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Elastodynamic analysis by coupled BEM and FEM

SUMMARY

Previous work has demonstrated that a boundary element model with three-noded elements,
having quadratic shape function interpolation, is successful in modelling ground vibration
propagation in two dimensions up to 200 Hz. Here the method is extended to allow multiple
boundary element domains to be linked together with structures modelled using finite elements.
This forms a versatile model for studying the propagation of ground vibration from trains.

This report describes the theoretical background to a model that is implemented in the
software package ‘TEA’. Instructions for the use of the software and example results investigating
the accuracy of the model are covered in a separate report.

For the boundary element domains special provision for open boundaries has been made so
that the infinite ground surface or infinite interfaces between ground layers can be modelled as open
boundaries of finite length. This approach has already been established in earlier work on single
boundary element domains. The boundary element matrices are used to construct a dynamic
stiffness matrix in terms of nodal forces. Finite element mass, stiffness and damping matrices are
produced by the standard finite element method. These are then assembled with the BE dynamic
stiffness matrices to form a global system of equations that can be solved for the complex
amplitudes of displacement in response to applied nodal forces.

The usefulness of the method is demonstrated by the example analysis of the transmission of
vibration from a bored tunnel and a cut-and-cover tunnel. The bored tunnel is 20 m below the
ground surface (at rail height) and the results for a tunnel with and without a concrete lining are
compared. For the cut-and-cover tunnel, the effect of stiffening the foundation to the abutment walls
with short piles is demonstrated.
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GLOSSARY OF SYMBOLS
A Dilatation
% Laplacian operator
Sie Kroneker delta
ou Vector of applied virtual displacements
Su’ Vector of applied virtual nodal displacements on element j
Sw Virtual work due to du
¢ 2 x 2 tensor of principal value terms at the singular integration point i on the
boundary
£y & Principal components of strain
Yo Shear strain component
n Loss factor
Au Lamé constants
r Boundary of domain for BE formulation
Poisson’s ratio
£ Non-dimensional internal co-ordinate defining any point within the element
& Shape function relating to node ¢ within a boundary or finite element
D Matrix of shape functions
@’ Matrix of shape functions for element j
Oy, Oy Principal components of stress
Toy Shear stress component
o) Mass density
w Angular frequency
Q0 Domain for BE formulation
C FE global damping matrix
C/ Element damping matrix
i Phase velocity of propagation of dilatational waves
C2 Phase velocity of propagation of shear waves
D Stress-strain matrix
E Young’s modulus
I Vector of nodal forces on element j
Fipe Vector of applied nodal forces on boundary element domain ibe
G Formulation matrix derived from displacement Green’s function on a boundary

element domain
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GY

Gibe
i

G

GR

ibe

Hibe
Hz
Hs

ibe

R
Hr'bc

ibe

K/

Ko, K1, K>
k;

k2

Kre

Kipe

K

R
KFE

L
Lk
M
M/

Terms of formulation matrix for a boundary element domain
Formulation matrix for BE domain ibe

The part of the BE formulation matrix relating to degrees of freedom at the interface
with the FE domain

The part of the BE formulation matrix relating to degrees of freedom not at the
interface with the FE domain

Formulation matrix derived from traction Green’s function on a boundary element
domain

Formulation matrix for BE domain ibe
Remainder of H after Hy is subtracted from it
Part of H relating to the elastostatic solution

The part of the BE formulation matrix relating to degrees of freedom at the interface
with the FE domain

The part of the BE formulation matrix relating to degrees of freedom not at the
interface with the FE domain

Terms of formulation matrix for a boundary element domain without principle value
terms absorbed

Boundary element formulation matrix before principle value terms are absorbed into
its definition

When used as a superscript, denotes value at point location i

Index of BE domain

When used as superscript, element index, otherwise square root of -1

FE global stiffness matrix

Element stiffness matrix

Modified Bessel functions of the second kind and of zero, first and second order
Wave number of dilatational waves

Wave number of shear waves

FE dynamic stiffness matrix

Equivalent finite element stiffness matrix for boundary element domain ibe

The part of the FE dynamic stiffness matrix relating to degrees of freedom at the
interface with the FE domain

The part of the FE dynamic stiffness matrix relating to degrees of freedom not at the
interface with the FE domain

Matrix of spatial derivative operators, I.e. stress-displacement matrix
Direction indices
FE global mass matrix

Element mass matrix
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n Unit vector normal to the boundary

Number of nodes in boundary element domain

Np Number of degrees of freedom in the BE domain

Ngg Number of degrees of freedom in the BE domain not at the interface with the FE
domain

NE Number of elements in boundary element domain

Np Number of degrees of freedom in the FE domain

Nrgp Number of degrees of freedom in the FE domain not at the interface with the BE
domain

P Vector of tractions global to a boundary element domain

P! The vector of nodal tractions at the interface between the FE and BE domains

Dk Traction in the direction &

P Solution for the traction in direction / resulting from a unit displacement applied at a

point elsewhere applied in direction & {Green’s function).

2 'The vector of nodal tractions on the BE domain not the interface between the FE
and BE domains

PE The vector of nodal tractions on the FE domain not at the interface between the FE
and BE domains

r Radial distance between integration point on boundary and solution point { for the
Green’s functions

s Stress vector

T Transformation matrix from applied nodal tractions to applied nodal forces

T The part of the transformation matrix calculated for the FE domain relating to
degrees of freedom not at the interface with the FE domain

T, The part of the transformation matrix calculated for the FE domain relating to
degrees of freedom at the interface with the FE domain

u Displacement vector

u Vector of displacement

U ‘Pseudo-resultant’ displacement amplitude response

u’ Vector of nodal displacement values on element j

u’ Vector of displacement defined over element j

u, v, w Components of displacement ¥ in the x, y, z directions

Ly, Displacement in the & direction

i, Solution for the displacement in direction { resulting from a unit traction applied at a
point elsewhere applied in direction k (Green’s function)

uf Displacement in direction / at point location #

U Vector of displacements global to a boundary element domain
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U The vector of nodal displacements at the interface between the FE and BE domains

Us, The vector of nodal displacements on the BE domain not at the interface between
the FE and BE domains

Use The vector of nodal displacements on the FE domain not at the interface between
the FE and BE domains

X, ¥ 2 Co-ordinate directions

X Basis vector for direction [
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1. INTRODUCTION

Trains running on lines on the ground surface produce vibration with predominant
frequencies between about 4 Hz and 50 Hz. The Boundary Element Method (BEM) has been
used previously to model the transmission of vibration in this frequency range for arbitrary
geometry of the ground layers [1] and also to study the possible reduction of vibration
transmission using stiffened soil structures [2]. The BEM is advantageous compared with other
techniques because it is able to cope with features of arbitrary geometry such as ditches,
embankments and cuttings while also modelling an infinite domain so that a regime of wave
propagation is modelled [3]. The work of [1] and [2] used single-noded boundary elements on
each of which the displacement was modelled as having a constant value. This approach
demands that elements should be very much smaller than a wavelength of the waves in the solid
and is adequate for low frequencies.

The present work is concerned with higher frequency vibration from trains that gives rise
to structure borne or ‘ground-borne’ noise. This phenomenon is especially associated with trains
running in cut-and-cover or bored tunnels although it has also been associated with trains running
on surface tracks [4, 5]. Ground-borne noise has dominant frequency components from about
30 Hz to 200 Hz. The objectives in the present development of theoretical models therefore
includes the modelling of tunnels and cuttings and the capability, with reasonable computing
resources, to model waves of short wavelength covering this frequency range. The single-noded
elements of [1] and [2] would require impracticable computing resources to cover this frequency
range for meaningful analyses.

Already, within the present project, a computer program has been written to implement a
two-dimensional boundary element (BE) model for elastodynamics. It has been shown using this
that the boundary element method using three-noded elements with quadratic shape functions is
capable of modelling vibration in realistic soils efficiently for a domain consisting of a single
material [6]. However, for a model capable of including structures such as a tunnel lining or
retaining walls, it is desirable that the BE method be combined with the use of finite elements
(FE) in parts of the model. In the present work, therefore, a combined BE/FE method 1s
considered.

This report presents the theory implemented in a suite of computer programs called TEA
(Two-dimensional Elastodynamic Analysis). Some alternatives to the approach implemented in
the software are also discussed. The software itsclf, and its use, are described in a separate report
[7]. In [7] example analyses are presented for the special cases of a homogeneous half-space and
a simple layered ground and these results are compared with a semi-analytical model in order to
validate the FE/BE method and to study the nature of the numerical error incurred.

Dominguez [8] sets out a scheme for boundary element analysis for elastodynamics that
has been followed in the present work. The method is outlined here in Section 2. This method
has been implemented but greater formalism, adopted from the finite element approach, has been
used in the definition of the data structures, particularly concerning element topology. A further
modification to the method is required to enable the formulation to be used for open domains.
This allows the infinite surface of the ground to be modelled using a finite number of boundary
elements defined to a finite distance beyond the response positions of interest in the model. The
method by which the equations may be formulated under these circumstances is given in
Section 2.3.

C.J.C. Jones, D.J. Thompson and M. Petyt 1



z 18124 ‘W pue uosdwioy ], ‘' ‘SeuUof DD

(D Jp"d’fﬂij:\_{p”ﬂ’fdé?+fﬂ

[8] se sorweuApolse[2 10) uonenba
[e1353u Q1) Aq PaTEls S1 UOTR[NULIO} Paonpar AT[EsTuowiIey ay) ‘swis) , @ o) Surddoiq

" [ 20DLNS YIM gy UIDWop Y ] 2L

‘sjusmaoR[dsIp

pue 3010 91} JO UOTRLIEA OTUOTLIEY-AUI} PAWINSSE oY) S)uasaidor yarym @ sawn

Juewooedsip Jo spyjdute xo[dwoo oY) AQ paqrIosap SI 7x 10J024 s1seq 23 AQ PIULJap UONISIIP €

u1 “Apoq a3 uo 1 juiod ® 1e Juswrede[dsIp oyl ‘urewop Aouanbaly ay) 1oy vonR[AULIOT © U3 21
‘pauInsse 218 SUONN[OS JuouLIey-awi} JT (] 2Iin3r]) J 298NS B PIm 7y Apoq B IOPISUO))

A1001) Jo ouipnQ [T
NIVIAOJ INAWHTH AAVANNOE V 04 NOLLV INNAOA HHL T

*9011081d U pasn oq ABUI [SPOW 9} WIOI] S1JNSAI MOY MOYS 0} pasn a1 sojdwexa oy,

'S[[eM JUSWIINGR ST} 03 SUOTIRPUNOJ PAUSIIIIS INOYNIM PUR YIIm [SUUN] IDA0-PUB-IND “NDBI} UIm]

7 51 9[dWBX2 pUu0das ], "PSILSIISIAUT ST SUTUI] 912710000 B SWIPN[OUI JO 1091J9 2Y1 Y21Ym JO] [dUUmnm)
PAI0q © SI 9591 JO 18I AU, ‘pAuasaid are so[diuexo 2580 0m] ‘g puB G SUONILS UL ‘A[[RUl]

¥ uonoag ur paure[dxa ST [g] UT paqrIosap aremijos o1f) ur pajuaws[dwi poyiow

J0 20101 2y} 10] suoseal 9], ‘Modar 1uasaid o JO + UOI09S Ul PISSNISIP aI2 SPOUISUL 0Mm]

JIom Jey) JO SHOISR]OU0d 2y} Jo spunois sy uQ To1] 7v 22 S1aqyn], £q Aovindoe pue ASUSMIIIS

[euoijeindwios 10] poreduwios o1e SPOYISUL JUSIDIJIP U2ASS 'SISA[RUR D1ISE[2 01j]S 10] spoylawl

SATIBILIAIE JO J2QUINU © 110 $198 [g] 201SNA "Suonoes} Alepunog Jo SUIS) Ul PAJR[NULIOJ 918 YIIYM

S2OL1BUI JUAUIS[S ATRpUnoq U} pue $3210] [2POU JO SULIS] Ul PIIB[NULIOY ale Yy suonenbs
U2 331uly oY) Surdnod 10] PIIPN)S U23Qq SABY SPOYISUI SATIRUIS][R JO JAQUINU

"¢ UOTIO3G

ur SUIINO UL IO 135 ST AIMSIque JnoyIim [9pou aU} JO [1B1ap o) SUIpIooal Jo ayes 9y} 10J

nq piepuels st saoinew Jurdwep pue sSaujjis ‘$SBUL JUDIIJ[O 9Y) 2ATISp 0] [opowl Jussald oy ur
pasn poyisll oLnsureredost Ay [, ‘UMOUY [[9s ST SIOLIIRUI JUSUIS[D 9)[UL] JO UOLIRJMULIO] 9Y T,

NI pue INHY po[dnoo Aq sisAjeur ouieuipolse[q



Elastodynamic analysis by coupled BEM and FEM

where u is the complex amplitude of displacement at a point on the surface I' in the direction of
the basis vector k and py is a traction at a point on the surface T" in the & direction. The tensor p,,
represents the solution for the traction in the [ direction at the interior point i arising from a unit
applied displacement at a surface point in the direction k. Likewise, u, tepresents the solution
for the displacement in the [ direction at i due to a unit load at the point on the boundary in the £
direction. These are known as the Green’s function solutions. (The superscript * is used here to
distinguish these functions from the state variables p and «.) In performing the integration, the
surface point is “moved” around T". For the two-dimensional case, the unit solutions p, and
are 2 by 2 tensors (indicated by the subscripts each taking two basis vector directions). The
elements of these tensors are functions of the distance between the surface point and the point :.
The integral equation, as stated here in terms only of integrals over the surface, assumes that all
loads are applied on the boundary and none are applied within the volume of £2.

The integral equation for the elastodynamic wave field, equation (1), is similar in form to
the Kirchhoff-Helmholz integral equation that represents an acoustic wave field and that can be
derived from the scalar wave equation. Similarly the integral equation for elastodynamics can be
derived from the Navier’s differential equations [8]. The Navier’s equations for elastodynamics
are

2
dA 2, _ 07U
(A+p) o +uVu=p 2
2
dA 2, — 587V
(’““)ay“*'“v"“’atz 2)
A 2 PPw
(A+1)5 +UViw = p—arz
where p is the density of the material, u, v, w are the x, y, z components of displacement # ,
_du_ v ow
= + X + o and
_ VE(L+im) _ vE(1+in)
(1+v)(1-2v)’ 2(1+ V)

are the Lamé constants where E is the Young’s modulus, v is the Poisson’s ratio and 77 is the loss
factor representing the material damping of the body.

The theory is now developed for the solution of wave propagation of in-plane motion in
the xy plane. For two-dimensions, the Green’s function tensors u, and Py, are

. 1 dr or
S NP 3
Uy 27rpc22 wo, —x 3 z ) k] (3)

and
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Elastodynamic analysis by coupled BEM and FEM

In the program TEA only a single type of boundary element has been implemented; it has
three nodes and uses quadratic shape functions. The element is illustrated in Figure 2.

2

&,

node 3

material is on this
side of element

node 1

Figure 2. Three-noded, quadratic shape function element.

The process of discretization of the BE formulation uses the finite element approximation
method for the functions 1 and p over the surface as well as to approximate the geometry of the
surface from the nodal co-ordinates. For example for a piont at £ on the jth element,

~

| 0 0 ¢, O
u(§)=]’ux(6)}=®(§)uj=[¢l % 0 } ©

1,08 0 ¢, 0 ¢, 0 ¢,

T R ® ® ®
L N R B e

.

where 9, =%§(§ -, 6,=01-&), ¢,= éé(é +1) and -1 < €< 1, € being the non-
dimensional internal co-ordinate defining any point within the element.
For a single point i, the discretized boundary equation is
o NE ] NE .
g + ;{ jr,, pd dl"}u" = ;{L W'D dr}pJ (10)

where NE is the number of elements and & and p’ are vectors of nodal values of u and p for the
element. #” and p* are now 2 x 6 matrices of terms relating the component directions at the 3
nodes of element j to those at i.

For a system of elements with a total of N nodes, equation (10) has the form

C.J.C. Jones, D.J. Thompson and M. Petyt 5
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Elastodynamic analysis by coupled BEM and FEM

present case a 10 point Gauss-Legendre quadrature rule is used. The high order of this quadrature
reflects the high polynomial order of the integrand.

When the collocation node, i, is on the element j the integrand becomes singular for both

the evaluation of H and G. The singular terms of the G matrix may be integrated using a special
quadrature rule that takes into account the presence of a weak singularity which is of logarithmic

order. The singularity in the H term, however, is of the order 1/r and is not integrable. The
reason that the total integration round the boundary for these terms has a finite result is that the
integrand has singular terms of opposite signs either side of each node and these cancel. The
implication of this is that the diagonal terms of the H matrix cannot be evaluated using any
quadrature scheme on an element by element basis and an alternative method must be used to
evaluate the principal value of the integral through these nodes indirectly.

Following reference [8], for a closed boundary, the difficulty in calculating the diagonal
terms of H can be overcome by splitting the evaluation of the H integrand at the Green’s function
level into two parts so that, H = Hs + Hp, the first part, Hg, representing the static elasticity case,
and the second, Hg, making up the rest of the value of the Green’s function for the dynamic case
at the solution frequency. This is achieved by expanding the functions K, K, K> as a series in kr
and collecting the terms which correspond to the Green’s function for the elastostatics problem
[8]. The singular part of the H terms is related only to the static case and therefore only has to be
evaluated in Hs once and can then be used for analyses at many frequencies. The separated-off
terms, Hy, that complete the dynamic terms of H contain no singularity and can therefore be
evaluated using the standard Gauss-Legendre quadrature.

For the static case, a static rigid body motion, for example represented by a vector U
containing ones in all the u, terms, (or the equivalent in the y direction) must be associated with
zero applied loads around the boundary (see equation (12)). This implies that the sum of the row
of terms of Hj for either degree of freedom at each node i must be zero and the diagonal term can
be evaluated as.

Hi=g+H =- Y A’ (14)

nodeyji

This method evaluates the singular integra! term and the value of € simultaneously and is
therefore efficient in dealing with the case of node i being at a corner, rather than at a smooth

0
part of the boundary, when gz

S N

1
2

In the present work a method is required that deals with boundaries which are left open so
that an infinite boundary can be approximated. It has already been stated that the singular integral
terms of the H matrix cannot be dealt with by integrating element by element. A method has
therefore been devised to deal with this. In this each pair of elements is taken in turn and a small
closed boundary is constructed by adding a small number of new elements to the pair of elements
(Figure 3). It has been found that 5 extra elements are sufficient, making each closed boundary 7
elements (see below).

C.J.C. Jones, D.J. Thompson and M. Petyt 7
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Elastodynamic anatysis by coupled BEM and FEM

Nodes on the ‘loose’ ends of a boundary, where it has been left open to approximate an
1

. 0 ~
infinite boundary, have been allotted the value &' = [6 1} and H. =0. This imposes the

2
assumed condition that, at this point, the boundary is smooth and that the elements either side of
this node (implied) are straight lines. Since the ends of the boundary should be at a distance from
the region where a solution is required, this should cause no difficulty in practice.

2.4 Division of the model into sub-domains

In summary, the formulation has been derived up to the point at which it is shown how
the matrices are constructed representing a boundary element model of a domain consisting of a
single homogeneous material. A model for a layered ground with arbitrary geometry of the
ground surface and interfaces, which may also incorporate built structures, can be constructed
from a number of such boundary elements. For each boundary element domain the matrices H;:.
and G, where the subscript ibe is used to denote a domain number, can be constructed
separately using the procedure described in Sections 2.1 to 2.3. For boundary elements to be used
in this way the structure must be divisible into a number of homogeneous domains. Apart from
their common boundary their surfaces must not be close to one another as this leads to error in
the quadrature process [6].

For thin structures with more detailed geometry and with components of differing
materials a finite element model is appropriate. The formulation has therefore been extended to
provide for finite elements to be coupled with an arbitrary number of boundary element domains
to form the complete coupled model for the ground and built structures. Finite element theory is
well known, but, for the purposes of defining the terms and specifying exactly what is
implemented in the software of [7], the derivation of the system matrices for a finite element
model is described concisely in Section 3.

Once the matrices for the boundary element domains and finite elements of the model
have been calculated they are assembled into a global dynamic stiffness matrix. The excitation of
vibration is defined in terms of applied nodal forces and the system is solved for the unknown
displacement responses at all nodes of the model. The assembly and solution process is
straightforward and not described further in the present report although the details concerning the
software structure by which this process is achieved using the computer memory efficiently is
described in [7].

C.J.C. Jones, D.J. Thompson and M. Petyt 9
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Elastodynamic analysis by coupled BEM and FEM

where i/ is the vector of nodal displacements on element j. ® is the matrix of shape functions for
each node and degree of freedom of the element.

The kinetic energy (%s m v?) and the strain energy %z k ™) integrated over the element
can be evaluated as

] i . . .
T = _2'” W O p®i’ dx dy and U =%jju’T(L<D)TDL®u" dx dy (21)

respectively. Using the Lagrange equation (derived, for instance, in reference [11])

didly U
5(@)* w (22)

where f represents the applied forces, the differential equation governing the deformation of an
element may be stated as

MYil + K/ = f/ (23)
where f/ represents the element nodal forces and

M’ = [[ @7 p® dx dy (24)

K/ = ﬂ (L®) DL® dx dy (25)

The integration to form these matrices is performed numerically using Gauss-Legendre
quadrature. The finite element method uses the shape function approximation method to map the
shape of the element from the co-ordinates of its nodes onto a generic element for this process.
Thus the shape functions are used to approximate the geometry of the element as well as the
displacement function over it. In the ground vibration model four elements have been
implemented. These are: a three-noded triangular element with linear shape functions, a four-
noded quadrilateral element with linear shape functions, a six-noded triangle element with
quadratic shape functions and an eight-noded quadrilateral element with quadratic shape
functions (see [7]).

The displacements are assumed to be harmonic in time with circular frequency ®, and W
and f7 are now used to represent the complex amplitudes of displacement and load at the nodes
of the element as for the boundary element case in Section 2. The differential equation for an
element reduces to

(Mo +Kyu = f7 (26)
No damping is represented in the equations at this stage. Damping can be introduced to
the model by means of a loss factor specified for the material of the element. By this means an
element damping matrix is directly produced using the element stiffness matrix K’. Hence

(-M/@* +iCF + K u = f/ (27

where

C.J.C. Jones, D.J. Thompson and M. Petyt 11
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Elastodynamic analysis by coupled BEM and FEM

4.2 Conversion of the BE matrices to an equivalent FE matrix

Consider a single finite, or boundary, element on which tractions are applied. The work
done by the applied tractions p in applying a virtual displacement du at the boundary T’ of the

element is (force times displacement)

Sw=|&u"pdl (30)

Fy

Using the element shape functions to interpolate the displacement and the tractions on the
element surface in terms of the vectors ' and p/ of nodal displacements and nodal traction values

so thatu = ®u’ and p = ®p’ as before gives
4T T :
w={ouw'} [ ®dl p’ (31)
T/

This equates to the virtual work done by the equivalent nodal forces # that would be
applied to achieve the same virtual displacement values, &u’, at the nodes. That is,

sw=1{6u'} i (32)
Comparing Equations (32) and (31) gives
f/=[o'od p’ (33)
r.’

This provides a matrix expression, calculated from the shape functions for the elements at which
p’ is applied, that transforms the vector of applied tractions into a vector of applied nodal forces.

Calculating the element transformation matrices represented by the integral in Equation
(33) for all the boundary elements of a boundary element domain and assembling them into a
global system for the domain yields a transformation matrix [T] such that

{F} =[T] {P} (35)
where {F} is a vector of nodal forces equivalent to the tractions {P} applied on the domain.

As [T] is to be constructed for a domain modelled using boundary elements there is no
difficulty in identifying the elements and nodes to which the process of constructing [T] should
be applied as all the nodes of all elements of the boundary element domain are involved.

If the matrix [T] for a particular domain is denoted Tj,, premultiplying Equation (12) by
Tive (Gne)' gives

[Tibe (G e )_l H]{U:‘be} =T, {P;be } = {F:'be } (36)

C.J.C. Jones, D.J. Thompson and M. Petyt 13
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Elastodynamic analysis by coupled BEM and FEM

U?E R I
(K}, Kig}[U, } [T, TFE]{ Pﬂ (38)

FE
where the transformation matrix T has been defined on the finite element domain.
The conditions of equilibrium and continuity of displacements is now satisfied by

U:’I.;e = U.:'E =U'

(39)
‘P!n;'e = _PF{E :P,
Equation (37) can now be rearranged in the form
Uil:e
m;, H, -G U =[GL}{P} (40)
PJ’
and Equation (38) in the form
Use
[KE K, T U |=[TR[PL) @n
Pf

Equations (40) and (41) can be written together as one single matrix equation

Ut'jffe

[H H,. -G, 0} ut| [sze 0} {P}

0 K, T, K P! 0 T PE 42)
Uy

(Np+ N)X(N,+N,) (N, +N)X(Np + Npp)

in which the first column of the matrix on the left side consists of terms from the BE domain
only, the second and third columns consist of terms for the interface and the fourth column has
terms which solely relate to the FE domain. The dimensions of the matrices on the left and right
of the equation are indicated using the symbols N, Np, Nrg and Npgg, to represent the numbers of
degrees of freedom of the finite element domain, of the boundary element domain, of the non-
interface part of the finite element domain and the non-interface part of the boundary element
domain respectively. If the tractions specified in the column vector on the right of equation (42)
are known (notice that tractions may not be applied on the interface) this equation may be solved
for the displacement vector (left side).

4.4 Choice of coupling method

The equivalent BE matrix method has been developed for the case of coupling a single
FE and a single BE domain {Section 4.3). The complexity in implementing the method in a
computer program is greater where an arbitrary number of boundary element domains is

C.J.C. Jones, D.J. Thompson and M. Petyt 15
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Elastodynamic analysis by coupled BEM and FEM

in [13] where a semi-infinite finite element model was used to study vibration propagation from
a circular bore tunnel. The material parameters of the ground are an S-wave speed of 610 ms™
and a P-wave speed of 1500 ms™'; the density of the material has been assumed to be 1700 kgm™
and the loss factor, 0.15. The surface of the ground is represented to distances +50 m and -20 m
relative to the vertical centre-line of the tunnel.

Figure 4. Model for the unlined tunnel.

The tunnel has a 7 m diameter and is situated at a depth of 20 m below the ground surface
at the rail-head level. The response is calculated to a unit load (1 N) divided between the two rail
positions on the tunnel invert. The loading positions are shown in Figure 5 which shows the FE
mesh for the tunnel ring. The ring is 0.2 m thick and has material parameters representing
concrete (Young’s modulus, 37.6x10° Nm™; Poisson’s ratio, 0.15; density, 2400 kgm'3 and a loss
factor of 0.03). The model for the lined tunnel has the same definition of the boundary element
domain as for the unlined tunnel.

Figure 5. Close up of the tunnel part of the model for the lined tunnel case showing the loaded
nodes corresponding to the positions of the rails.

The model produces the vertical and lateral degree of freedom responses as the complex
amplitudes at each node of the model and at each frequency of the solution. A large amount of
data is therefore produced and, in common with other numerical modelling methods, the data can
be presented in different ways to examine the behaviour of the system.

C.J.C. Jones, D.J. Thompson and M. Petyt 17
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Elastodynamic analysis by coupled BEM and FEM

Amplitude of response (m/N)

10-10: T T T T T T 1 T

— Lateral
““““ Vertical

10'14 1 ] 1 I 1 1 t 1
0 5 10 15 20 25 30 35 40 45

X {m}
Figure 7. Response along ground surface at 100 Hz for the lined tunnel.

Figures 8 and 9 present the data in a different way, showing the displacement of the nodes
at the tunnel at an instant of time (i.e., phase in the harmonic cycle). Again the results are plotted
for a single frequency of 100 Hz. These Figures show the response of the tunnel ring in the two
cases. (An enhancement to this type of presentation can be achieved by animation of the results
on a computer screen.) A comparison of Figure 8, for the unlined tunnel, with Figure 9 shows
that a stronger response is carried to the crown (top) of the tunnel in the lined structure than in
the unlined case. At this frequency, where the shear wavelength (about 6 m) is smaller than the
diameter of the tunnel, the ‘radiation’ of vibration from the tunnel invert (base) is directional and,
for the response directly above the tunnel, the tunnel invert is not as important a source as that
represented by the crown. Indeed, for distances along the surface, to a point approximately equal
to the depth of the tunnel, the tunnel itself shields the ground surface from the vibration at the
invert. The lined tunnel, however, transmits vibration to the crown. This explains the transition in
the character of the responses along the surface shown in Figures 6 and 7.

C.J.C. Jones, D.J. Thompson and M. Petyt 19
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Elastodynamic analysis by coupled BEM and FEM

and the mass of soil that the tunnel structure carries with it. The tunnel lining becomes uncoupled
from the invert for frequencies above approximately 30 Hz due to the onset of bending waves in
the lining. The point responses above this frequency are very similar for the two tunnels. The
small peak just above 100 Hz corresponds to an internal resonance of the tunnel mvert. This can
be seen to be a little more pronounced for the unlined tunnel, than for the case with the concrete
lining.

Figures 11 and 12 show the frequency responses at the ground surface at points 20 m and
40 m from the tunnel centre line respectively for excitation at the invert as before. Figures 13 and
14 show the corresponding frequency responses for the lined tunnel. These frequency responses
show a number of peaks and dips and it is difficult to compare the characteristics of the two
tunnels on this basis by examining frequency responses at single points in the soil.

These frequency responses confirm that, as seen for the single frequency in Figures 6 and
7, the vertical response is the greater for most of the frequency range for these two locations. The
vibrational response at a particular point on the surface of the ground is an elliptical particle
motion. The orientation of the ellipse and therefore on the relationship between the vertical and
lateral resolved amplitudes depends of the precise phase relationship of the waves propagated to
that point in the ground. For real soils and structures there are a number of factors that randomise
the phase relationships of waves propagated to a receiver point in the soil and the two
components of response are unlikely to exhibit behaviour that is so distinct.

Here the data are examined at a precise point on the ground surface and it is not known,
at a particular frequency, whether the response at the location chosen may be at a dip in the
response in the variation of response spatially as seen at some frequencies in Figures 6 and 7.

Amplitude of response {m/N)
8

107 — T - " ——— ]
A — Unlined tunnel
------- Lined tunnel
10° b 5
107" -
107 '

Frequency {Hz)

Figure 10. Response under one of the rail positions on invert for the lined and unlined tunnels.

C.J.C. Jones, D.J. Thompson and M., Petyt 21
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Elastodynamic anatysis by coupled BEM and FEM

Amplitude of response (m/N)

107 g

107'%

10-11:_

107"

tateral
Vertical

10
Frequency (Hz}

Figure 13. Frequency response from the lined tunnel on the surface 20 m from the tunnel centre-

line.

Amplitude of response (m/N)

-8

107 F—7

10"

-13

Lateral
Vertical

10 —

Frequency (Hz)

Figure 14. Frequency response from the lined tunnel on the surface 40 m from the tunnel centre-

line.
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Elastodynamic analysis by coupled BEM and FEM

6. A CUT AND COVER TUNNEL

In order to provide a demonstration of the use of the model for a different type of
structure cut-and-cover tunnel has been studied. This is plotted in Figure 16. Again this is for a
notional case. The tunnel structure is 12.4 m wide and 7 m deep being large enough to
accommodate a double track bed. The ground surface is modelled using boundary elements from
-15 m to 450 m relative to the tunnel centre-line. The track base is not represented in the model.
Rather, a unit amplitude force is distributed over a 3 m width of the ground under the location of
the right-hand track. The abutment walls were attributed properties typical of masonry and are
2.2 m thick at their bases. The roof of the tunnel is attributed properties that correspond to a first
bending resonance of around 16 Hz. This part of the structure is 1 m thick. The ground has an S-
wave speed of 250 ms™, a P-wave speed of 1200 ms” ! and a density of 1900 kegm™. Table 1 gives
the material properties of each of the materials in the model. The frequency response has been
calculated at 51 frequencies covering the 5 Hz to 200 Hz one-third octave bands.

ITTTTTITTITTHT <X\\\\\\\\\LﬂﬁHHIHHHHHHHHHHHHHHHHHHHIHHHHHHHHHHHHHHHHHHHH

H

I

Figure 16. Mesh for the cut-and-cover tunnel model showing boundary element normals.

A modified model of the tunnel is shown in Figure 17. This incorporates foundation
engineering under the abutment walls. This is implemented in the model as stiffened blocks of
soil modelled using separate BE domains. The foundation engineering may be taken to represent
an array of small-scale concrete piles or stiffened soil. The material parameters used for the
stiffened soil are given in Table 1. An additional BE domain is also included under the centre of
the tunnel for computational efficiency. This has the same properties as the unmodified soil.
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Figure 17. Mesh of tunnel with foundation engineering under abutment walls
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Elastodynamic analysis by coupled BEM and FEM

vibration of the roof is less directly coupled to radiation of vibration into the soil at the abutment
walls. At low frequency the strengthened structure has a lower response than the unstrengthened

structure.

Amplitude of response {m/N)
-8
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Figure 19. The frequency response of the ground under the centre of the load.
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Figure 20. Vertical amplitude of response at the centre of the roof for the cut-and-cover tunnel
with and without strengthened foundations.
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Elastodynamic analysis by coupled BEM and FEM
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Figure 22. Comparison of surface response of cut-and-cover tunnels after frequency, and
spatial, averaging ( strengthened; - - - - unstrengthened, vertical line indicates edge of
tunnel structure).

7. CONCLUSIONS

The theory of a coupled boundary element/finite element model for the propagation of
vibration in a two-dimensional medium has been presented. This combines the ability of the
boundary element method to model an infinite medium with the advantages of the finite element
method to model inhomogeneous structures. A number of boundary element and finite element
domains can be coupled together. A method for the analysis of the propagation of vibration
through the ground that can encompass buried structures and ground layers of differing materials
is therefore derived. The theory is implemented in a program that is described in a separate report
in which the nature of the numerical error is also studied. The present report describes two
example analyses: a bored tunnel with and without a lining and a cut-and-cover tunnel with and
without foundation engineering. By this means it is demonstrated that the model can be used for
the analysis of engineering situations covering the frequency range of interest to the study of
ground-borne noise (up to about 200 Hz) within reasonable computing resources.

The results from the example cases are presented in different ways. Plots showing the
displacement at a single frequency at an instant of time (or as an animation) can be used to gain
an understanding of the behaviour of the structure. Graphs of the frequency response at single
point locations and graphs of the variation of response amplitude with distance for single
frequencies provide too complicated a picture for the study of environmental vibration. In order
to overcome this difficulty a frequency-averaged, and spatially averaged ‘pseudo-resultant’ is
proposed.
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