w, wx) an the shear-diaphragm boundary

condition is labelled (N oW, M, ) .

A 200 m long pipe point excited at its middle is considered. The maximum strain at one
end and the spatial rms average radial velocity in a section starting 1 m from the end and

extending 5 m towards the source are calculated. The loss factors are 1, =1, =107 at

the pipe section where the strain is calculated and T, =7, =10 in the other section.
Unless explicitly stated the other data are as specified in Table 1.
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plane shear strain. Apparently, see Figure 13, this also applies for pipes. At the cut-on of
higher order modes the dominating terms in the strain energy are the circumferential
flexural and in-plane axial strains. Both these terms are zero at a shear diaphragm end
and therefore the strain factor drops at cut-on. But for frequencies close to the ring
frequency, the strain factor at a shear-diaphragm end is smaller than the one that applies
within pipes.

The strain factor for a free boundary (N,,S,,V,, M, ) is small at lower frequencies. At

cut-on frequencies, where the circumferential flexural strain is large, the strain factor
reaches the limiting value I' =442, the same that applies for a blocked boundary.
Finally, the strain factor found for a sliding boundary (#,S,.V,.w,) has a quite un-

dramatic behaviour and is for all frequencies of the order of the one found within pipes.

In summary, the numerical experiments presented in this section show that, but for
details in narrow bands the strain factor is independent of wall-thickness and it does not
largely depend on Poisson’s ratio. Additionally, if the maximum strain is sought
regardless of whether it appears within the pipe or at its ends, the strain factor, within a
factor of 2, is independent of both frequency and boundary condition. Thus, for the four
boundary conditions considered, the calculated strain factors are in narrow bands limited

I' <7 and on the average I' < 4+/2 . For some boundary conditions, the strain factor has
its maximum within the pipe.

4.4, OTHER BOUNDARY CONDITIONS

Above the strain factor for four “standard” boundary conditions were calculated. Figures
14 show the strain factor for the remaining twelve homogeneous boundary conditions of
the first or second kind.

In Section 4.3.3. it was found that for the four boundary conditions considered the

frequency averaged strain factor is limited: T' < 442 . In Section 2 it was argued that,
since there is no reactive energy exchange at the end of a pipe where the boundary
conditions are of the first or second kind, there should not be any local resonance's and
therefore the amplitude of the near field terms should not be substantially greater than
the amplitude of the incoming wave and, consequently, the strain factor should be
limited. Apparently, see Figure 14, this is not true for all homogeneous boundary
conditions; the strain factor calculated from the strain at the boundary is not limited to

I < 4+/2 . However, when it is calculated from the strain 1 cm away from the boundary
(R/3=1cm), it is for all sixteen boundary conditions limited.

For the boundary conditions (N,,v,w,w.), (N,.v.V,,w,), (N,,Se,w,w,) and
(N,, S, V., w,) the strain factor increases at very low frequencies. All these boundary
conditions have the rotation of the shell wall, w,, restricted while the cross sectional
rotation, u, is free. Figure 15 shows for the boundary condition (N,, v, W, w,) the strains

for the n = 1 mode in the pipe at ©=12610"" (f = J0 Hz) as functions of the distance
from the boundary. Close to the boundary the axial strain is large while it decreases
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An alternative would instead be to apply the velocity method with three-axial
accelerometers estimating the total kinetic energy. The in-plane kinetic energy is low for
the higher order radial-axial modes while it is approximately equal to the one for radial
motion for the n = 1 mode. Thus, estimating the strain from the total kinetic energy
should not much alter the results found in the previous sections.

Considering this, when large in-plane motion is expected the strain factor should be

r = ('Y)m%; ¢, = JEIp; V=\/<m2(u2+v2+w2)). (47)

To investigate this idea the strain factor, equation (47), is calculated for a pipe with
v=03 and T, =R/40. A blocked boundary is considered and in turns the pipe is
excited with a radial, axial and transverse point force in its middle. Figure 17 shows the
strain factors calculated when only the n = 0 modes are considered. At low frequencies
the strain factors are large as the section where the Kinetic energy is calculated is smaller
than the wavelength so, because of the blocked boundary condition, the averaged kinetic
energy in the pipe is underestimated. The strain factors for axial and radial excitations are
identical, both these forces exciting the longitudinal but not the torsional mode. Besides
at low frequencies, it has the almost constant value of I' =2, the same result as that
which follows from Hunts analysis for rods [7]. The transverse force excites only the

torsional mode and results in a strain factor T =2 ¢, /¢, =24JG/E.

Figure 18 shows the strain factors calculated for the three force excitations considering
all the trigonometric orders 0 to 16. It is seen that the strain factors drop somewhat as
compared to the results in Section 4.3. At low frequencies, when only the n =1 beam
mode and the » =0 axi-symmetric modes can propagate, the strain factor based on
equation (47) is approximately I" = 4. At somewhat higher frequencies, when the n>2

radial-axial modes can propagate, it increases to be approximately I' = 41/2/ (l+1/n2).

Finally, for frequencies close to the ring frequency the restraints against in-plane motion
decreases and the strain factor drops somewhat.

In conclusion, when the axi-symmetric n = 0 modes are excited, the velocity method for
estimating dynamic strain must be based on the total kinetic energy as in equation (47).
In this case the strain factor will be dependent on which of the modes that dominates the
response and thus it will be dependent on the excitation. It is I"=1.2 for torsional
modes, I'=2 for longitudinal modes, I'=4 for beam modes and finally it reaches
I"=6 for higher order radial-axial modes. This range of values means that, without
precise knowledge of the vibration field, it is difficult to predict fatigue life with the
velocity method. However, it should still be very useful for assessing fatigue risk.
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boundary conditions the largest strain is found within the pipe; the strain factor is then
reduced by approximately a factor of two.

The n = 0 axi-symmetric modes have no or little radial motion so, when these modes are
excited, the velocity method has to be based on the total kinetic energy density including
the in-plane motion. This can be accomplished with three-axial accelerometer
measurements. Numerical experiments are made showing that the velocity method, based
on total rms vibration amplitude, can be used to simultaneously detect the maximum
strain for both in-plane and out-of-plane modes. However, the calculated strain factors
depend on which modes that are excited, ranging from I' =1.2, for the torsional mode,
to I'=6, for higher order radial-axial modes. This range of values means that it is
difficult to predict fatigue life with the velocity method. However, it should still be very
useful for assessing fatigue risk.

For two groups of boundary conditions the strain factors exceed the one for the blocked
boundary. The large strain factors are found for the n = 1 beam mode when the boundary
conditions are in conflict with the restraints on motion imposed by beam theory. These
restraints are that the tangential displacement is proportional to the radial displacement
and, at low frequencies when Euler beam theory is valid, that the cross sectional rotation
(axial displacement divided by the radius) is equal to the shell wall rotation (the slope of
the radial displacement). Beam theory describes the waves within pipes with high
accuracy when compared to shell theory [18]. Thus, if the restraints on motion put up by
beam theory are in conflict with the additional boundary conditions required by shell
theory, the additional waves that are found for shells are excited. These solutions are
‘standing decaying waves’ with high wavenumbers, i.e., rapidly decaying oscillating
functions. This reasoning has been confirmed with numerical experiments where high
strain concentrations, caused by standing decaying waves, have been found when the
boundary conditions are that the tangential displacement is free while the radial
displacement is blocked. High strain concentrations are also found for low frequencies if
the axial displacement is free and the rotation of the shell wall is blocked.

The boundary conditions discussed above are rarely found in pipe works. Thus, the
existence of large strain factors does not much restrict the practicality of the velocity
method for finding maximum strain at the end of pipes. However, pipes often fail at small
bore connections and at unsupported masses, e.g., at T-junctions, flanges, pressure
gauges and valves. Such connections may well introduce conditions on motion that are
similar to those that applies for the boundary conditions discussed, this possibly resulting
in high strain concentrations. Indeed, for flanges, at the frequency of total transmission,
large vibrations including standing decaying waves have been found [23]. Also for a
straight pipe with a discrete mass, large vibration amplifications were found at the cut-on
frequencies of higher order radial-axial modes [4]. Consequently, before the velocity
method can be used with confidence, more research in this area has to be undertaken to
find limits for the strain concentration at equipment mounted on pipes.
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Table 1 Pipe data

E (N / mz) 0 (kg / m3) v R (mm) T (mm)
3.55 109 143 10° 0.4 33 1.9
M. n,
0.025 0.01

Figure 1. Cylinder coordinate system.
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