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ABSTRACT

This report presents the results of the research activity carried out at ISVR within a collaborative program
whose acronym is AIRAT: “Active Isolator Research for Aircraft Trim Panels”. The main goal of the project is
to study and develop an active mounting system for the trim panels mounted in aircraft or helicopter in order to
reduce the sound transmission to the cabin.

This report introduces the theory of an impedance-mobility matrix model used to predict the structural
vibration transmission between two plates which are mechanically coupled via an active mounting system but
are acoustically uncoupled. With this model the active and passive isolation effectiveness of different types of
mounting systems have been studied. In particular, the case of a single or a three mount isolator system with
inertial or reactive actuators has heen investigated in order to assess the effects generated by the mounts
stiffnesses and the effects produced by the rigid elements (block masses) present at each end of the mounis.

Three cost functions have been investigated: first, the minimisation of the total structural power transmitted
by the source to the receiver; second, the cancellation of out-of-plane input velocities to the receiver and third
the cancellation of out-of-plane input forces to the receiver.

The simulations carried out have shown that the best passive and active isolation are both achieved when
soft mounts are used. The number of mounts and the presence of block masses at each end of the mounts
significantly affect the passive isolation but have shown smaller influence on the active isolation. The three
control strategies studied have shown similar active control effectiveness in all cases examined and for both
inertial or reactive control actuators.

Finally, the impedance-mobility matrix model used and described in this report has been validated with data
given by other theoretical and experimental analysis carried out on a two plate system with a three aluminium
or rubber active mounting system.



1.  INTRODUCTION

CONTROL STRATEGIES
THE SYSTEM STUDIED

LA

5.1. Plates connected by a single mount

5.2. Plates connected by three mounts

5.3. Effects due to block masses applied at each end of the mounts

5.4. Effects related to the mounting stiffness

5.5. Comparison between IMM simulations and SEA and other experimental resuits

6.  CONCLUSIONS

7. FUTURE WORK

8.  ACKNOWLEDGEMENTS

9. REFERENCES

APPENDIX A: PLATES MOBILITY MATRICES

APPENDIX B: MOUNTING SYSTEM IMPEDANCE AND EXCITATION MATRICES

INDEX

MATRIX MODEL FOR AN ACTIVE ISOLATING SYSTEM

VIBRATION TRANSMISSION WITH PASSIVE AND ACTIVE ISOLATORS

il

page

o0 =3 W

12
12
18
24
26
28
30
30
31
31
33
35



1. INTRODUCTION

The work summarised in this report forms part of a collaborative research program called AIRAT' which
aims to reduce the structure-borne and air-borne scund transmission through the double wall structure of aircraft
or helicopters. The goal of the project is to develop an active mounting system for trim panels covering the
fuselage structure (frames and fuselage skin) in order to reduce the structure-borne and air-borne sound
transmission and radiation into the cabin by the trims themselves. This report deals specifically with the
theoretical analysis of structural vibration transmission through an active mounting system that connects two
plates acoustically uncoupled.

The problem of structure-borne noise transmission between flexible mechanical systems connected via a set
of mounts cannot be studied using the standard mathematical models given in reference books which considers
the mounting system as a single lumped spring in parallel with a damper [1]. A more detailed model is needed
which accounts for the effects of multiple mounts and for the effects of multiple degrees of freedom vibration
transmission at the connecting points. Also, the distributed nature of the source and receiver structures and some
isolator components has fo be accounted for so that coupling effects between the vibration components related to
different types of waves propagating on the three system’s elements is accounted,

The Finite Element Method, FEM [2], could be employed for this type of study but it generates large matrix
models that require very long simulations for a relatively small frequency range of analysis, even when the latest
personal computer or work stations available on the market are used. Two alternative approaches are more
suitable for structure-borne noise transmission problems at audio frequencies. The first one is the Statistical
Energy Analysis approach, SEA [3]. This approach is based on power transmission concepts using coupling
factors between a source and receiver structures assumting the two structures of either infinite or semi-infinite

- extend. This simplification allows the prediction of the vibration level of the source and receiver structures with
a relatively simple matrix model that could be utilised up to high frequencies (several kHz) with relatively fast
computer simulations, The simplification introduced by the SEA approach of neglecting the resonant effect of
the source and receiver structures could lead to some problems in the so called low-mid frequency range
between about 0 and 1 kHz, particularly if the effects of active control devices such as an active mounting
system are under study. The second approach based on Impedances and Mobilities Matrices IMM has therefore
been employed by ISVR in the AIRAT project so that the resonant behaviour of the three elements and the
multiple degrees of freedom vibration transmission at the elements junctions can be accounted for in the
calculations with a relatively simple matrix model.

Both, the SEA and IMM approaches have been used in the AIRAT project so that two tools were available
for the understanding of the passive and active isolation effects produced by the mounting system studied and
developed in the project. In this report the simulations carried out with a matrix model based on point and
transfer mobilities or impedances is presented [4]. This model considers the system divided into three elements:
the source, the mounting system and the receiver. These elements are assumed to be connected at a finite number
of point junctions at which multi-degrees-of-freedom vibration transmission occurs. The three elements are
modelled as distributed one- or bi-dimensional systems on which siructural waves can propagate. The mounts are

modelled as passive rubber element with either a reactive or an inertial control actuator which have been

' Active Isolator Research for Aircraft Trim Panels: “AIRAT?.
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represented respectively by a pair of reactive forces applied at each mount end or by a sky hook control force
applied at one end of the mounts. The effects of some parts of the mounting systems or of the source and
receiver systems can also be included in the model as lumped masses, springs and dampers.

The vibration of the source and receiver system has been expressed in terms of kinetic energy. In particular,
an estimate of the kinetic energy represented by the square values of the out of plane velocities at 5 points of the
source and receiver plates has been used so that the estimate of kinetic energy derived from experimental
measurements taken on those points can be compared with the results obtained with the simulations.

This mathematical model allows the study of different control strategies by considering the minimisation of a
quadratic cost function. In particular the effect of cancelling either the axial velocity or axial force at the top of
the mount control strategy has been compared with the optimal control approach of minimising the total power
transmitted from the source to the receiver.

Two configurations of the mounting system have been studied: the first considers a single mount while the
second considers three mounts aligned. The effects of the mounts stiffnesses and the effects of lumped masses
applied at the mounts’ ends has also been assessed.

Finally, a comparison between the results obtained here with those from an SEA method and those obtained

from an experimental set up is presented.



2. MATRIX MODEL FOR AN ACTIVE ISOLATING SYSTEM

In references [5-18] different types of mathematical models are described for the study of isolator systems
composed by a source of vibration, a transmitting system and a receiver structure. Each of these models consider
in details some aspects of the vibration transmission. In this section it is described the mobility-impedance
matrix model used to derive the steady state response to harmonic excitation of the isolator system considered in
this report. With this model it is possible consider the following features of an isolator system: first, the effects
due to flexible and distributed source, mounting and receiver structures; second, the effects generated by a
multiple mounting isolator systems and third the multiple degrees-of-freedom vibration transmission at the
Jjunctions of each mount.

The complete isolating system is divided into three flexible parts as shown in figure 1: the source, the
mounting system, composed of n elements, and the receiver. These parts are connected at a finite number of

junctions. At each junction, the motion and the forces transmitted are characterised by six complex parameters at

a single frequency of excitation which is characterised by a time dependence of the form exp(jwt). These
g quency p

velocity and force parameters are grouped in a velocity junction vector and a force junction vector which, for the

j"‘junction can be written as

vTE{aj bow, 6, 6 e'u} £/ ={N, Ny Ny M, M, M} (1,2)

where u,, v,, w, are the complex linear velocities respectively along the x, y and z directions, 8, 0, 0 are

¥ Ty

N, N are the complex forces

the complex angular velocities referred respectively to the x, y and z axis, N, N,

M

i+ M are the complex moments referred respectively to the x, y

in the x, y and z directions and finally M

U"

and z axis.
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Fig. 1: Scheme of a general complete isolating system.

With reference to the notation shown in figure 1, combinations of these junction vectors are then grouped

together to form three combined pairs of vectors: the source velocity vector (v,) and force vector (f,), the receiver

velocity vector {v,) and force vector (f,) and the mounting system velocity vector (v,,) and force vector (f,). The

source and recetver velocity vector and force vector are given by:



il 5l v,rl sl
Ve £, Yo £,

v, E : fx = : v, = - fr = : (3'6)
Y on f_m Vo fna

where v, £ represent the velocity junction vector and the force junction vector at the source junction for the i

& T

mount, while v, £ represent the velocity junction vector and the force junction vector at the receiver junction

g Ty

for the j mount. The vectors of velocities and forces of the mounting system are given by:

T _ T T T T T T
Vm = {vmll vle o vmln vml} VmZ2 T VmZn} (7)
T _ T T T T T T
fm = {fmll fmll o fm]n fle fm?.z T fm2n } (8)

where v ., f  represent the velocity junction vector and the force junction vector at the source junction for the

wlji? Tatlf

-th

J" mount and v ., f , represent the velocity junction vector and the force junction vector at the receiver

mijt Twmdj
junction for the j* mount.

The dynamics of the source and the receiver are studied using a mobility matrix approach so that their

velocity and force vectors can be written in the form:
v, =Mf +M,.q, v.=M,f +M,q; 9.10)

where M,,;, M,; and M,;, M,, are mobility matrices respectively of the source and the receiver structures and g,

qy are the primary excitation vector and the flanking excitation vectors

al={a, aly - iy} af={a}, af, - dau} (11,12)
with

T .. T _
q:lf'_{Frf Fy By Ty Ty sz} qﬁ'—{ij Fy B Ty 7y Tz,i} (13,14)

T,

where £, F,, F,; are the complex external forces in the x, y and z directions and T, T,

xf?

T, are the complex
external moments referred respectively to the x, y and z axis acting at position P; of the source or receiver
structures respectively.

The flanking excitation acting on the receiver q; could be due to a subsystem connected with it or to a

flanking path connecting the source with the receiver. The dynamics of the mounting system are expressed using

an impedance matrix approach:

flﬂ = vaﬂ'l -!- Vi'?iq.!' (15)



where Z,, is the impedance matrix of the mounting system which relates the linear and angular velocities at each
end of the mounts to the forces and moments at each end of the mounts as well. V,, is the excitation matrix which
gives the forces and moments at each end of the mounts due to the conirol excitations terms which are grouped

in the g, vector:

o ={al a, - al} (16)
where:
q‘f_; = {F\:\'j Pj\j'j szj T\'.tf ‘TS‘,J T\zj } (17)
and F,, F,;, F,; are the complex control forces in x, y and z direction while T, T, T, are the complex

control torques with reference to the X, y and z axis applied at the P; mount position. The source and receiver

equations (9), (10) can be grouped together in one equation:

v.vr = M f.rr + M.ﬂrquf (18)

srl

where the mobility matrices and the excitation vector have the form:

M, = M, 9 M, = M, O =% (19-21)
sl 0 M” a2 0 M . qpf - qf -

v, f
v, E{ } f, E{ } (22.23)
v, ' f

where v,, and f,, are called respectively source-receiver velocity vector and source-receiver force vector. The
source receiver vectors are related to the analogous mounting system vectors by a transformation matrix T in
such a way as to satisfy the compatibility condition (for the velocity vectors) and the equilibrium principle (for

the force vectors) at each junction:

h A TV.‘ fm -+ Tf.\'r = 0 (24,25)

Using these two relations, equations (18) and (15) can be related in such a way as to find the source-receiver
velocity vector or ihe source-receiver force vector as a function of the primary-flanking and secondary excitation

vectors:

Vo = Qm‘qvf +Q.q, £, = Qm'qM +Q.vf'q.r (26,27}



where: Q, =(I+M,T'Z

wr utl

TV 'M,, (28)

Q.\v = _(I + M\'rlTiiz'mIT)il M:rlT‘IZmZ (29)
Q[:f = _TAZJJIIT(I + M!'rIT_IZMIT)_iMrrE (30)
Q,=T"Z,T(1+M,T'Z,T)'M, T'Z,,-T"'Z,, 31

With this model the vibration transmission at each junction is characterised by both kinematic (linear and
angular velocities} and dynamic (forces and moments) parameters such that two types of problem arise: first, it is
impossible to directly compare the vibration transmission associated with angular velocity and linear velocity or
associated with moment and force and second, the standard approach of using either only velocities or only
forces to represent the system'’s vibrations does not give sufficient information about the effective vibration
transmission. Goyder and White [19] have suggested that these two problems can be overcome in the case of
isolation of vibration transmission from a rigid source to a flexible receiver by representing the vibration
transmission in terms of total structural power transmitted to the receiver. This single parameter accounts for the
vibration contribution of all 6 kinematic and 6 dynamic parameters at the junctions between the source and
receiver structure. This approach has been used in other studies as can be seen from references {20-25]. The
model used in this study allows this approach fo be extended to a multiple mount and multiple degrees-of-
freedom complete isolation system [26]. In fact, using equations (24) and (25) it is possible to express the fime-
averaged total power transmitted to the receiver system in terms of the primary vector and the control vector by

using the following equation
P=1/2Re{f"v, } (32)

where f, and v, represent respectively the force and velocity at the receiver structure,

Because the ultimate aim of the study carried out is related to isolation of structure-borne noise transmission
it has been preferred to represent the vibration of the receiver structure in terms of its kinetic energy associated
only to the bending wave motion which originates the sound radiation. The kinetic energy related to the bending

motion of a thin bi-dimensional structure is given by the following relation:

K = [ phpis, 1 ds (33)
Ay

where p is the density of the material, § is the area of the structure and A{s,#), w(s,t) are respectively the

thickness and the out-of-plane velocity at position (s,7) of the structure.



3. CONTROL STRATEGIES

All of the active control strategies considered in the study here summarised can be expressed in terms of a

quadratic cost function which is minimised and this can always be written in the form [27]:
J=q/Aq, +q/b+b7q, +c . (34)

The control source that minimises this quadratic equation is given by [27]:

q,=—-A"b (35)

The control sirategy of (1) minimising fotal power transmitted by the source to the receiver was assumed as a
reference for assessing the efficacy of the cost function studied which are the (ii) cancellation of our-of-plane
input velocities to the receiver and the (iii) cancellation of out-of-plane input forces to the receiver. In this
report these three control strategies will be referred to as: (i) fetal power minimisation (J,), (ii) velocity
cancellation (J,) and (iii} force cancellation (J;). When the total power is minimised the cost function is:
7, =iRe(f”v )=l(f”v +vIE ) (36)
5 PV YL

where the receiver velocities and forces parameters at the receiver junctions are given by the two following

Im] and 0,,, I, are respectively a zero matrix and a

CqUatiOnS v’r = ervxr and fr = erf.ur Where R!l = [Om ixi? et

unit matrix, ¢ is the dimension of the source and receiver vectors. The two matrices in the quadratic form of

equation (33) are then needed
l , 1
A!’ :Z(Q-‘?RZR’TQ—“‘ +QﬁR;r1Rleb") br' ZZ(QE’R;RrIqupf +Q:RZ‘IRHQPJ’qFI) (37,38)

When velocity cancellation is implemented then the cost function has the form:

J =vy (39)

v roor

and the velocity vector v, is obtained with the following equation v, =R_,v_ with R, = [Om Hm] and H,

is a zero mairix with diagonal unit terms in correspondence of the row/column related to the z axis . The two

matrices in equation (33} are then given by:

A‘v = Qf'R'fZRrZQ.rv bv = Q:RJT.!RrEvaqpf (40’ 41)

When force cancellation is implemented then the cost function has the form:
J, =1"f, (42)

and the force vector f, is obtained with the following equation f, =R _f_. The two matrices in equation (33} are

then given by:

A, =Q/RLR.Q, b, =QyR’.R.Q,q, (43, 44)



4, THE SYSTEMS STUDIED

Figure 2 shows the geometry of the system studied. The source and receiver structures are freely suspended
alurninium plates having dimensions [ %[ =[xl =12x10 m and thickness ¢, =3 mm, ¢, =1.5 mm.
The physical properties of the two plates are: density p, =p, =2796 Kg/m®, Young’s modulus of elasticity

E =E =724x10" N/m®, Poisson ratio v, =v, = 0.3, loss factor m, =1, = 0.01. The three mounts are
modelled as cylinders of soft rubber with either a single inertial control force acting at the top end of the mounts
or two reactive control forces acting at both mount’s ends. The diameter and the height of the suspensions are
respectively ¢, =15 mm and %, =15 mm while the physical properties of the rubber are: density
p, =1078 Kg/m*, Young’s modulus of elasticity E,, =15x10° N/m® , Poisson ratio v, =049 and loss
factor m,, =0.05. Also, a stiffer mounting system has been modelled by assuming the mounts as cylinders of
aluminium with physical properties: p,, =2796 Kg/m*, E_ =724x10" N/m?, v, =03 m, =0.01. The

effects generated by the components used to connect the mounting system to the plates and to connect force and
velocity sensors at the top of the mounts has been modelled as a pair of rectangular parallelepiped block masses
connected at the mounts ends, The dimensions and weight of the masses attached to the top side of the mounts

are: d, Xd, Xd, =12x12x24 mm, W, =98x10™ Kg while the dimensions and weight of the masses

attached to the bottom side of the mounts are: d, Xd,, Xd,, =8x8x8 mm, W, =31x107" Kg.

source plate

receiver plate

ISVR

Figure 2: The system studied.

The source and receiver thin plates are assumed to be distributed elements and the model considers only the
effect of bending waves. In-plane shear and longitudinal waves are neglected since their sound radiation effect is
negligible and their coupling to the bending motion of the plate themselves due to the mounting system is also
negligible. The mounts are modelled as distributed systems on which longitudinal and flexural waves can
propagate.

Therefore the matrix model described in section 2 has been used by considering only three degrees of
freedom at the mounts junctions and at the excitation positions. The velocity and force junction vectors of

equations (1,2) have therefore been assumed as follow:



£ ={N, M, M} (45.46)

where 1w, is the linear velocity in the z direction, éxj and éw. are the angular velocities referred respectively to
the x and y axis, N, is the force in the z direction and M, M, are the moments referred respectively to the x
and y axis. The positions of the mounts junctions at the source (S, §,, S,) and receiver (S,, S;, S;) plates are

given in tables 1 and 2.

Tab 1: mounts junction positions’ at the source plate  Tab 2: mounts junction positions’ at the receiver plate

x_(m) y_(m) x_(m) Yy (m)
S, 0.2 0.991 S, 0.2 0.009
S, 0.6 0.991 Ss 0.6 0.009
S, 1 0.991 Ss 1 0.009

Three primary excitation positions have been selected in such a way to coinctde with the first three monitoring

positions F, P,, P, of the source plate. The j™ excitation vector is composed by three components; an out-of-

plane force in z direction F; and two torques in x and y directions T, and T; so that:

a4, = {sz T Tw’} (47}

Finally, because only inertial or reactive axial control actuators has been considered the control vector q,; of

equation (17} assumes the following form:

q;=F, (48)

The monitoring positions of the source B, P,, ..., P, and receiver R, R,, ..., R, plates are summarised in

tables 3 and 4.

Tab 3: monitoring positions at the source plate Tab 4: monitoring positions at the receiver plate

X _(m) y_{(m) x_{m) y {m)
P, 0.26 0.175 R; 0.26 0.64
P, 0.26 0.82 R; 0.42 0.18
P; 0.55 0.475 R, 0.55 0.525
P, 0.77 0.195 Ry 0.77 0.805
P 0.96 0.43 Rs 0.96 0.57

These positions are called monitoring positions since, for practical purposes, they have been chosen to represent
the vibrations level of the source and receiver plates by an estimate of the plates kinetic energy associated to the
bending motion which is given by the sum of the squared values of the out-of-plane velocities at the plates’
monitoring positions exactly!:

Ky =viv, K., =viv, (49,50)



where:
Vi = {}' } W W W } v = {fv : : i i (51,52)
e Yo W #3 P4 Ps RT Wl Wr Wes Wgy Wes ’

The estimate of the source and receiver kinetic energy has been used to compare and validate the matrix model
used in this study with experimental measurements taken on a similar system.
No flanking excitation was considered acting on the receiver plate so that the matrix equations (9) and (10)

assume respectively the following forms:

Vi Mgsi Mg Mg ||Es Mg, Mg, Mg, (4
Vo r=| Mgy Mo Mag a3 Mo Mg Mg 145, (53)
Y3 Mg Muy Mg |ifs Mgp Mg, Mg |[4e;
Vs Mygsa Mgsss Mg |1£ss
Vs 0 =] Mgse Mysgs Mgsge (557 (54)
Ve Miess Mygs Mg |5

Becanse the mounts are all equal the impedance equation (15) assumes a stmplified form which is given by the

following two equations in the case of a reactive or an inertial control force scheme respectively:

£,) [Z, & © Z, 0 07vy) [-V, 0 0]
f, 1oz, 0 0 Z, olivy| |0 -v, o
| |0 0 z, 0 0 Zylve| |0 o -v || s
£, 05z, 0 0 Z, 0o 0 Ly, 0 o |3 55
54 21 2 Vg 1
£, 0 Z, 0 0 Z, 0|vs| |0 v, o [\
f,) L0 0 2z, o Znllve) [0 0 V|
£ [Z, 0 & Z, 0 0](vy) [0 0 0]
£, 0 Z, 0 0 Z, 0 |vy,l |0 0 o .
fa [0 0 Zy 0 0 Zyllvg [0 0 0 q" 56
£, 00z, 0 0 Z, 0 0llv, |V, 0 o[
£l 10 zZ, 0 0 Z, 0ivs |0 Vv, o]
f] [0 0 Z, 0 0 Z,|ve [0 0 V]

Expressions for the mobility M, , impedance Z; and excitation matrix 'V, matrices are given in appendices A

and B.
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Once the force parameters at the mounting junction positions are calculated with equation (27) it is possible to

derive the out of plane velocities at the monitoring positions of the source and receiver plate with the following

two relations:

Wy (M, My Mg Wey Mpss Mpgss My

W Mg My, Mg ||y W ey Mass Mpss Mpgs |[ £

Wey 0= [ Mpag My, Mpags 11, Wy 0= | Mpygs Mpsgs Mgy 06 (57,58)
Wy Mpys: Mey, Megs || £ Wey Mpiss Mpss Mg i fy

Wps | Mpse My, Mo Wes Msse Mpsss Mg
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5. VIBRATION TRANSMISSION WITH PASSIVE AND ACTIVE ISOLATORS

5.1 Plates connected by a single mount

The first set of results presented refer to a case where only one mount connects the two plates at positions .5,
and Ss.

The results shown at pages 14, 15 and 16 (figures 3 to 14) refer to three particular configurations of the
mounting system:
case . rubber or aluminium mount with an inertial control actuator modelled as a sky hook force acting at the

top end of the mount which has not lumped masses at the top and bottom ends;

case 2. rubber or aluminium mount with lumped masses at the top and bottom ends (W, =9.8x10™ Kg

W,

. =31x10" Kg) and with an inertial control actuator modelled as a sky hook force acting at the
top end of the mount;

case 3.  rubber or aluminium mount with [umped masses at the top and bottom ends (W, =9.8x10™° Kg
W, =31x107 Kg) and with a reactive control actuator modelled as pair of reactive forces acting at

the bottom and top ends of the mount.

For each case two plots have been produced: the first (top plot) shows the estimate of kinetic energy at the
source and receiver panels calculated with equations 49 and 50 when a harmonic unit primary force Fgz is
exciting the system, while the second (bottom plot) shows the estimate of kinetic energy at the receiver panels
when a harmonic unit primary force Fp; is exciting the system and the secondary forces are set in such a way 1o
implement the power minimisation, velocity and force cancellation cost functions described in section 3. The
two plots are shown for both the case of a rubber isolator (plots on the left side) and the case of an aluminium
isolator (plots on the right side).

The picture that comes from this set of simulations can be summarised in the following points.

1. The passive isolation provided by the mount varies substantially depending on the type of material it is made
of. Figure 3 shows that the rubber mount produces good isolation effects. At frequencies below 250 Hz the
isolation is very littfe but as the frequency rises the isolation effect increases up to about 40 dB at I kHz.
Figure 5 shows instead a much smaller isolation effect if the mount is made of aluminium; there is no
isolation below 500 Hz and at about 1 kHz the structural vibration transmission is reduced to about 15 dB
only,

2. When the two block masses are applied at the rubber mount ends an extra passive isolation effect is obtained
which, by comparing figures 3 and 7, can be estimated to be about 10 dB at 1 kiz. When the aluminium
isolator is used the presence of the block masses at each end of the mounts seems to be ineffective as can be
deduced by comparing figures 5 and 9.

3. In general the three control strategies under study, power minimisation and force or velocity cancellation,
have given similar control effects in the three cases examined.

4. Comparing the results of case 3 with those of case 2, no major differences have been detected when the

reactive actuator is used in place of the inertial actuator,
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5. The presence of block masses mounted at the isolator ends does not produce significant effects on the control
performances.

6. The rubber active isolator gives very good control performance which, as shown by figures 4, 8 and 12, goes
from a maximum of about 60 dB reduction at very low frequency to a minimum of about 10 dB at about 1
kHz.

7. The aluminium active isolator gives instead very poor control performances which are of the order of a few
dB at very narrow frequency bands (for example between 250 and 300 Hz of figure 6) and can be considered

negligible at the remaining frequencies.

A final case, case 4, is presented which considers the isolation effectiveness of the system with rubber or
aluminium mounis with lumped masses at the top and bottom ends (W, = 9.8x10° Kg W, =31x107 Kg)
and with an inertial control actuator modelled as a sky hook force acting at the top end of the mount when the
primary harmonic unit excitation is acting either at position P;, P and P; . Only the effectiveness of the
velocity cancellation control strategy has been analysed.

Figure 15 shows that both the rubber and the aluminium isolator control capabilities are not affected by the

position of the primary excitation.
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Fignre 3: Estimate of the source Kg, (solid line) and receiver Kg
(faint) kinetic energy when the primary force Fp; is exciting the
two panel system with one rubber mount without block masses and

an inertial control force.
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Figure 4: Estimate of the receiver K kinetic energy when the
primary force Fp; is exciting the two panel system with one rubber
mount without block masses and an inertial control force. Sclid
line, without controk; faint line, when total power is minimised;
dotted line, when forces are cancelled; dash-dotted line when
velocities are cancelled.
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Fignre 5: Estimate of the source Kg: (solid line) and receiver K,
(faint) kinetic energy when the primary force Fp; is exciting the
two panel system with one aluminium mount without block masses
and an inertial control force.
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Figure 6: Estimate of the receiver Kpr Kinetic encrgy when the
primary force Fp; is exciting the two panel system with one
aluminium mount without block masses and an inertial control
force. Solid line, without control; faint line, when total power is
minimised; dotted line, when forces are cancelled; dash-dotted line
when velocities are cancelled.
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Figure 7: Estimate of the source Kz (solid line) and receiver K
(faint) kinetic enerzy when the primary force Fpz is exciting the
two pane! system with one rubber mount with block masses and an
inertial control force.
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Figure 8: Estimate of the receiver Kgr kinetic energy when the
primary force Fps is exciting the two panel system with one rubber
mount with block masses and an inertial control force. Solid line,
without control; faint line, when total power is minimised; dotted
line, when forces are cancelled; dash-dotted line when velocities are

cancelled.
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Figure 9: Estimate of the source Kz (solid line} and receiver Ker
(faint) Xinetic energy when the primary force Fp; is exciting the
two panel system with one aluminium mount with block masses
and an inerttal control force.
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Figure 10: Estimate of the receiver Kg- kinetic energy when the
primary force Fp; 1is exciting the two panel system with one
aluminium mount with block masses and an inertial control force.
Solid line, without control; faint line, when total power is
minimised: dotted line, when forces are cancelled; dash-dotted line
when velocities are cancelled.
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Figure 11: Estimate of the source Kg, (solid line) and receiver
K- (faing) kinetic energy when the primary force Fp; is exciting
the two panel system with one rubber mount with block masses and

a pair of reactive control forces.
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Figure 12: Estimate of the receiver K kinetic energy when the
primary force Fp; is exciting the two panels system with one
rubber mount with block masses and a pair of reactive centrol
forces. Solid line, without control; faint ling, when total power is
mintmised; dotted line, when forces are cancelled; dash-dotted line

when vefocities are cancelled.
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Figure 13: Estimate of the source Kp, {solid line} and receiver
K {(faint} kinetic energy when the primary force Fp; is exciting
the two panel system with one aluminitm mount with block masses

and a pair of reactive control forces.
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Figure 14: Estimate of the receiver Kg- kinetic energy when the
primary force Fp; is exciting the two panel system with one
aluminium mount with block masses and a pair of reactive control
forces. Solid line, without control; faint line, when total power is
minimised; dotted line, when forces are cancelled; dash-dotted line

when velocities are cancelled.
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Figure 15: Estimate of the source Kg; kinetic energy (solid ling) and receiver Kz, Kinetic energy without (faint line) and with {dash-
dotted line} active control when the primary force (a,d} Fpr (be) Fpa (¢f) Fps is exciting the two panel system with
either one rubber (cases a,b,¢) or one atuminium (cases d,e.f) mount with block masses and an inertial conirol force.
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5.2 Plates connected by three mounts

The second set of results presented refer to a case where three mounts conneci the two plates as shown in the
sketch of figure 2.
The results shown on pages 20, 21 and 22 (figures 16 to 28) refer to the three configurations of the mounting
system considered in the previous section which are now grouped in the following cases:
case 5. rubber or aluminium mounts with inertial contrel actuators modelled as sky hook forces acting at the
top end of the mounts which have no lumped masses at the top and bottom ends;

case 6. rubber or aluminium mounts with lumped masses at the top and bottom ends (W, =9.8x10™ Kg
W, =3.1x10™" Kg) and with inertial control actuators modelled as sky hook forces acting at the top

end of the mounts;

case 7. rubber or aluminium mounts with lumped masses at the top and bottom ends { W, = 98x107 Kg
W, =3.1x107" Kg) and with reactive control actuators modelled as a pair of reactive forces acting

at the bottom and top ends of the mounts.

In a consistent way to the result exposition of previous section, for each case two plots have been produced: the

first (top plot) shows the estimate of kinetic energy at the source and receiver panels calculated with equations

49 and 50, when a harmonic unit primary force Fp; is exciting the system, while the second (bottom plot) shows

the estimate of kinetic energy at the receiver panels when a harmonic unit primary force Fp; is exciting the

system, and the secondary forces are set in such a way to implement the power minimisation, velocity and force
cancellation cost functions described in section 3. The two plots are shown for both the case of a rubber isolator

(plots on the left side} and the case of an aluminium isolator (plots on the right side).

The analysis of these three cases can be summarised in the following points.

1. As found for the single mount isolator the isolator with three rubber mounts provides beiter passive isolation

effects than that with three aluminium mounts. Considering figure 16, it can be seen that the rubber mounts
produce good isolation effects above 300 Hz which could reach a level of about 30 dB at 1 kHz. However,
the use of multiple mount does not increase the control performance, on the contrary it degrades the isolation
potentiality of the single mount as can be seen by comparing figures 3 and 16.
The aluminium mounting system gives a much smaller isolation effect than the rubber mounting system.
Figure 18 shows that there is no isolation below 600 Hz and at about 1 kHz the structural vibration
transmission is reduced to just 15 dB. The multiple aluminium mounts reduce only a little the isolation
capability of the single aluminium mount as can be seen from figures 5 and 18.

2. When two block masses are applied at each end of the rubber mounts an extra isolation effect is obtained
which, by comparing figures 16 and 20, could be estimated to be about 18 dB at 1 kHz. Comparing this result
with that obtained for the single mount shown in figure 7 it is evident that the passive isolation effectiveness
of a single mount with block masses is similar to that of three mounts with block masses. The single mount
isolation is few dB higher than that of the multiple mounts isolator. The isolation related to the inertial effect
of block masses is increased by three times with the systern with three mounts so that, although the increment
of the number of mounts degrade the isolation due to structural damping effects, the global level of isolation
of a single mount or three mount differs very little. Comparing figures 7 and 20 the single mount isolator

seems to give about 5 dB higher isolation than the three mount isolator.
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As seen for the single aluminium mount case, the presence of additional masses at the multiple aluminium
mount isolator does not affect significantly the vibration transmission as can be determined by comparing
figures 5 and 18.

3. In general the three control strategies under study, power minimisation and force or velocity cancellation,
have given similar control effects. _

4. Comparing the results of case 7 with those of case 6, no major differences have been detected when the
reactive actuators are used in place of the inertial actuators.

5. The presence of block masses mounted at each end of the mounts do not produce significant effects on the
control performances.

6. The rubber active isolators give very good conirol performance which, as shown by figures 17, 21 and 25,
goes from a maximum of about 60 dB reduction at very low frequency to a minimum of a few dB at about |
kHz. Comparing for example figure 8 with figure 21 it can be seen that the active isolation with either of the
control sirategies gives similar results for the single or the three mounts isolators.

7. Also the active isolator with three aluminium mounts gives very poor control performances which are of the

order of few dB at very narrow frequency and can be considered negligible at the remaining frequencies.

Also for the multiple mounting system the isolation effectiveness has been assessed in a final case, case 8, of
the system with rubber or aluminium mounts with lumped masses at the top and bottom ends
(W, =98x10™ Kg W, =31x107 Kg) and with an inertial control actuator modelled as sky hook force
acting at the top end of the mount when the harmonic primary unit excitation is acting at position P, P or P;.
Figure 28 shows that both the rubber and the aluminium isolator control capabilities are not affected. by the

position of the primary excitation.
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Figure 16: Estimate of the source Kp. (solid line) and receiver

Ker (faint) kinetic energy when the primary force Fp; is exciting

the two panel system with three rubber mounts withour block

masses and an inertial control force.
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Figure 17: Estimate of the receiver Kg, kinetic energy when the
primary force Fp; is exciting the two panel system with three
rubber mounts without block masses and an inertial control force.
Solid line, without control; faint line, when rtotal power is
minimised; dotted line, when forces are cancelled; dash-dotted line
when velocities are cancelled.
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Figure 18: Estimate of the source Kg, (solid line) and receiver
K- (faint) kinetic energy when the primary force F,; is exciting
the two panel system with three aluminium mounts without block
masses and an inertial control force.
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Figure 19: Estimate of the receiver Kz kinetic energy when the
primary force F,; is exciting the two panel system with three
aluminium mounts without block masses and an inestial control
force. Solid ling, without control; faint }ne, when total power is
minimised; dotted line, when forces are canceiled; dash-dotted line
when velocities are cancelled.
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Figure 20: Estimate of the source Kg, {solid line) and receiver
Kg, (faint) kinetic energy when the primary force Fp; is exciting
the two panel system with three rubber mounts with block masses
and an inertial control force.
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Figure 21: Estimate of the receiver Kg- kinetic energy when the
primary force F,; is exciting the two panel system with three
rubber mounts with block masses and an inertial control force.
Solid line, without conirol; faint line, when total power is
minimised; dotted line, when forces are cancelled; dash-dotted line

when velocities are cancelled.
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Figure 22: Estimate of the source Kr. (solid line) and receiver
K, (faint) kinetic energy when the primary force Fp; is exciting
the two panel system with three aluminium mouats with block

masses and an inertial control force.
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Figure 23: Estimate of the receiver Kz, kinetic energy when the
primary force Fpz is exciting the two panel system with three
aluminium mounts with block masses and an inertial control force.
Solid line, without conatrol; fatnt line, when total power is
minimised; dotted line, when forces are cancelled; dash-dotted line
when velocities are cancelled.
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Figure 24: Estimate of the source Kg (solid line) and receiver
K- (faint) kinetic energy when the primary force Fp; is exciting

the two panel system with three rubber mounts with block masses
and a pair of reactive control forces.
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Figure 25: Estimate of the receiver Kz, kinetic energy when the
primary force F,y is exciting the two panel systern with three
rabber mounts with block masses and a pair of reactive control
forces. Selid line, without control; faint line, whea total power is
minimised; dotted [ine, when forces are cancelled; dash-dotted line
when velocities are cancelied.
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Figure 26: Estimate of the source Kg; (solid line) and receiver
K, (faint) kinetic energy when the primary force £,z is exciting
the two panel system with three aluminium mounts with block

masses and a pair of reactive conirol forces.
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Figure 27: Estimate of the receiver Kgr kinetic energy when the
primary force Fp; s exciting the two panel system with three
aluminium mounts with block masses ard a pair of reactive control
forces. Solid line, without control; faint line, when total power is

minimised; dotted line, when forces are cancelled; dash-dotted line
when velocities are cancelled.
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Figure 28: Estimate of the source Kg, kinetic energy (solid line) and receiver Kg kinetic energy without (faint line) and with (dash-
dotted line) active control when the primary force (a,d) Fpr (be) Fpz (c.f) Fps is exciting the two panel system with
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5.3 Effects due to block masses applied at each end of the mounts

The simulations carried out for the single and three mount isolators have shown that the block masses applied
at each end of the mounts increase the passive isolation effectiveness. In this section the relation between the
weight of these masses and the growth of the isolation has been assessed by considering the system studied in
case 6 when the velocity control strategy is implemented and the masses listed in the following table are applied

to each end of the three mounts

Tab 5: weights of the top and bottom masses

Case Wr  (Kg) We_ (Kg)
a 0 0
b 1.5x10° 5x107
¢ 3.0x107 10x107
d 6.0x10° 20x107
e 9.0x107 30x10°
f 12.0x10° 40x107

The picture that can be drawn from figures 29 and 30 is that as the weight of the block masses rises as both the
passive and active isolation tend to increase, The passive isolation increment is effective at frequencies above
250 Hz and tends to grow as the frequency rises. The active isolation effect is instead effective above 620 Hz
and, as for the passive isolation, tends to grow as the frequency increase. Figure 29, bottom plot, shows that
between 360 Hz and 440 Hz the trend described above is inverted for the active isolation case so that the

isolation reduces as the weight of the masses increase.
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Figure 29: Estimate of the receiver Kg, kinetic energy without (top plot) and with (bottom plot)

active contrel by means of the velocity control strategy when the primary force £,z is

exciting the two panels system.
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Ky, kinetic energy (solid line) and receiver K kinetic energy without

(faint line) and with (dash-dotted line) active control when the velocity control sirategy is
implemented and the primary force Fp; is exciting the two panel system.
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5.4 Effects related to the mounting system stiffness

The simulations carried out for the single and isolators with three mounts have also shown that the stiffness
of the mounts affect both the passive and active isolation. The passive and active isolation when velocity
cancellation is implemented has been evaluated with reference to the system of case 6 by considering a set of
mounts whose density and stiffness has been chosen between two limiting cases: first, a very soft rubber mount

and second, a relatively stiff aluminium mount as summarised in the following table.

Tab 6: Stiffness and density of the mounts

Case E, (N."mz) P (Kg/m3)
a 7.5x10% 648
b 1.5x10° 1078
¢ 2.9x10" 1508
d 4.3x10° 1938
e 5.8x10° 2368
f 7.2x10" 2798

Considering the results shown in figures 31 and 32 it can be concluded that both the passive and active isolation
tend to grow as the stiffness/density of the mounts decrease. Also, figure 32 shows that as the stiffness/density of
the mounts increase as the active control benefits vanish so that passive and active isolation give similar results

(see plots d, e and fof figure 32).
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Figure 31: Estimate of the receiver Kz kinetic energy without (top plot) and with (bottom plot)
active control by means of the velocity control strategy when the primary force Fy; is
exciting the two panel system.
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Figure 32: Estimate of the source Kg, Kinetic energy (solid line) and receiver Kg kinetic epergy without
(faint line) and with (dash-dotied line) active control when the primary force F,; is exciting the
two panel system.

Case (a) E,=7.5x10" N/m? p,=648 Kg/m’
Case (b} E,=1.5x10° N/m? p,=1078 Kg/m®
Case {c) E,=2.9x10" N/m® p,=1508 Kg/m’
Case (d) E,=43x10° N/m? 0,.=1938 Kg/m®
Case (e) E,=5.8x10° N/m? Pn=2368 Kg/m’
Case (f) E,=7.2x10" N/m’ Pn=2798 Kg/m’

27



5.5 Comparison between IMM simulations and SEA and experimental results

The impedance-mobility matrix model IMM described and used in this report has been tested by comparing
the results it produces with three different types of analysis carried out for the AIRAT project by DERA [28,29]:
first, a statistical energy analysis SEA; second, a matrix analysis which uses measured transfer functions between
the primary and control excitation positions and the control positions at the mount junctions and the monitoring
positions on the receiver panel MTF and third, a fully experimental analysis carried out at a set of 24 tones
between 110 Hz and 340 Hz EA.

The comparison has been carried out for the two plate system shown in figure 2 having either a rubber or

aluminium mount with lumped masses at the top and bottom ends (W, =9.8x107 Kg W, =3.1x107 Kg)

and with inertial conftrol actuators acting at the top end of the mounts. The control strategy tested was the
cancellation of axial velocities at the top of the mounts. The primary excitation has been chosen at position Ps .
Figures 33 and 34 shows the estimate of the receiver Ky kinetic energy without (top plot) and with (bottom
plot) active control for the two types of isolator systems.

In both cases, rubber and aluminium isclators, very good agreement has been obtained between the four type

of predictions without control (top plots).

Also the comparison between the four types of predictions with control are quite satisfying. The IMM
simulations agree quite well with both the experimental results, SEA, and with the matrix approach based on
measured transfer functions MTF. Below 150 Hz there are some discrepancies between the IMM and the MTF
predictions which are probably due to the fact that the experimental transfer functions used by the MTF
approach are not reliable below 100 Hz [28]. Also, the bottom plot of figure 34 shows that when the aluminium
isolator is used there is a mismatching of about 10 dB in a frequency range between 520 Hz, and 980 Hz
between the predictions with the IMM model and those obtained from the MFT method. The method using
measured transfer functions, MTF, predicts larger active isolation than that of the analytical model IMM. This
could be due to the non perfect alignment of the mounts in the experimental rig, so that a larger control
effectiveness is predicted, since the experimental control system is able to reduce not only the vibration
transmission due to axial vibration of the mounts but also the vibration transmission related to the angular

vibrations of the mounts.
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Figure 33:

Figure 34
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Estimate of the receiver Kz kinetic energy without (top plot) and with (bottom plot)
active control of the out-of-plane velocities at the receiver mounts junction when the
primary force F,; is exciting the two panel system with three rubber mounts having
block masses at the ends. Solid line: MTF predictions, faint line: IMM predictions,
dash-dotted line: SEA predictions, dashed line: EA predictions
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Estimate of the receiver Kg kinetic energy without (top plot) and with {bottom plot)
active control of the out-of-plane velocities at the receiver mounts junction when the
primary force F,; is exciting the two panel system with three aluminium mounts
having block masses at the ends. Solid line: MTF predictions, faint line: IMM

predictions, dash-dotted line: SEA predictions, dashed line: EA predictions
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6. CONCLIUSIONS

The study presented in this report is part of a collaborative research program whose acronym is AIRAT:
“Active Isolator Research for Aircraft Trim Panels”. The main goal of the project is to study and develop an
active mounting system for the trim panels mounted in aircraft or helicopters in order to reduce the sound
transmission to the cabin.

This report introduces the theory of an impedance-mobility matrix model used to predict the structural
vibration transmission between two plates coupled via an active mounting system. The two plates are assumed
acoustically uncoupled. With this model the active and passive isolation effectiveness of different types of
mounting systems have been studied; in particular, the case of a single or a three mount isolator system with
inertial actuators applied at the top end of the mounts has been investigated in order to assess the effects
generated by the stiffness of the mounts and the effects produced by the rigid elements (block masses) present at
each end of the mounts.

Three cost functions have been investigated: first, the minimisation of the total structural power transmitted
by the source to the receiver; second, the cancellation of out-of-plane input velocities to the receiver and the
cancellation of out-of-plane input forces to the receiver.

The main conclusions of the study presented can be summarised by the following points.

1. The rubber mount isolator provides better passive isolation effects than that with aluminium mounts.

2. The use of multiple mounts does not increase the passive isolation performance, on the contrary it degrades

the isolation potentiality of the single mount,

3. When two black masses are applied at the each end of the rubber mounts an extra isolation effect is

obtained. This effect is negligible when aluminium mounts are used.

4. The three control strategies under study have given similar active control effectiveness in all cases examined.

5. No major differences have been found when the reactive actuators are used in place of the inertial actuators.

6. The presence of block masses mounted at each end of the mounts do not produce significant effects on the
active control performances of both rubber and aluminium mounts,

7. The rubber active isolators give very good active control performance which goes from a maximum of about
60 dB reduction at very low frequency to a minimum of few dB at about 1 kHz while the active isolator with
aluminium mounts gives very poor control performances.

The model used and described in this report has been validated with data given by three other methods: first, an

analytical method based on a statistical energy analysis approach; second a matrix method based on measured

transfer functions and third, an experimental method which considered real time active control for tonal

excitations.

7. FUTURE WORK

The simplification of the matrix model (no account has been taken of mount axial stiffness correction factor
i for resilient mount made of rubber or the vibratory contribution of in plane components) seems to be
acceptable for the passive vibration transmission analysis. However, the results obtained when control forces are

acting on the system do not match so well with experimental ones. It is therefore recommended to further
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investigate this model of the dynamics of the system with particular attention to the modelling of the vibration

transmission by the mounting system.
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APPENDIX A: PLATES MOBILITY MATRICES.

The mobility matrices used into equations (53), (54) (57) and (58) have been derived using modal formulae

for the point and transfer mobility terms of a plate excited only in bending as from reference [30].

Figure Al: Notation of the displacement w at positions Py and S;, and of the rotations 8, and ,,
at positions S3 when a plate is excited in flexure by a point force N, and point
moments M, and M,, at position S;

The sub-mobility matrix between two generic positions, for example between positions 5; and S; (see figure Al)

of the source plate is defined as follow:

M @) M) M (o)
M (@) = | Mg (@) Moy (@) Mgy (@) (A1)
Mo (@) -Moa @) Mg (@)

where assuming the harmonic motion' with time dependence of the form exp(jwt) and according to reference

[30] the individual mobility terms are given by the following modal formulae:

3 @ _ %S @ 1 (53091, (51) .
M @) = Wss aan N33 )P\ : (A2)
” Ny Z_z,‘ |02, + M) -]
5 W (@) _ 0o (S (S1)
M (=@ AC : (A3)
" MxSl(m %;Anm[mium(l—'-.]n)_m ]
MS:;‘”( )_ 53( ) ZZ ¢nm(S )W.E;:rz(s ) : (A4)
- )Sl{ ) m=l n=l Arrm[ S (1 +-’n) ® ]
Mﬁs3\{l (UJ) - xS3( ) i v .-rm) (S )q)mn (S ) ; (AS)
! Ny HF“AthU+m)w]
Mésj\.fl ( ) )53 ((D) - J i . v 533 (S? )q) n (SI ) ; (A6)

g * EE Aok 0+ m-o?]
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MxSl (U)) n=l n=l Amu [wﬁm (1+Jn)_03 ]

M () = 6.\:53((’)) _jmi 2 Wiﬁ(s_szﬁg(sl) ; (A8)
OxMy T - 2 . ?
, M@ S A0k, 0+ m-0?]
5 el oo oo 831 Ry {x) Ky
M;?é: (m): ~J53( ) 210322 an( E)W m.u( l) : (Ag)

stl ((D) m=1 5=l Anm[miﬁmr(l-'-jn)#mz]

MSS (@)= §>-S3 () _jmii Yo (S ;(:)n (5,) ) (A10)
oty N} = — = . ’
o “M)'Sl (ﬁ)) m=l n=1 Amu [0) ?’mu (I + JT]) - 2]

where ® is the circular frequency (rad/s) and 1 is the loss factor. The symbol "~ indicates a complex value

whose absolute value and phase denotes respectively the amplitude and phase of the harmonic variation in time
at the driving frequency @ of the linear/angular velocity and force/moment excitation terms. A detailed

description on how to calculate the natural frequencies w,, , modal amplitudes ¢, , modal slopes y '

and A normalisation factor for a freely supported thin plate can be found in reference [30] (sec. 3.7).

i

The mobhility matrix of equations (57) and (58) relates only the out-of-plane velocity component w, at the

five monitoring positions of the source and receiver plates to the mounting junctions positions force and moment
parameters, therefore the sub-mobility matrix between a monitoring position and a mounting junction position,

for example between positions P, and S; of the source plate, is defined as follow:

M, (@) =[MOT @) MOZ @) My )] . (A1)
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APPENDIX B: MOUNTING SYSTEM IMPEDANCE AND EXCITATION MATRICES.

The impedance matrix used into equations (55) and (56) has been derived by modelling each mount as a
distributed one dimensionat element on which longitudinal and bending waves propagate. The impedance terms
have been calculated by deriving the exact solution in closed form of the standard second order wave equation of
longitudinal waves and of the Euler-Bernoulli fourth order wave equation of flexural waves [31], assuming the

beamn elernent either with both ends freely suspended or both ends pinned in x and y directions.

. wgs Moss .
recener
S5 juncﬁan BXS.‘S MISj
Oy05 Mygs ¥

Bi52 Meso
source

S, junction

| Ws2 Nosz

Figure B1: Notation of the displacement w and rotations 8,, and ©,,, point force N, and point
moments M, and M, at the top and bottom junctions of mount number 2 of the system
shown in figure 2.

As discussed in section 3, it has been chosen to neglect three degrees of freedom at each mount junction. The

following kinematic and dynamic parameters are not taken into account in the mairix formulation: first, the
angular velocity and moment in z direction, éz and M,; second, the linear velocity and force in x diréction, i |
and N,, and third, the linear velocity and force in y direction, v and N,. Therefore, at each end of the mounts
only the linear velocity w and angular velocities, E-)I and éy, and only the point force N, and point moments,

M, and M,, are accounted for. Figure B1 shows the notation of these three kineamtic and dynamic parameters at

the top and bottom junctions of the mount number 2 whose junctions are denoted by the symbols S, (bottom
junction) and S, (top junction).

If all six kinematic and dynamic parameters are accounted for at each end of a freely suspended mount

element, the [2 x 12 impedance matrix would be defined as in the following relation:

Ng) [z ¢ 0 0 ZE 0z 0 0 0 Ziw 0 (b
Mg 0z oo oz o o0 0 oz 0 oz 0 0 |lig
N, 0 0 ZE 0 0 0 0 0 Z 0 0 0 || Ws
M. 0 ZZ? 0 ZE 0 0 0 ZE 0 zZE 0 0 |6
Mg | |zZ73r 0 0 0 Ziy 0 ZpY 0 0 0z 0 |8,
M| | 0 0 0 0 0 ZHEr 0 0 0 0 0 ZiD e | (BD
Nes| |23 0 0 0 ZEr 0 Zye 0 0 0 Zye 0 |l
Noss 0 ZER 0 ZE® o0 0 0 zZf o0z 0 0 |
N 0 0 zZIE g 0 o o0 0 Z o N
M g 0 zZBeR o0 zEe g 0 0 ZEF 0 zZEE 0 0 116,
My | |25 o 0 0 ZEZ 0 PP o 0 0 Z85 0 i[9,
My | 0 0 0 0 0 ZX2 0 0 0 0 0 Zja 0.
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where the six kinematic (linear and angular velocities) and dynamic (force and moment excitations) parameters

at each end of the mount are oriented as in the figure shown below.

kinematic dynamic
Junction Jjunction
parameters parameters

£ o
A Ml
¥ wWeo %SZ VNZSZ

"Z Vz

Figure B2: Notation of the six kinematic (linear and angular displacements) and dvnamic (force and
moment excitations) parameters at each end of mount number 2 of the system shown in figure 2.
The four impedance matrices Z,, Z,,, Z,, and Z,, to be used into equations (55) and (56) can be obtained

from the impedance mairix of equation (B.1) by removing the rows and columns for to the degrees-of-freedom

neglected. Therefore,

[z 0 0] B

Z,=| 0 Z3Z* 0 Zo={ 0 ZI25 ¢ (B2,B3)
|0 0 Ziar | o 0 Zn |
(Z552 0| [z o 0 |

Zy=| 0 Zyg O Zp=] 0 Zyy O (B4,B5)
L0 0 ZE ] [0 0 Zyg |

However some care has to be taken while doing this operation. The impedance terms related to the axial velocity

wy, and force N parameters remains the same as those of the 12 x12 impedance matrix (e.g. Zyo = Z39),

These four point and transfer impedances, related to longitudinal waves, are given by the following relations:

Zﬁfz (@) = N‘;:'..S'Z () _ Z‘f,;fs (@)= RZLS‘S (w) _ .1 E, A ki,h (B6)
W, (@) We (@) JO A,
O R ®7)

Wsz (CO) ﬁ}ss ((D) Jm A'2

where E, is the Young’s modulus of elasticity, A,, is the mount cross sectional area and ® is the circular
frequency ( rad/s). k,, =®/c,, :0)/1/ E,/p, isthe longitudinal wave number, c,, is the phase velocity of

longitudinal waves and p,, is the density of the material. The two parameters A, and A, are given by
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A‘l =Ccos k!:nh.'yx 7\’2 =sin k.’n:hm (BS,BQ)
where £, is the bearn height.
Neglecting the angular velocity and moment in the z direction at the two ends of the mount element, 6, and
M, respectively, implies that the two driving point and two transfer impedance terms related to torsional

vihration are not accounted for in the impedance matrix of the mount element. Therefore the terms Z;-2  are set

to zero and the rows and columns number 6 and 12 of the impedance matrix given in equation {(B1) are taken
out.
Neglecting the velocities in x and y directions, # and v, and the force components N, and ¥, can not be

treated so simply. In fact, in order to derive the four impedance matrices Z,,, Z,, Z,, and Z, , it is not

sufficient to take off the impedance terms related to those kinematic and dynamic parameters (e.g. set

$iSf __ 7 SiSf _ SIS _ 7 SiSf _ oS _ oSS _
Zaw = Zuw = Loy = Ziye = Zygo = Ziy, =0 and delete rows and coloumns number 1, 2, 7 and 8 of the

impedance matrix given in equation (B1)).

This point ts discussed by O'Hara {33] and Rubin [11], who discuss why it is not generally correct to pick
out only some of the elements of a n X r impedance matrix, which relates force and velocity parameters that are
coupled, in order to build up a smailer m xm impedance matrix. This is because the elements of the nxa or

mx m impedance matrices are derived by imposing a “constraint” on the linear or angular velocity parameters

accounted for in the matrix relation f = Zv . For example, the impedance term Z3 5. for the 6Xx6 impedance

matrix is calculated assuming the following constraints:

5 M.
Zfd:éf ==z 2and wg, = Wes =8 5 :9_\-32':9_\‘35 =0 (B10G)
e,r.S'S

(note that no constraint is placed on g, g, Vi, Vssn 0,55, 8,55 which can take any value) and for the

12 %12 impedance matrix,

ZSZSS — M,TSZ

e and g, =g =V, =V = We, =W =0 :9_‘,52 :9)}55 =0,,=0,4=0 (B11)
0
88

Thus the Zy,. term differs when calculated with either equation (BI0) or (B11). This is because the one

dimensional mounting element is constrained in a different way in the two cases.
If instead, a mobility relation v = Mf is considered, it can be shown that the reduction froma m toa n<m

degrees-of-freedom mobility matrix relation can be carried out simply by “collapsing” the mobility matrix

M In fact, if the mobility term MJ25° is considered, it can be noticed that whether this term

BxMx

into the M

B nxe

is calculated for a 6x6 ora 12x12 mobility matrix (e.g. either only three or all six degrees-of-freedom are
accounted for in the matrix relation) the same result is obtained since only the excitations are constrained in a

different way. So for the 6 x 6 mobility matrix
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s B
Myss == and Ny =N =Mg = M, =M =0 (B12)
x852

{note that no constraint is placed on the excitation parameters N g, N, N, N5, M5, M g, although

they could be implicitly assumed to be zero) and for the 1212 mobility matrix

@

Me-.qnztff =—=> and Ng=N =N}~sz :N_vss =N =Ngs=Mg = 8§z = Myss =M, =M =0 (BI13)

M

x32

Therefore, the 6% 6 mobility matrix M, is correct even if its elements are picked up form the 12x12
mobility matrix M,,,, -

In conclusion the reduction of a mx m impedance matrix to a smaller #X»n matrix is possible only if the
kinematic and dynamic parameters of the impedance relation f=Zv are uncoupled. This is not the case for
mobility matrices. It is in fact possible to reduce a m X m mobility matrix to a smaller #x» matrix without the
need of recalculating the mobility terms even if the kinematic and dynamic parameters of the mobility relation

v=7Zf are coupled. Therefore, for the specific case examined in this appendix, the impedance terms

ZJs | ZF  cannot be derived directly from the equivalent ones of the 12x12 impedance matrix of equation

(B1). For their exact calculation there are two options: either they are analytically calculated assuming the
pertinent boundary conditions at each end of the mount element (e.g. by constraining the i and v linear
velocities and the N,, and N, force components) or they are calculated by inverting a reduced mobility matrix

M. . which has been directly derived from the complete mobility matrix M,;,, which refers to all six

GX0
kinematic and dynamic parameters at each end of the mount element.

However, there is a second problem that has to be considered before moving on to calculate the impedance

terms Z ¥

e and Zﬁﬂv. Flexural waves in a beam, unlike the other wave types, are represented by four field

parameters instead of two [31]. For example the flexural vibration in the x-z plane is represented by the linear
velocity and force in x direction, # and N,, and the angular velocity and moment in y direction, E-)_\, and M, .
These four variables are coupled so that the angular velocity é‘\, at one end of the mount element, let us say
junction S, due to a collocated moment M, can be found only if the linear velocity # and force N, at the two
ends are fixed and if the angular velocity and moment in y direction, G‘ and M,, at the opposite end of the one

where the angular velocity is determined, junction S, are specified. Therefore, even when the mobility matrix for

the reduced case accounting for three degrees-of-freedom at each end of the mount is calculated, in order to

derive the mobility term My = 8 152 /M w2l the values of the linear velocity # and force N, at the two

s5=0
ends has to be specified. The boundary conditions for the angular velocity é)_ and moment M, at the junction S5

are set to be as those of a freely suspended beam so that 6-_5.55 #0 and M, =0. The other four boundary

conditions reguires some thought before they are fixed. They are in fact neglected in the formulation of the

problem (see section 4). The problem is to transform the verb “ to neglect” into a mathematical expression.
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Indeed there are four possible choices for the linear velocity i and force N, at the two ends of the mount
clement: first 4y =0 and N =0; second, sy 20 and N, #0; third, fi;; =0 and N, #0 and fourth
ug #0 and N =0. The first two can not be imposed since the solution of the wave equation would be

undetermined. The third and the fourth one are instead compatible with the flexural wave equation and, when
associated to the boundary condition chosen for the angular velocity and moment at the two ends, they give rise

to the study of either a freely suspended beam whose boundary conditions at the two ends are é\,ss # 0,

Mg =0, g, #0 and N, =0 or the study of a pinned - pinned beam having instead the following boundary

conditions at the two ends é)_ss #0, M5 =0,45=0and N #0.

In view of the above mentioned problem about the reduction of the number of rows and culums of an

impedance matrix, the impedance terms 7 e+ Zake have been derived by inverting the mobility matrix given

vy
in to the following expression:
‘ri/_;z ] FMfﬁ,:z 0 0 M‘i%.fi 0 0 1 [stz
e'xS2 O M és“zii-l 0 0 M éﬁ.;vgf O M x52
S| [ 0 0w 0 o M 14
‘,‘V - MSSSZ 0 0 MSSSS 0 0 N
55 wiz Wiz 283
9. x855 0 M é;?‘j\z 0 0 M E;gjljf 0 MIS 3
O] | O 0 My 0 0 My || Myss

This 6x 6 mobility matrix has been derived exactly by cancelling row and columns number 1, 2, 6, 7, 8 and 12

of the complete 12 %12 mobility matrix assuming the mount element freely suspended:

Nl [M252 ¢ 0 0 M0 MEF 0 0 0 MGe 0
Ny 0 MIPT 0 ML 0 0 0 M 0 M3 0 0
N, 0 0 MLE* 0 0 0 0 0o MEP 0o 0 0
Ms, 0 M0 M0 0 0 MET 0 Mgl 0 0
Mgy | IMZ 0 0 0 Mg 0 Mu® 0 0 0 Mgy O
Mg | | 0O 0 0 0 0 M 0 0 0 0 0 MY
N g I 0 0 0 Mgu: 0 MLE 0 0 0 Mg 0
N o MEE 0 Mgy 0 0 o ML 0 Mg 0 0
N 0 0 MLZ 0 0 0 0 0 MEE 0 0 0
M5 0 MEE 0 MET 0 0 0 MyT 0 MLZ 0 0
M s MEZ 0 0 0 M 0 My 0 0 0 Mg 0
Mg 0 0 0 0 0 MZEE 0 0 0 0 0 Mgy |
(B15)

All the mobility terms of this mobility matrix can be found on page 363, table 7.1(c), of Bishop and Johnson

[32].

With reference to the other problem discussed above, it has heen decided to also calculate the impedance

7 5isi
terms Zgo

= SiSi
Z Myby

for a beam element with both ends pinned in x and y directions. The same procedure has

been followed as for the case of a freely suspended element. First, the reduced 6 X6 mobility matrix has been

39




derived for a mount element with each end pinned in x and y directions and second, this mobility matrix has been

inverted in order to give the equivalent impedance matrix with the exact Z z,f;;‘;v impedance terms.

With reference to the freely suspended boundary condition (e.g. g 20, vy #0, éﬂj #0, é_‘_sj #0 and

Ng=0,Ng=0, M, = 0, M'\,SJ. = () the eight impedance elements have been calculated as follows:

y252 M 2 M EIIK [.‘J’lk (3 il
7325 (@) =m0l _ g oy =« M @) L B0 10 ®16)
8 2(@) Bs@) SO T
M (0 M g0 E, Ik
758 @) =2 gy = 0@ L B9 ®17)
0 5, (@) 0 55(0) Joo Qg — @5
2 M yl M Eﬁ‘ilﬂlk "
2550 =22 g ) = e e B ®18)
0 55 (@) 8 52 (@) JO P m@s
M., (o M g5 (o E. Lk,
Z5 ) = 2 = ey = o L Dt ®19)
0 s (w) 8 g () JO Qg -9y
where
®, =cosk,h, coshk,h, —1 (B2®)
@ =cosk, h,sinhk, h, +sink,h, coshkgh, (B21)
(¢, =sink, h, +sinhk, h, (B22)
and k,, =w/fc,, = HYo?m’/B is the flexural wave number, ¢ = 3w4B/m’ is the phase velocity of flexural

waves, B=FE_[_ is the bending stiffness of the mount, [, =1 =1 = na;, /4 is the area moment of inertia of
the circular mount cross section with radius a, m” = p ,4,, is the density per unit area of the material.
With reference to the pinned in x and y directions boundary condition (e.g. uy; =0, vy =0, ést' 0,

0, ;#0,and N =0, N, =0, M, =0, M, =0) the eight impedance elements have been calculated as

follows:

v . E Ik
232 = 202® _ sy o s _ 2 Luli by 05 -
0 152 (@) B (@) J Qs — Py

40



M_\'.YZ (m) — 25555 A';[,\'SS (('0) _ 2 Ern Imkfmq) I(P R

Zyee (@) =~ = Zpi () = — . AEAFLENS (B24)
0 52 (@) B 55 (@) JO P -9y
M\' 2 (‘D) M\— (ﬂ)) 2 EmImk m(p (p
zzs)= 22 g ) < M@ 2 Stufa¥i0s (B25)
B s {w) 8 5 (@) JORs Py
2 M\‘ (0.)) ﬂ'&\' (m) 2 Em]mk ‘ (p (P
Zia(@)=—"—=Zp o) =~ = = T (B26)
B 55 (@) 0 52 (@) JO s Py
where
¢, =sink,h, sinhk, h (B27)
@5 =cosk,h, sinhk, h —sink, h coshk,h, (B28)
@y =sinkgh, —sinhk,h, (B29)

Therefore two set of impedance terms Z,5% and Z,%% have been calculated for the impedance matrices

2., Z,, Z, and Z,, to be used into equations (55) and (56).

The results obtained with the two sets of impedance matrices have been compared with measured data (as in
section 5.5) in order to estimate which one between the freely suspended and the pinned in x and y directions
boundary conditions is the most representative one for the system studied in this report.

The comparison has been carried out for the two plate system shown in figure 2 having either a rubber or
aluminium mount with lumped masses at the top and bottom ends (W, = 9.8x107° Kg W, =31x107 Kg)

and with inertial control actuators acting at the top end of the mounts, The control strategy considered is the
cancellation of axial velocities at the top of the mounts. The primary excitation has been chosen at position P; .
Figures B3 and B4 shows the estimate of the receiver Kg, kinetic energy without (top plot) and with (bottom
plot) active control for the isolator systems with rubber mounts when the four impedance matrices

Z,,Z,, Z, and Z,, have been calculated for a freely suspended or pinned mount element. Figures BS and B6
shows the same type of plots but for the case where the four impedance matrices Z,, Z,,, Z,, and Z,, have

been calculated for an aluminium mount element.
From these plots it can be seen that when there are no control forces the results obtained with either types of
tmpedance matrix are very good. When the control forces are active result which line up best with the

experimental data are achieved when the four impedance matrices Z,,, Z,,, Z,, and Z,, are calculated for a

freely suspended mount.
In view of these results it has been chosen to present in this report the results obtained by using the matrix

model with the four impedance matrices Z,,, Z,,, Z,, and Z,, calculated for a freely suspended mount.
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Figure B3:

Figure B4:
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Estimate of the receiver Kg, kinetic energy without (top plot) and with (bottom plot}
active control of the out-of-plane velocities at the receiver mounts junction when the
primary force Fj; is exciting the two panel system with three rubber mounts having
block masses at the ends. Solid line: experimental predictions, faint line: simulations
assuming the mount element freely suspended.
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Esiimate of the receiver K. kinetic energy without (top plot) and with (bottom plot)
active control of the out-of-plane velocities at the receiver mounts junction when the
primary force F,; is exciting the two panel system with three rubber mounts having
block masses at the ends. Solid line: experimental predictions, faint line: simulations
assuming the mount element pinned in x and y directions.
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Figure B5: Estimate of the receiver K kinetic energy without (top plot) and with (bottom plot)
active control of the out-of-plane velocities at the receiver mounts junction when the
primary force F,; is exciting the two panel system with three aluminium mounts
having block masses at the ends. Solid line: experimental predictions, faint line:
simulations assuming the mount element freely suspended.
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Figure B6: Estimate of the receiver Kj, kinetic energy without (top plot) and with (botiom plot)
active control of the out-of-plane velocities at the receiver mounts junction when the
primary force F,; is exciting the two panel system with three aluminium mounts
having block masses at the ends. Solid line: experimental predictions, faint line:
simulations assuming the mount element pinned in x and y directions.
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If the inertial effects due to the components used to connect the mounting system to the plates and to connect
force and velocity sensors at the top of the mounts are also accounted and modeiled as a pair of rectangular

parallelepiped block masses connected at the mounts ends, the four impedance mairices Z,,, Z,,, Z,, and Z.,

assume the following form:

Z3 + jow 0 0 Z2 0 0
Z,= 0 Zi5 4+ ol 0 Z,={ 0 Z2 0 (B30.B31)
0 0 Ziyor + JOI, 0 0 Zia
ZEs g 0 Zo3 + joW 0 0
Z,=| 0 Zy3 0 Z, = 0 Zoosd + joof | 0 i (B32,B33)
0 0 Zyoo 0 0 Zine + jool,

where W is the weight of the top or bottem block masses, I, and [; are the mass moment of inertia with reference
to the x and y axis of the system of reference placed at the mount ends.

The excitation matrices V,, used in equations (55) or (56) relates the force and moment parameters at the
mounts junctions to the single inertial control axial force or the pair of reactive axial forces acting on each
mount. As shown in figure B1 the reactive or inertial control excitation are modelled as acting at each end of the

mounts so that the excitations sub-matrix ¥, has the following form:

1
v, =|0]. (B34)
0
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