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Chapter 1

Introduction

The main aim in studying the sound radiated by vibrating plates is usually to determine

how to reduce the sound radiation. For this purpose, several schemes have been devel-

oped including introducing perforation over the area of the plate. This technique can be

seen in many practical applications, for example product collection hoppers and safety

guard enclosures, such as the protective cover over flywheels and belt drives. Perforated

plates are also widely used in sound absorption applications, as flexible panels covering

a porous elastic material [1] or backed by an air cavity [2, 3, 4]. Besides the effect on

radiated sound, it has been shown that the vibration of the perforated plate also has

the effect of increasing the absorption coefficient [2].

An important parameter describing such plates is the perforation ratio. The perforation

ratio is defined as the ratio of the total area of the holes to the total area of the plate S

(including the holes), i.e.

τ =
Noπr2

o

S
(1.1)

where ro is the radius of each hole (assumed circular) and No is the number of holes.

Several models have been proposed to calculate the sound radiation from a perforated

plate. Janssens and van Vliet [5] studied the sound radiation from a vibrating steel

bridge, where the effect of perforation of bridge components was investigated. Measure-

ments were carried out on perforated plates by varying the perforation ratio, the hole

density and the hole diameter. An empirical formula was then derived for the effect of

perforation on the radiation efficiency.

Toyoda and Takahashi [3] proposed a model for the sound radiation from an infinite, thin

elastic plate under a single normal point force excitation in the presence of a perforated

plate used as an absorptive facing to the vibrating plate. The analysis was carried out

under the assumption that the perforated board was rigidly attached to the vibrating

2



Chapter 1 Introduction 3

plate so that both plates have an identical motion. The problem was examined as

a one-dimensional situation. In this model, the acoustic impedance of the holes was

approximated by the analytical solution for wave propagation in a small tube having

a circular cross section, as proposed by Maa [6]. In [4], the problem was extended to

three-dimensions but still using a normal point force excitation at a particular location

on the plate. A large reduction in sound radiation due to perforation on the facing was

found around a narrow frequency of the Helmholtz resonator formed by the air cavity

inside the honey comb structure and the perforated plate.

Fahy and Thompson [7] started with a model of radiation by plane bending waves

propagating in an unbounded, uniformly perforated plate to calculate the radiation

efficiency of a simply supported rectangular plate. The assumptions imply that the

plate is effectively mounted in a similarly perforated rigid baffle. This model replaces

the perforations by an equivalent continuous impedance.

The model was then extended to the situation where the plate and the baffle have

different specific acoustic impedances. The relation between velocities and pressures

was derived in the wavenumber domain as a matrix problem and then solved by matrix

inversion. As a preliminary case, this was applied to the radiation by a perforated strip

piston, in two dimensions, vibrating in an infinite baffle. Good results were obtained for

the case of a perforated strip piston in a perforated baffle and in a rigid baffle. However,

problems are found with this model at low frequencies for an unbaffled perforated strip.

A very low acoustic impedance of the boundary (relative to the acoustic impedance

of the hole) leads to a singular or nearly singular matrix which reduces the quality of

the results from the inverted matrix. In addition, expanding this model into the three-

dimensional case is found to require intensive computational effort. Results from this

model have been reproduced and can be seen in Appendix A.

For the case of unbaffled plate, the sound radiation from a perforated plate can be

calculated by modifying Laulagnet’s model [8] to introduce the perforation. At low

perforation ratios, it is found that the result is lower than that from the perforated

baffle. However, as the perforation ratio increases, the radiation efficiency efficiency of

the perforated plate in the perforated baffle and the perforated unbaffled plate is found

to become similar.

In Chapter 2 the impedance of the hole and its approximations in terms of fluid viscosity

and near field effects are described. In Chapter 3, a model for a perforated plate in a

perforated baffle is considered following [7]. In Chapter 4 the unbaffled perforated plate is

considered by modifying the Laulagnet’s model [8]. Chapter 5 describes an alternative

approach in which the perforated plate is represented by discrete monopole sources.

Chapter 6 summarises the conclusions.



Chapter 2

Acoustic impedance of the

perforated plate

For a circular hole in a plate of finite thickness t, its acoustic impedance (ratio between

pressure and velocity) can be approximated by that of a short tube (kt << 1). The

acoustic impedance of a short tube has been studied by various authors [9], [10], [11].

Maa [6] gives the following approximate formula

Zh = Zh,R + Zh,I =
p

vf
(2.1)

where

Zh,R =
32νt

d2
o

[(
1 +

X2
o

32

)1/2

+
√

2
32

Xo
do

t

]

Zh,I = jρωt

[
1 +

(
9 +

X2
o

2

)−1/2

+
(

8
3π

)
do

t

]

Xo =
do

2

√
ωρ

ν

p is the sound pressure, vf is the fluid velocity in the tube, ρ is the density of the fluid,

do is the hole diameter and ν is the viscosity, which for air is 1.8× 10−5 N.s/m2.

The real part Zh,R is called the acoustic resistance and is associated with energy radiation

and viscous losses. The imaginary part is termed the acoustic reactance which is inertial

in nature [12]. The above formula was developed for use in the case of a micro-perforated

plate (MPP) for an acoustic absorber. For effective absorption, it is suggested that the

hole diameter do of the MPP should be between 0.05 and 1 mm and the perforation

ratio τ between 0.5 and 1.5% [1], [6], [13].

4



Chapter 2 Acoustic impedance of the perforated plate 5

2.1 The effect of fluid viscosity

The effect of the fluid viscosity ν is often taken into account in modelling microperfora-

tions. Xo is the perforation constant that includes the effect of friction between the air

and the plate interface in the hole due to the viscosity.

Figure 2.1 plots the real and imaginary parts of the acoustic impedance of a 3 mm tube

length for certain frequencies as a function of hole diameter. This shows that for a

small hole diameter, the reactance component is almost constant. At do < 0.1 mm, the

resistive component has a higher contribution to the acoustic impedance. However, the

resistive component contribution decreases as the hole diameter increases. For a larger

hole diameter (do > 1 mm), the contribution of the reactive component becomes more

significant than that of the resistive component. Moreover, its contribution becomes

more important as the frequency increases. Therefore for the purpose of the present

study, where the holes are generally larger than 1 mm, it can be assumed that the

fluid reaction in the holes is purely inertial (behaves like a mass). Hence the resistive

component Zh,R will be neglected, leaving only the reactive component Zh,I .

As ν for air is small, for larger do the term ()−1/2 in the reactive component is also

small. It becomes much smaller than unity as the frequency increases. Hence it can be

omitted from the equation and Eq.(2.1) reduces to

Zh = jρωt

[
1 +

(
8
3π

)
do

t

]
(2.2)

An end correction, i.e. (8/3π)ro for each end of the tube, where ro is the hole radius,

has been included here which is proportional to an added mass that corresponds to

the excess kinetic energy of fluid motion due to the open end of the hole [14]. Other

end corrections have also been proposed, i.e. (π/4)ro [9] and 0.82ro [15]. However,

quantitatively these values are very similar (0.85ro, 0.79ro and 0.82ro respectively). In

the remainder of this report the form (π/4)ro will be used as in [9].

2.2 The effect of near-field

To build a model of sound radiation from a perforated plate, one consideration is to

assess the effect of the near-field from one hole on the adjacent holes. From this it

should be possible to say whether the acoustic impedance of an array of holes can be

derived simply from that of a single hole. The idea is to calculate the acoustic pressure on

the surface of the plate as a function of distance from the centre of the hole and compare

it with the acoustic pressure at the centre of the hole. If the hole is large enough to
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Chapter 2 Acoustic impedance of the perforated plate 7

ignore viscous effects at the edges, but small compared with the acoustic wavelength, the

motion of fluid inside the holes can be treated as uniform across the hole area. The hole

can then be represented by a piston mounted in an infinite rigid baffle, see Figure 2.2.

Assuming a piston of radius ro moves harmonically with a uniform velocity amplitude

Uo, the acoustic pressure can be obtained by using the Rayleigh integral [9]

p(R, φ, θ) =
jkρcUo

2π

∫

S

e−jkR′

R′ dS (2.3)

where R′ is the distance between the point (r, θ) on the piston and the field point

(R, φ, θ).

Following Kinsler and Frey [16], along the z axis (φ = 0), the pressure can be written

as

p(R, φ)
∣∣∣
φ=0

=
jkρcUo

2π

∫ ro

0

e−jk
√

R2+r2

√
R2 + r2

2πrdr (2.4)

The integral can be solved readily since

r√
R2 + r2

e−jk
√

R2+r2
= − d

dr

(
e−jk

√
R2+r2

jk

)

Then the complex acoustic pressure is

p(R, φ)
∣∣∣
φ=0

= ρcUo

[
e−jkR − e−jk

√
R2+r2

o

]
(2.5)

The pressure at the centre pc of the piston (R = 0) is then

pc = p(R, φ)
∣∣∣
R=0,φ=0

= ρcUo

(
1− e−jkro

)
= ρcUoe

−jkro/2
(
ejkro/2 − e−jkro/2

)
(2.6)

This has magnitude

|pc| = 2ρcUo

∣∣∣∣sin
(

kro

2

)∣∣∣∣ (2.7)

For a point in the plane of the piston at distance R from the centre, see Figure 2.3, the

distance R′ from the small element dS of the piston to the observer point can be written

as

R′ =
√

(R− r cos θ)2 + (r sin θ)2 =
√

R2 − 2Rr cos θ + r2 (2.8)

Eq.(2.3) can now be written as
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p(R, φ, θ)
∣∣∣
φ=π/2

=
jkρcUo

2π

∫ 2π

0

∫ ro

0

e−jk
√

R2−2Rr cos θ+r2

√
R2 − 2Rr cos θ + r2

r dr dθ (2.9)

The double integral in Eq.(2.9) is more difficult to solve analytically so a numerical

calculation has been used.

Figure 2.4 plots the ratio of the acoustic pressure on the plate surface to the pressure at

the centre of the piston for kro << 1. This is found to be independent of the frequency.

The pressure falls very steeply around R = ro. For values of R > 2ro, the ratio becomes

less than 0.25 corresponding to a sound pressure level (SPL = 10 log10 p2) difference

of more than 12 dB which is significant. The SPL difference increases as the distance

increases. Relating this to an array of holes, if R = 2ro, R corresponds to the centre of
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Figure 2.5: Pressure on plate surface due to a circular piston of radius ro relative to the
pressure at the centre of the piston plotted against the perforation ratio (kro << 1).

a second hole whose edge is just touching the first, which is quite an extreme form of

perforation. Thus for practical situations where R >> 2ro, the pressure due to one hole

can be ignored at the next. Therefore, it can be concluded that the near-field of one

hole does not have a significant effect on the pressure at the adjacent holes.

Considering a perforated plate with a rectangular array of circular holes, the perforation

ratio can be expressed as

τ =
πr2

o

R2
(2.10)

where R is the distance between hole centres.

Figure 2.5 presents the pressure ratio in dB scale plotted against perforation ratio. This

shows that a plate can be made up to a very high perforation ratio yet still the influence

of one hole on another is small. Even for the maximum perforation, the difference

pressure is more than 10 dB.

2.3 Condition for use of uniform acoustic impedance

Another factor that has to be considered to have a simple model of the sound radiation

from a perforated plate is the assumption that the array of holes can be replaced by a

uniform layer of acoustic impedance at the suface of the plate. For this to be valid, the

distance between the holes must be short enough compared with the acoustic wavelength.

Figure 2.6(a) presents the real part of the ratio between the pressure at some distance R

and the pressure at the piston centre. Results are shown for different frequencies. It can
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kHz, − · −5 kHz, · · · 10 kHz).

be seen that the curves intersect roughly around kR = π/2. Figure 2.6(b) also shows

that at kR = π/2 the phase is −90o. This suggests that the distance between holes to

achieve a uniform acoustic impedance must satisfy

R <
π

2k
=

λ

4
(2.11)

where λ is the acoustic wavelength. However this condition will be considered in more

detail in Chapter 5.

2.4 Uniform acoustic impedance

Consider a plate with a uniform array of holes. Using Rayleigh’s end correction in

Eq.(2.2), the array of holes can be represented by an equivalent, continuously distributed,

uniform specific acoustic impedance given by

zh =
Zh

τ
=

jρωt

τ

[
1 +

(π

4

) do

t

]
(2.12)

where τ is the perforation ratio.

Using k = ω/c, this can be expressed as

zh = jρc

[
kt

τ

(
1 +

πdo

4t

)]
= jρch (2.13)
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where h is the non-dimensional specific acoustic reactance, which can be written as

h =
k

τ

(
t +

πdo

4

)
(2.14)

In Chapter 5, the plate and the holes are modelled with discrete sources, i.e. an array

of monopole sources that contribute to the sound radiation. This allows the frequency

limit of the uniform acoustic impedance to be verified in terms of distance between holes.



Chapter 3

Radiation by modes of a

perforated plate in a perforated

baffle

3.1 Wave in an infinite plate

For a plane, harmonic, bending wave of frequency ω and wavenumber kx propagating

in the x -direction in an infinite plate, the specific acoustic impedance presented to the

upper surface of the plate by the fluid, za(kx), is given by [12]

za(kx) =
P̃ (kx)

Ṽ (kx)
=

ωρ

(k2 − k2
x)1/2

, kx < k (3.1)

where P̃ (kx) and Ṽ (kx) are the complex acoustic pressure and the plate velocity am-

plitude respectively. For kx > k, za(kx) is imaginary (reactive). Only the real part of

za(kx) is required here to calculate the propagating waves producing sound radiation.

The imaginary part produces a near field.

In the case of a perforated plate, as shown in Figure 3.1, following the method of [7]

the difference between the local pressures on the upper and lower surfaces of the plate

drives fluid through the individual holes. In turn, these pressures are modified by the

flow through the holes. Considering the holes as a continuous distribution, an equivalent

fluid particle velocity vf (x), due to the flow through the holes relative to the plate, can

be given by

vf (x) = −2
pa(x)

zh
(3.2)

12
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v xf( )

v x( )

x

p xa( )

—p xa( )

Figure 3.1: Analytical model of a perforated plate

where pa is the upper surface pressure resulting from the combination of the plate v(x)

velocity and equivalent continuously distributed fluid velocity through the holes vf (x)

(the pressure on the lower surface is −pa) and zh is given by Eq.(2.13). Therefore for

the perforated plate, the net velocity formed of the combination of the normal velocity

of plate and the continuously distributed fluid motion vp is given by

vp(x) = v(x) + vf (x) = v(x)− 2
pa(x)

zh
(3.3)

Since the plate is infinite and the bending wave has a unique wavenumber kx, the plate

and the equivalent fluid particle velocity also have the same unique wavenumber in the

x direction. Eq.(3.3) can be expressed as

Ṽp(kx) = Ṽ (kx) + Ṽf (kx) = Ṽ (kx)− 2
P̃a(kx)

zh
(3.4)

From Eq.(3.1), this generates the pressure P̃a

P̃a(kx) = Ṽp(kx)za(kx) =

(
Ṽ (kx)− 2

P̃a(kx)
zh

)
za(kx) (3.5)

Rearranging yields

P̃a(kx) =
zh za(kx)

zh + 2za(kx)
Ṽ (kx) (3.6)

Substituting the Fourier transform of Eq.(3.2) into Eq.(3.6)

Ṽf (kx) =
−2za(kx)

zh + 2za(kx)
Ṽ (kx) (3.7)

Finally substituting Eq.(3.6) into Eq.(3.4) yields the ratio of the complex amplitudes of

the total normal velocity of plate and fluid flow through the holes to that of the plate
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Ṽp(kx)

Ṽ (kx)
=

1
1 + 2za(kx)/zh

(3.8)

Eq.(3.8) confirms that the sound radiation from the plate is reduced by introducing

perforation to the plate. As |za(kx)/zh| → ∞, i.e. open area condition (absence of the

plate), the ratio tends to zero so that flow through the holes completely compensates

the plate motion, while as za(kx)/zh → 0, i.e. the unperforated plate (absence of the

holes), the ratio tends to unity.

The sound power radiated per unit area of the perforated plate can be calculated by

Wp(kx) =
1
2
<

{
P̃ (kx)Ṽ ∗

p (kx)
}

(3.9)

By using the relation from Eq.(3.1)

Wp(kx) =
1
2
<

{
za(kx)Ṽp(kx)Ṽ ∗

p (kx)
}

=
1
2

∣∣∣Ṽp(kx)
∣∣∣
2
<{za(kx)} (3.10)

The ratio of sound power per unit area of the perforated plate to that of the unperforated

plate is therefore given by

Wp(kx)
W (kx)

=

∣∣∣∣∣
Ṽp(kx)

Ṽ (kx)

∣∣∣∣∣
2

=
1

1 + 4(za(kx)/ |zh|)2 , kx < k (3.11)

since zh is imaginary.

In terms of the non-dimensional specific acoustic reactance h, the ratio za(kx)/ |zh| can

be expressed as

za(kx)
|zh| =

1
h(1− k2

x/k2)1/2
=

1
h(1− α2)1/2

, α < 1 (3.12)

where α = kx/k.

For a plane wave travelling with components in the x and y directions, k2
x is replaced

by the square of the resultant k2
x + k2

y. It follows that Eq.(3.12) can be written as

za(kx, ky)
|zh| =

1
h(1− α2 − β2)1/2

, α2 + β2 < 1 (3.13)

where β = ky/k.
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3.2 Finite plate in a perforated baffle

From the infinite plate case, the situation can be extended to the case of modes of

vibration in a finite plate which can be decomposed into a spectrum of travelling waves.

Consider a rectangular plate set in an infinite baffle. For convenience at this stage, the

baffle is assumed to be similarly perforated to the plate so that the previous analysis

can be used. Suppose the plate is vibrating in mode (m,n). The plate vibration can

be defined by its non-dimensional wavenumber spectrum over (α, β). From Eq.(3.11),

the ratio of the squared amplitudes of the total normal velocity of plate and fluid flow

through the holes to that of the unperforated plate velocity, for the mode (m,n) at

non-dimensional wavenumber (α, β) is given by

|X(α, β)|2 =

∣∣∣∣∣
Ṽp,mn(α, β)

Ṽmn(α, β)

∣∣∣∣∣
2

=
h2(1− α2 − β2)

4 + h2(1− α2 − β2)
, α2 + β2 < 1 (3.14)

Recalling Eq.(3.10) for two-dimensional, the total sound power over the infinite range

of wavenumbers can be written as

W =
1

8π2
<

∫ ∞

−∞

∫ ∞

−∞

ωρ

(k2 − k2
x − k2

y)1/2
|Ṽ (kx, ky)|2 dkx dky (3.15)

Only wavenumber components satisfying the condition (k2
x + k2

y)
1/2 ≤ k contribute to

sound power radiation; elsewhere the term (k2 − k2
x − k2

y)
1/2 is imaginary. The range of

integration can therefore be limited to give

W =
ρc

8π2

∫ k

−k

∫ √
k2−k2

y

−
√

k2−k2
y

k

(k2 − k2
x − k2

y)1/2
|Ṽ (kx, ky)|2 dkx dky (3.16)

In the two-dimensional spatial Fourier transform, the velocity distribution of an indi-

vidual mode is decomposed into a continuous spectrum of spatially harmonic, travelling

plane wave components, each having a certain wavenumber vector (kx, ky):

Ṽmn(kx, ky) =
∫ a

0

∫ b

0
umn ϕmne−j(kxx+kyy) dx dy (3.17)

where Ṽmn(kx, ky) is the complex amplitude of the wavenumber component. Integration

yields [12]

Ṽ (α, β) = umnΛk−2(ε + jϑ)(γ + jς) (3.18)
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where

Λ =

(
mπ
ka

) (
nπ
kb

)
[
α2 − (

mπ
ka

)2
] [

β2 − (
nπ
kb

)2
]

ε = (−1)m cos (αka)− 1, ϑ = (−1)m+1 sin (αka)

γ = (−1)n cos (βkb)− 1, ς = (−1)n+1 sin (βkb)

in which α = kx/k and β = ky/k are the non-dimensional wavenumbers and a and b are

the plate dimensions.

Substituting Eq.(3.18) into Eq.(3.16), the sound power radiated by a single mode is thus

Wmn =
ρc|umn|2
8π2k2

∫ 1

−1

∫ √
1−α2

−√1−α2

Λ2 (Γ2 + Π2)
(1− α2 − β2)1/2

dβ dα (3.19)

where Γ = (εγ−ϑς) and Π = (ϑγ + ες). Because only spectral components of Ṽmn with

α2 + β2 ≤ 1 can radiate sound to the far field, the integrals over α and β are calculated

for the area of non-dimensional wavenumber space enclosed by a circle of unit radius

centred on the origin.

Therefore to calculate the sound power radiated by a mode of a perforated plate,

|X(α, β)|2 from Eq.(3.14) can be inserted into Eq.(3.19). This equation now becomes

W p,mn =
ρc|umn|2
8π2k2

∫ 1

−1

∫ √
1−α2

−√1−α2

|X(α, β)|2 Λ2 (Γ2 + Π2)
(1− α2 − β2)1/2

dβ dα (3.20)

The radiation efficiency for a mode (m,n) of the perforated plate set in the infinite

perforated baffle is then given by

σmn =
1

π2(ka)(kb)

∫ 1

−1

∫ √
1−α2

−√1−α2

|X(α, β)|2 Λ2 (Γ2 + Π2)
(1− α2 − β2)1/2

dβ dα (3.21)

The total sound radiation can be calculated by modal summation in the same way as

for the unperforated plate [17].

3.3 Results

With the same plate dimensions and properties as in the previous review report [18],

Figure 3.2 shows the results of the modal and average radiation efficiencies of a plate

having 5% perforation ratio with 5 mm diameter holes. As seen from the figure, at very
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Figure 3.2: Modal and average radiation efficiency of a simply supported rectangular
perforated plate in an infinite perforated baffle (0.65× 0.5× 0.003 m aluminium plate with
η = 0.1; do = 5 mm, τ = 5%):—, modal radiation efficiency; −, average radiation
efficiency.

low frequencies (at and below the fundamental mode at 70 Hz), instead of increasing

at 20 dB/decade as the unperforated plate does, the average radiation efficiency of the

perforated plate now increases at 40 dB/decade, where the additional 20 dB/decade is

due to the effect of the holes. The motion of the fluid in the holes is in the opposite

direction to that of the plate, i.e. 180◦ out of phase. The field produced by the surface

sources of the plate in the vicinity of the holes is largely suppressed by the opposite

fluid motion through the holes. Hence below the natural frequency of the fundamental

mode, the motion of the plate and the fluid in the holes can be associated with the

motion of two monopole sources acting in opposite directions which now constitute a

dipole source. In the ‘corner mode’ region, from 100 to 1000 Hz, the average radiation

efficiency has a frequency dependence of about 20 dB/decade, whereas for the unbaffled

plate it is approximately independent of frequency.

Figure 3.3 plots the average radiation efficiencies obtained with various perforation ra-

tios τ and constant hole diameter do and also the radiation efficiency of the unperforated

plate for comparison. It can be seen that as the perforation ratio increases the radia-

tion efficiency is simply reduced by an amount that is approximately constant over the

frequency range.

In order to show the effect of the perforation on the sound radiation, the results are

presented as the sound radiation of a perforated plate relative to that of the equivalent

unperforated plate. The terminology of insertion loss can be used for this purpose. The
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Figure 3.3: Average radiation efficiency of a simply supported rectangular perforated plate
in an infinite perforated baffle (0.65 × 0.5 × 0.003 m aluminium plate with η = 0.1; do=5
mm:−unperforated, τ= — 5%, −− 10%, · · · 20% and − · − 40%).

insertion loss (IL) of the perforation is defined as

IL = −10 log10

(
Wp

W

)
(3.22)

where Wp and W are the overall radiated power of the perforated and the unperforated

plate respectively. The −IL gives the effect of perforation which will be used throughout

the rest of this report to present the results.

Figure 3.4 plots the effect of perforation (−IL). Figure 3.5 show results with a constant

perforation ratio and various hole diameters which shows that the sound radiation can

be further reduced by reducing the hole diameter, i.e. increasing the number of holes

per unit area of the plate (hole density). From Eq.(2.14), for a thin plate where the

plate thickness is much smaller than the hole radius, t << do, the non-dimensional

specific acoustic reactance can be expressed as h = kπdo/(4τ). Consequently, the effect

of perforation is controlled by a factor of do/τ . As seen from Figure 3.4 and Figure 3.5,

with the same values of do/τ , the effect of the perforation is almost equal. For example

do = 10 mm, τ = 10% and do = 20 mm, τ = 20% give very similar results.

Figure 3.6 presents the results for different thicknesses and dimensions of the plate.

Figure 3.6(c) and Figure 3.6(d) clearly show that for this model, the effect of perforation

does not depend on the plate dimensions. Compare also with Figure 3.4. The effect of
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Figure 3.4: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated plate in an infinite perforated baffle (0.65× 0.5× 0.003 m aluminium plate
with η = 0.1, do= 10 mm; · · · τ=10%, − · −τ=20%, −−τ=40% mm, —τ=60%).
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Figure 3.5: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated plate in an infinite perforated baffle (0.65× 0.5× 0.003 m aluminium plate
with η = 0.1, τ= 20%; —do=5 mm, − · −do=10 mm, · · · do=20 mm, −− do=50 mm).
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(d)

Figure 3.6: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated plate in a perforated baffle for different thicknesses; (a) 0.65× 0.5× 0.006
m, (b) 0.65× 0.5× 0.008 m and dimensions; (c) 0.75× 0.4× 0.003 m, (d) 0.9× 0.3× 0.003
m (aluminium plate with η = 0.1; do=10 mm, τ= — 20%, −− 40%, · · · 60%).

perforation is affected only by the perforation ratio, the plate thickness and the hole size

(see Eq.(2.14)).

The results can also be plotted against the non-dimensional acoustic reactance h. It

can be seen from Figure 3.7 that for different dimensions and thicknesses, all the re-

sults collapse to a single line apart from small differences among the results that occur

close to the critical frequency. Because the effect of perforation is independent of the

plate dimensions, the curves are identical for similar plate thickness (see blue and black

curves).
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Figure 3.7: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated plate in an infinite perforated baffle plotted against h (0.65×0.5×0.003 m
(blue line), 0.65× 0.5× 0.006 m (red line) and 0.75× 0.4× 0.003 m (black line); aluminium
plate with η = 0.1, do= 10 mm; τ= — 20%, −− 40%, · · · 60%).

3.4 Approximate formula for IL

The differences in the effect of perforation at high frequencies are due to the results

around and above the critical frequency as each curve converges to 0 dB. Neglecting

this, an approximation can be made, at least up to the corner mode region of the sound

radiation. The formula can be written as

− ILapprx = 20 log10 (h)− 10.77 , h < hc/2 (3.23)

where hc is the non-dimensional acoustic reactance at the critical frequency, fc. Fig-

ure 3.8 plots the results comparing the analytical (−IL) and approximated (−ILapprx)

effect of perforation. It shows good agreement between the results until hc/2.
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Figure 3.8: Comparison of exact (−−) and approximated (—) effect of perforation (−IL)
of a simply supported plate in an infinite perforated baffle.(a) and (b) 0.65× 0.5× 0.003 m,
(c) and (d) 0.65× 0.5× 0.006 m, (e) and (f) 0.75× 0.4× 0.003 m; (a),(c), (e): τ=20% and
(b),(d), (f): τ=60% (aluminium plate with η = 0.1; do=10 mm).



Chapter 4

Radiation by modes of a

perforated, unbaffled plate

Although mathematically convenient, a perforated plate set in a similarly perforated

baffle is not an important issue, as such a situation is rarely found in practice. The

more interesting case is where the baffle has a different acoustic impedance, such as the

perforated plate mounted in a rigid baffle or the unbaffled perforated plate. The latter

especially is frequently found in real applications and is discussed in this section.

4.1 Extended equations

The method of Laulagnet [8] for the sound radiation of an unbaffled plate discussed in

the previous review [18] can be extended to introduce perforation on the plate. The

flexural wave equation of a plate excited by a point force can written as

B∇4w(x, y)−mω2w(x, y) = F (x, y) + ∆p(x, y) (4.1)

From Figure 4.1, following Laulagnet [8], the two-unknown fields, i.e. the acoustic field

p(M ) and the vibration of the plate w(Q) can be related using Euler’s function in the

plane of the plate at z=0.

∂p

∂z
(M)|z=0 = ρ ω2w(M)

(4.2)

=
∫

Sp

[B∇4w(Q)−mω2w(Q)− F (Q)]
∂2G(Q,M)
∂zQ∂zM

dSp

23
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Figure 4.1: A simply supported plate enclosed by a volume V in the medium with its
bounding surface S.

The motion of the fluid inside the holes depends on the pressure difference ∆p(x, y)

between the two sides of the plate surface. The specific acoustic impedance of the

distribution of holes can then be expressed as

zh =
∆p(x, y)
vf (x, y)

(4.3)

where vf (x, y) is the velocity of the fluid in the holes.

With the coordinate system of the plate as in Figure 4.1, by using Euler’s function on

the plate surface at z = 0 and substituting Eq. (4.3), the relation can be written as

∂p

∂z
(M)|z=0 = ρ ω2(w(M)− wf (M)) = ρ ω2w(M) + jρ ω vf (M)

(4.4)

= ρ ω2w(M) +
jρω

zh
∆p(M)

where M is a point in the medium above the plate, wf is the fluid displacement relative

to the plane z = 0 and where vf = jωwf .

Substituting from Eq.(4.1) gives

∂p

∂z
(M)|z=0 = ρ ω2w(M) +

jρω

zh
(B∇4w(M)−mω2w(M)− F (M)) (4.5)

Recalling Eq.(4.2) and substituting Eq.(4.5) yields
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ρ ω2w(M) +
jρω

zh
(B∇4w(M)−mω2w(M)− F (M))

(4.6)

=
∫

Sp

(B∇4w(Q)−mω2w(Q)− F (Q))
∂2G(Q,M)
∂zQ∂zM

dSp

where Q is a point on the plate surface and the second term on the left-hand side has

been added by the perforation.

The displacement can be considered as the summation of a series of plate modes,

w(x, y) =
∞∑

m=1

∞∑

n=1

dmnϕmn(x, y) (4.7)

The same kind of modal series can also be applied for the excitation force,

F (x, y) =
∞∑

m=1

∞∑

n=1

Fmnϕmn(x, y) (4.8)

where Fmn is the density of the generalized force for mode (m,n).

Substituting Eq.(4.7) and Eq.(4.8) into Eq.(4.6), this can then be written as

ρω2
∞∑

m=1

∞∑

n=1

dmnϕmn(x0, y0) +
jρω

zh

∞∑

m=1

∞∑

n=1

[m(ω2
mn − ω2)dmn − Fmn]ϕmn(x0, y0) =

(4.9)
∫

Sp

∞∑

m=1

∞∑

n=1

[m(ω2
mn − ω2)dmn − Fmn] ϕmn(x, y)

∂2G

∂z∂z0
(x, x0, y, y0, z = z0 = 0) dx dy

where ωmn is the resonance frequency for a single mode defined by

ωmn = k2
mn

√(
B

m

)
(4.10)

where kmn denotes the modal wave number of mode (m,n), which for a simply supported

plate is given by

kmn =

√(mπ

a

)2
+

(nπ

b

)2
(4.11)

and where the modes ϕmn satisfy

B ∇4ϕmn(x, y) = mω2
mnϕmn(x, y) (4.12)
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If the mode shape of the simply supported plate, say ϕmn is defined as

ϕmn(x, y) = sin
(mπx

a

)
sin

(nπy

b

)
(4.13)

using the orthogonality relationship, one can obtain

∫

Sp

ϕmn ϕpq dSp =
Sp

4
δmpδnq (4.14)

where δ is the Kronecker delta.

For the case of a simply supported plate, applying the orthogonality relationship from

Eq.(4.14) to Eq.(4.9) yields

ρω2 Sp

4
dpq +

jωρ

zh
(m(ω2

pq − ω2)dpq − Fpq)
(4.15)

=
∞∑

m=1

∞∑

n=1

(m(ω2
mn − ω2)dmn − Fmn)Cpqmn

where dpq is the modal complex displacement amplitude, Fpq is the modal excitation

force and Cpqmn=Cmnpq are the acoustical cross-modal coupling terms. To include the

effect of damping into the sound radiation calculation, the plate natural frequency ω2
mn

is replaced by ω2
mn(1 + jη).

After re-arranging Eq.(4.15), its solution in terms of vectors and matrices can be written

as

[Cmnpq] {m(ω2
mn − ω2)dmn} − ρω2 Sp

4
[I] {dmn} − jωρ

zo

Sp

4
[I] {m(ω2

mn − ω2)dmn}
(4.16)

= [Cmnpq] {Fmn} − [I]
jωρ

zh

Sp

4
{Fmn}

where [I] is the mn×mn identity matrix and {} denotes a column vector.

Multiplying by [Cmnpq]
−1 yields

[I] {m(ω2
mn − ω2)dmn} − ρω2 Sp

4
[Cmnpq]

−1

(
[I] {dmn}+

jm

ωzh
[I]

{
(ω2

mn − ω2)dmn

})

(4.17)

=
(

[I]− jωρ

zh

Sp

4
[Cpqmn]−1

)
{Fmn}

By neglecting the cross-modal coupling contributions in the sound radiation as in [8],

the equation can be approximated by



Chapter 4 Radiation by modes of a perforated, unbaffled plate 27

mpq(ω2
pq − ω2)dpq − ρω2

(
Sp

4

)2 1
Cpqpq

(
1 +

4jmpq

Spωzh
(ω2

pq − ω2)
)

dpq

(4.18)

=
(

1− jωρ

zh

Sp

4
1

Cpqpq

)
F̂pq

where mpq = m(Sp/4) and F̂pq = Fpq(Sp/4) are the generalized mass and the generalized

force respectively. The case of the unperforated, unbaffled plate can be recovered by

introducing very large zh.

Eq.(4.18) can be solved to find the complex displacement amplitude of mode (p, q), dpq.

The plate velocity for each mode can written as

vpq(x, y) =
∂w

∂t
= jωdpqϕpq(x, y) (4.19)

where ϕpq is the value of the corresponding mode shape function.

The space average mean square velocity of a mode can be expressed as

〈
v2
pq

〉
=

1
2Sp

∫

Sp

|vpq(x, y)|2 dx dy (4.20)

Substituting Eq.(4.19) for the case of a simply supported plate gives

〈
v2
pq

〉
=

ω2

8
|dpq|2 (4.21)

As for the case of an unbaffled plate [8], the acoustic pressure is determined from the

pressure difference ∆p(x, y) between the two sides of the plate surface. The total radiated

sound power is defined as

W =
1
2

∫

Sp

<




∞∑

p=1

∞∑

q=1

∆p(x, y)v∗pq(x, y)



 dSp (4.22)

To obtain a convenient calculation, the pressure difference ∆p(x, y) can also be written

as a sum of plate mode shapes

∆p(x, y) =
∞∑

m=1

∞∑

n=1

pmnϕmn(x, y) (4.23)

where pmn are the corresponding amplitudes.
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Therefore by using the orthogonality relationship from Eq.(4.14), the radiated sound

power can be written as

W =
1
2

∫

Sp

<




∞∑

m=1

∞∑

n=1

pmnϕmn × (jω)
∞∑

p=1

∞∑

q=1

d∗pqϕpq



 dSp

(4.24)

=
ω

2
Sp

4
<



j

∞∑

p=1

∞∑

q=1

ppqd
∗
pq





The effect of the perforation on the sound power is contained within the complex dis-

placement amplitude, dpq.

Substituting Eq.(4.23), Eq.(4.1) can then be written as

∞∑

m=1

∞∑

n=1

m(ω2
mn − ω2)dmnϕmn(x, y)

(4.25)

=
∞∑

m=1

∞∑

n=1

Fmnϕmn(x, y) +
∞∑

m=1

∞∑

n=1

pmnϕmn(x, y)

Again, applying the orthogonality relationship yields

m(ω2
pq − ω2)dpq = Fpq + ppq (4.26)

Eliminating ppq in Eq.(4.24) using Eq.(4.26)

W =
ωSp

8
<



j

∞∑

p=1

∞∑

q=1

(m(ω2
pq − ω2)dpq − Fpq)d∗pq



 (4.27)

Therefore the total radiation efficiency σ can be found from

σ =
W

ρcSp
∑∞

p=1

∑∞
q=1

〈
v2
pq

〉 (4.28)

This is the average radiation efficiency which is also defined as a summation over the

contributions of modes (modal summation approach).
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Figure 4.2: Comparison between the exact (—) and approximated calculation (· · · ) of
(a) mode (1,1), (b) mode (1,2), (c) mode (2,4) and (d) mode (3,3) (0.65 × 0.5 × 0.003 m
aluminium plate with η = 0.1; do=10 mm, τ=40%).

4.2 Results

Figure 4.2 shows a comparison between the calculation of the radiation efficiency for

modes (1,1),(1,2),(2,4) and (3,3) using Eq.(4.17) involving the full matrix [Cpqmn] and

the one using Eq.(4.18), based on neglecting cross-modal terms.

For calculating the results using Eq.(4.17), i.e. using the full matrix of Cpqmn, a total

of 49 × 49 modes are included in each calculation. In each case only modes of the

same parity are included as other terms are zero. In this section, the calculation using

Eq.(4.17) is called the exact calculation, whereas the calculation using Eq.(4.18) is called

the approximate calculation.

For modes (1,1) and (1,2), the approximate result has a very close agreement with the

exact result. Differences occur for modes (2,4) and (3,3) below the natural frequency of

each mode. This is the effect of the cross-modal coupling which is greater in the higher
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modes. In the unbaffled plate case, the cross-modal terms do not completely converge

to zero as they do for the baffled plate case, even though all possible force positions

have been averaged. However, using only the self-modal radiation from the approximate

calculation is still considered to give quite good agreement with the results from the

exact calculation, especially when the full modal summation is considered. Therefore,

in the remainder of this section, the calculation of the radiation efficiency is carried out

by using Eq.(4.18), i.e. neglecting the cross-modal coupling distribution.

Figure 4.3 presents the results of the modal and average radiation efficiencies of an

unbaffled perforated plate with 40% perforation ratio and 10 mm diameter holes. The

results show a curve which has the same trend of slope as obtained from the case of

a perforated plate in an infinite perforated baffle, see Figure 3.2, particularly for the

region below the first mode (40 dB/decade) and the corner mode region (20 dB/decade).

However, the unbaffled plate has a lower radiation efficiency than that of the plate in

the perforated baffle for most of the frequency range below the critical frequency, as

shown in Figure 4.4. As the perforation ratio increases, the radiation efficiency of the

perforated plate in a perforated baffle becomes very similar to that of the unbaffled

perforated plate. At high perforation ratio, the contribution of the baffle to the radiated

sound is no longer significant. This is confirmed in Figure 4.5 which shows the differences

of the radiation efficiencies ∆σ for no baffle and a perforated baffle on a dB scale. This

shows that for a 10 mm hole diameter and 60% perforation ratio, the difference is only

around 1 dB. Therefore with very high perforation ratio, the system with a perforated

baffle can then be considered to be equivalent to the unbaffled perforated plate.

Figure 4.6 compares the results with the unperforated unbaffled plate. Perforation yields

a constant reduction over the frequencies up to the corner mode region (at 450 Hz in

this case). The effect then reduces as frequency increases. This can be explained as the

impedance of the hole is proportional to frequency. Therefore at high frequency, the

fluid in the holes has very high impedance and hence behaves like a solid mass. This

mass does not move to suppress the fluid from the volume sources adjacent to the hole.

The cancellation of radiated sound is thus not effective.

Figure 4.7 and Figure 4.8 present the effect of perforation for constant hole diameter and

constant perforation ratio, respectively. These show that, for the case of the unbaffled

perforated plate, the effect of perforation is almost independent of the frequency below

the edge mode region and then increases in the edge mode region as the frequency

increases. Results for different thicknesses and dimensions are presented in Figure 4.9.

Unlike the perforated baffled case, the results show that the effect of perforation in the

unbaffled perforated case depends on both the plate thickness (see Figure 4.9(a), 4.9(b))

and on the plate dimension (see Figure 4.9(c), 4.9(d)).
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Figure 4.3: Modal and average radiation efficiency of a simply supported rectangular
unbaffled perforated plate (0.65×0.5×0.003 m aluminium plate with η = 0.1; do = 10 mm,
τ = 40%):—, modal radiation efficiency;−, average radiation efficiency.
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Figure 4.4: Average radiation efficiency of simply supported rectangular perforated plates
in a perforated baffle (thin line) and unbaffled (thick line) (0.65× 0.5× 0.003 m aluminium
plate with η = 0.1; do = 10 mm): · · · τ=3%, −−τ=10%, − · −τ=40% mm, —τ=60%.
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Figure 4.5: Radiation efficiency difference of a perforated plate in a perforated baffle and
an unbaffled plate) (0.65 × 0.5 × 0.003 m aluminium plate with η = 0.1; do = 10 mm):
×—τ=3%, · · · τ=10%, −−τ=20%, − · −τ=40% mm, —τ=60%.
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Figure 4.6: Average radiation efficiency of a simply supported rectangular unbaffled perfo-
rated plate (0.65×0.5×0.003 m aluminium plate with η = 0.1, do= 10 mm;−unperforated,
—τ=10%, −−τ=20%, · · · τ=40% mm, − · −τ=60%).
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Figure 4.7: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated unbaffled plate (0.65 × 0.5 × 0.003 m aluminium plate with η = 0.1, do=
10 mm; —τ=10%, −−τ=20%, · · · τ=40% mm, − · −τ=60%).
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Figure 4.8: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated unbaffled plate (0.65×0.5×0.003 m aluminium plate with η = 0.1; τ=20%:
do= — 50 mm, −− 20 mm, − · − 5 mm, · · · 2 mm).
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(d)

Figure 4.9: Effect of perforation on sound power radiation of a simply supported rec-
tangular perforated unbaffled plate for different thicknesses; (a) 0.65 × 0.5 × 0.006 m, (b)
0.65× 0.5× 0.008 m and different dimensions; (c) 0.8× 0.4× 0.003 m, (d) 0.9× 0.2× 0.003
m (aluminium plate with η = 0.1; do=10 mm, τ= — 20%, −− 40%, · · · 60%).

Figure 4.10 shows a comparison of the radiation index (10 log10 σ) from the analytical

calculation with that from the measurements made by Pierri [19] for 0.3× 0.3 m steel

plates with 1.22 mm thickness. The results are plotted against 1/3 octave band centre

frequencies. The damping loss factor in the calculations is chosen to be very low, i.e.

η = 0.001. A very good agreement between the theoretical and the measurement results

is achieved although below 800 Hz, the measured radiation efficiencies are greater than

the predictions by about 3 − 4 dB. This is probably due to the high variability of the

radiation efficiency in the corner mode region as the force was only applied at one

location on the plate in the experiment [19]. This variability due to the excited point

force positions has been described in [18, 20]. Moreover, the background noise in this

region could also have a significant effect. Above 1 kHz the measured data is lower than

than the prediciton for the plate with 41.5% perforation ratio. However, it still follows

the same trend as the prediction.
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(d)

Figure 4.10: Comparison of the radiation index from analytical calculation (—) with that
of the measurement from Pierri in 1/3 octave bands (−−)(0.3 × 0.3 × 0.0012 m unbaffled
steel plate with η = 0.001: (a) do=5.6 mm, τ=5.7%; (b) do=7.1 mm, τ=9.4%; (c) do=8.8
mm, τ=14.1%; (d) do=15 mm, τ=41.5%).

Figure 4.11 plots the effect of perforation for the same plates. It also shows a good agree-

ment with the prediction, except for the 41.5% perforation ratio plate where differences

of up to 10 dB are found at 400 Hz and 1.25 kHz.

4.3 Approximate formula for IL at low frequency

Figure 4.12 plots the effect of perforation against h for different plate thickness. The

curves collapse together with the same slope in the edge mode region where the insertion

loss is dependent on h. Below the edge mode region, the results are independent of h

but vary with plate on dimensions and perforation ratio.

As the effect of perforation ratio (−IL) for the unbaffled perforated plate shows constant

values at low frequency, at least up to end of the corner mode region, an approximate
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Figure 4.11: Comparison of the effect of perforation from analytical calculation (—) with
that of the measurement from Pierri in 1/3 octave bands (−−)(0.3×0.3×0.0012 m unbaffled
steel plate with η = 0.001: (a) do=5.6 mm, τ=5.7%; (b) do=7.1 mm, τ=9.4%; (c) do=8.8
mm, τ=14.1%; (d) do=15 mm, τ=41.5%).

formula can be developed to determine the effect of perforation ratio in this frequency

range.

Figure 4.13 plots the effect of perforation at low frequency for plates with the same

dimensions but different thickness and perforation ratio to show the increment of −IL

as the plate thickness increases. It is shown that the perforation of the thinner plate has

a greater effect of reducing the sound radiation. The result also shows that the trend

has a dependency of 17.8 dB/decade. Hence it can be determined as a function of the

non-dimensional acoustic reactance h written as

− IL ubf,h = 17.78 log10

(
h

k

)
+ 5.14 , k < ke (4.29)

where ILubf,h is the insertion loss of the unbaffled perforated plate at very low frequency,
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Figure 4.12: Effect of perforation on sound power radiation of a simply supported rec-
tangular perforated, unbaffled plate plotted against h (0.65 × 0.5 × 0.003 m (black line),
0.65× 0.5× 0.006 m (blue line) ); aluminium plate with η = 0.1, do= 10 mm; τ= — 20%,
−− 40%, − · − 60%).

i.e. in the dipole and the corner mode regions, as a function of h (thickness, perforation

ratio and hole diameter) and ke = 2πfe/c is the wavenumber corresponding to the

starting frequency of the edge mode region.

The effect of perforation at low frequency for different dimensions with the same plate

thickness is shown in Figure 4.14 for the perforation ratio of 20% and 40%. For the

20% perforation ratio, the function of the curve in terms of the plate dimensions can be

written as

− IL ubf,dimension = −17.37 log10

(
ab

a + b

)
+ 7.94 , k < ke (4.30)

where a × b is the plate area1. The 40% perforation ratio can be regarded to have the

same slope of Eq.(4.30).

Both equations (Eq.(4.29) and Eq.(4.30)) can be combined to give a general equation

for the insertion loss at low frequency expressed as

− IL ubf = −17.37 log10

(
ab

a + b

)
+ 17.78 log10

(
h

k

)
− 4.36 , k < ke (4.31)

1The results were also plotted against ab, a/b and a+b but these did not yield a consistent relationship
as here.
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Figure 4.13: Effect of perforation on sound power radiation of a simply supported rec-
tangular perforated unbaffled plate at low frequency asymptote for different thickness (¤:
0.65× 0.5× 0.003 m, ♦: 0.65× 0.5× 0.004 m, 4: 0.65× 0.5× 0.006 m, ◦: 0.65× 0.5× 0.008
m aluminium plate with η = 0.1; τ=20% (blue), τ=40% (red), τ=60% (green)).
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Figure 4.14: Effect of perforation on sound power radiation of a simply supported rectan-
gular perforated unbaffled plate at low frequency asymptote for various plate dimensions
(t= 0.003 m, aluminium plate with η = 0.1; +=20%, ◦=40%).
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Figure 4.15: Comparison of exact and approximated (thick line) insertion gain (−IL) of a
simply supported rectangular perforated, unbaffled plate: 0.65×0.5×0.003 m; −·−τ=10%,
· · · τ=20%, −−τ=40%, —τ=60% (aluminium plate with η = 0.1, do= 10 mm).

Figures 4.15 and 4.16 show the effect of perforation below the edge mode frequency

(wavenumber ke), to test the validity of Eq.(4.31) by varying perforation ratio, plate

dimension and thickness. It is shown that it gives good agreement at very low frequency.
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Figure 4.16: Comparison of exact (marked) and approximated insertion gain (−IL) of a
simply supported rectangular perforated, unbaffled plate: τ=20%; O 0.39 × 0.3 × 0.005 m,
4 0.52× 0.4× 0.006 m, ♦ 0.7× 0.45× 0.004 m, ¤ 0.65× 0.4× 0.002 m, ◦ 0.9× 0.8× 0.003
m) (aluminium plate with η = 0.1, do= 10 mm).



Chapter 5

Sound Radiation from a Baffled

Plate Modelled by Discrete

Sources

In the previous chapters, the assumption is made that the array of holes can be replaced

by a uniform layer of acoustic impedance at the suface of the plate. For this to be

valid, the distance between the holes must be short enough compared with the acoustic

wavelength. However, the effect is not obvious in the models because the perforation

ratio is a parameter defined without necessarily knowing the hole position and also the

distance between holes. As already mentioned in Section 2.3, there should be a frequency

limit where the continuous impedance assumption is breached when the hole distance is

far apart compared with the acosutic wavelength.

To investigate this phenomenon, a continuous baffled source can be modelled by replacing

it with an array of sources. Thus a perforated plate can be modelled by an array of

sources, some representing the plate and others the holes. The acoustic pressure for

each sources due to the other sources is calculated numerically. This discrete source

model is atractive as the hole configuration can be arbitrarily set and the hole distance

is known.

5.1 Discrete Version of Rayleigh Integral

The well-known Rayleigh integral [9] can be used to calculate the sound pressure at any

point of observation due to a vibrating plate set in an infinite rigid baffle. The equation

can be written as

p(x) = −2
∫

s
g(x|xs)

(
∂p(x)
∂n

)

S

dS (5.1)

41
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where x = (x, y) and S denotes the surface area of the plate. The first term of the

integrand is the free-field Green’s function which is the sound pressure contribution

at x due to the radiation of a point monopole source of area dS at xs. Since Up =

(−1/jρck)∂p/∂n and g = e−jkR/4πR, thus

p(x) =
jρck

2π

∫

s
Up(xs)

e−jkR

R
dS (5.2)

where R = |x− xs|.

The Rayleigh integral requires that the normal velocity is known over the whole surface

plate area. For the case of a moving piston, the normal velocity is uniform across the

plate surface

Up(xs) = Un (5.3)

For bending of a rectangular plate having dimensions a × b and assuming simply sup-

ported edges, the velocity can be written as the sum of modal vibration contributions

given by

Up(xs) =
∞∑

m=1

∞∑

n=1

umn sin
(mπx

a

)
sin

(nπy

b

)
(5.4)

where umn is the complex velocity amplitude of mode (m,n). For a point force excitation

at (x0, y0), it can be defined as [21]

umn =
2jωF

[ω2
mn(1 + jη)− ω2]M

sin
(mπx0

a

)
sin

(nπy0

b

)
(5.5)

where F is the force amplitude, ωmn is the natural frequency, η is the hysteretic damping

loss factor, and M is the plate mass.

The Rayleigh integral can next be written in discrete form as a sum over discrete source

regions. Concerning the rectangular plate in the xy coordinate plane, the sources are

defined by dividing the plate into a set of grid points. The spacings between points are dx

in the x direction and dy in the y direction. The small element dS = dxdy thus becomes

a discrete monopole source of the plate. This requires that the elemental source size

must be much smaller compared with the acoustic wavelength (k dx << 1, k dy << 1).

Discretizing the Rayleigh integral yields

p(x) =
jρck

2π

∑

j

Up(xj)
e−jkR

R
dxdy (5.6)
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where R = |x−xj |. However when x lies on the surface (x = xi) the integrand is singular

for i = j. To solve the integral over element i, another approximation corresponding

to the pressure distribution on the plate surface is needed. Morse and Ingard [11] give

the total force per unit area (pressure) acting on a rectangular (almost square) piston

moving with uniform velocity Un. For a plate of dimensions a × b where b ∼= a, the

radiation impedance is expressed as

p

Un
=

ρck2

16
(a2 + b2

)
+

j8ρck

9π

(
a2 + ab + b2

a + b

)
, ka << 1 (5.7)

Applying this to the elemental source dS and assuming a square piston, i.e. a = dx =

b = dy, this reduces to

p

Un
= ρc

(
k2dx2

8
+

j4k dx

3π

)
, k dx << 1 (5.8)

Therefore the Rayleigh integral can be written in the form

{pi} = Mij {Uj} (5.9)

where

Mij =





jρck

2π

(
e−jkRij

Rij

)
dx2, i 6= j

ρc

(
k2dx2

8
+

j4k dx

3π

)
, i = j

The matrix M is actually as impedance matrix since the acoustic impedance expresses

the ratio of complex pressure to the associated particle velocity.

5.2 Impedance matrix

Consider an array of circular holes on a plate, as shown in Figure 5.1. Each hole can be

considered to be an acoustic source with volume velocity πd2
oUh/4 where Uh is the fluid

velocity in the hole and do is the diameter of the hole.

The pressure at any point on the plate surface can be written as a sum of the pressure

contributions from the sources representing the plate and the holes. The pressure at

source position i due to source j can be written as

pi =
∑

j

MijUj (5.10)
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Figure 5.1: Analytical model of an array of discrete (monopole) sources for calculating
the sound radiation of a perforated plate

where Uj is the velocity of source j which may represent the plate surface as the holes.

Mij can be written as a matrix, for example

Mij =




M11 · M13 · M15 · M17

· · M23 · M25 · ·
M31 M32 M33 M34 M35 M36 M37

· · M43 · M45 · ·
M51 M52 M53 M54 M55 M56 M57

· · M63 · M65 · ·
M71 · M73 · M75 · M77




(5.11)

In the present example, sources 3 and 5 correspond to the hole (see Figure 5.1). The

matrix Mij can be rearranged to give

M =

(
Mp−p Mp−h

Mh−p Mh−h

)
(5.12)

where p − p refers to the pressure at a plate location due to plate sources, p − h refers

to the pressure at plate locations due to hole sources, etc.

The pressure and velocity can be partitioned into components at the plate and the holes

giving
{

pp

ph

}
= M

{
Up

Uh

}
(5.13)

where {} denotes a column vector.

The fluid velocity in the hole is defined from the acoustic impedance of the hole Zh

Uf = −2ph

Zh
(5.14)

where Zh = τzh.
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The model is developed for discrete, independent holes on the plate. Therefore, the

acoustic impedance is no longer treated as a uniform specific acoustic impedance zh

across the plate surface as in Eq.(2.12).

As the fluid velocity in each hole may be represented by ne monopole sources, the fluid

velocity through the hole area must be averaged to the small element area dS of a

monopole source to maintain its source strength. Thus

Ufa = Uf

(
πd2

o/4
nedS

)
(5.15)

As its direction is the opposite of the plate velocity direction, the velocity from the hole

Uh is the relative velocity of the plate and of the fluid. It can be expressed as

Uh = U ′
p + Ufa = U ′

p −
ph

2Zh

(
πd2

o

nedS

)
(5.16)

where U ′
p is the plate velocity at the hole locations.

Both the pressure at the plate location and at the holes can then be written as

{pp} = [Mp−p] {Up}+ [Mh−p] {Uh} (5.17)

{ph} = [Mh−p] {Up}+ [Mh−h] {Uh} (5.18)

Substituting (5.16) into (5.18) and rearranging yields

[
I +

2Mh−h

zh

]
{ph} = ([Mh−p Mh−h]) {Ūp} (5.19)

where {Ūp} is a vector containing the plate velocity at all locations including the plate

(Up) and the holes (U ′
p) and I is the identity matrix.

Inverting the matrix on the left-hand side of (5.19) gives

{ph} =
[
I +

2Mh−h

zh

]−1

([Mh−p Mh−h]) {Ūp} (5.20)

The pressure at the plate locations pp can be obtained by substituting (5.20) into (5.16)

to give Uh and then substituting into (5.17).

The total sound power of the plate is found from the sum over the contribution of all

discrete sources

W =
1
2
<

(∑
ppU

∗
p +

∑
phU∗

h

)
dS (5.21)
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Figure 5.2: Example of the grid points (+) and the locations of 6 × 5 holes (◦) on the
plate (0.65× 0.5 m) .

where dS is the small element of the plate area.

Finally, the radiation efficiency of the perforated plate can be written as

σ =
2W

ρcab < Ū2
p >

(5.22)

where < Ū2
p > /2 is the spatially averaged mean square surface velocity of the plate.

5.3 Results

5.3.1 Radiation by a vibrating piston

The sound radiation by a perforated vibrating piston is calculated by using Eq.(5.3)

for the uniform plate velocity. Figure 5.2 shows a plate of 0.65 × 0.5 × 0.003 m with

the grid points and the locations of the holes. With the elemental source spacing of

dx = dy = 0.02 m, the number of elemental sources is 800. In this example, 30 holes are

chosen where each hole is represent by four monopoles. The hole distance in the x or y

axis is 0.1 m.

Figure 5.3 plots the results for various perforation ratios (different number of holes) with

the hole diameter do=4 cm. It can be seen that the radiation efficiency reduces as the
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Figure 5.3: Radiation efficiency of a perforated baffled plate (rectangular piston) from
discrete monopole sources: 0.65×0.5×0.003 m, do = 0.04 m, dx = 0.02 m (−unperforated,
—τ=6%, −−τ=12%, · · · τ=22%, − · −τ=31% ).

perforation ratio increases. The curves all have 20 dB/decade slope until they converge

to unity. This proportionality to f2 shows the characteristic of a monopole source. The

results are not calculated up to very high frequency as this requires more elemental

sources to ensure k dx << 1. This would take much greater calculation time. For the

present case, the calculation of radiation efficiency up to 1 kHz (frequency resolution of

40 points per decade, spaced logarithmically) using MATLAB takes about 35 seconds.

For comparisons, calculation for 1491 sources take 100 seconds (PC Pentium 4r 0.99

GB RAM). However to cover the frequency region up to 10 kHz would require at least

1.2× 105 sources leading to a very large increase in computing time.

Figure 5.4 plots the results for various hole diameters with constant perforation ratio. It

can be seen that the radiation efficiency (for constant perforation ratio) can be further

reduced by reducing the hole size as also presented in Section 3.3 for a perforated plate

set in a perforated baffle case.

5.3.2 Radiation by modes of vibration

Eq.(5.5) is now applied for calculating the sound radiation by modes from a simply

supported, perforated plate. The point force is excited at one location on the plate.
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Figure 5.4: Radiation efficiency of a perforated baffled plate (rectangular piston) from
discrete monopole sources: 0.65 × 0.5 × 0.003 m, τ = 4%, dx = 0.02 m (−unperforated,
—do=43, −−do=33, · · · do=26, − · −do=13 mm ).

For 10× 10 modes and the same frequency resolution as the radiation efficiency from a

vibrating piston, the calculation time is about 40 s.

Figure 5.5 plots the radiation efficiency for the same plate specifications as in Figure 5.3.

The force is applied around the plate corner at (2dx, 3dy) from the origin (0,0). The

results shows that the radiation efficiency reduces as the perforation ratio increases.

The effect of hole density (number of holes per unit area) on the radiation efficiency is

shown in Figure 5.6 where for constant perforation ratio, the sound radiation can again

be reduced by increasing the hole density.

The effect of perforation is shown in Figure 5.7. This shows that the sound reduction

due to perforation is almost constant below the fundamental mode (70 Hz). The effect

of perforation from the baffled piston is also plotted for comparison; these two sets of

results diverge a little as the perforation increases. Radiation from modal response shows

greater effect of perforation in the fundamental mode and edge mode regions and a lower

effect of perforation in the corner mode region than that from the vibrating piston.

Figure 5.8 compares these results with the effect of perforation from an unbaffled per-

forated plate from Chapter 4. This shows greater differences as the perforation ratio

increases particularly at the fundamental edge where the effect of perforation from the

perforated baffled plate is greater. Above the fundamental mode region, the perforated
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Figure 5.5: Radiation efficiency from modal response of a perforated baffled plate from
discrete monopole sources: 0.65 × 0.5 × 0.003 m, do = 0.04 m, dx = 0.02 m, η = 0.1
(−unperforated, —τ=6%, −−τ=12%, · · · τ=22%, − · −τ=31% ).
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Figure 5.6: Radiation efficiency from modal response of a perforated baffled plate from
discrete monopole sources: 0.65 × 0.5 × 0.003 m, τ = 4%, dx = 0.02 m (−unperforated,
—do=43, −−do=33, · · · do=26, − · −do=13 mm ).
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Figure 5.7: Comparison of the effect of perforation on sound power radiation of a perfo-
rated baffled piston (thick line) with that from the perforated baffled plate of modal response
(thin line) from discrete monopole sources: 0.65× 0.5× 0.03 m, do = 0.04 m, dx = 0.02 m
(—τ=6%, −−τ=12%, · · · τ=22%, − · −τ=31% ).

unbaffled plate gives more reduction of radiated sound. It can be seen that for high

perforation ratio the average difference is 4 dB up to 1 kHz.

5.3.3 Frequency limit of continuous impedance

Figure 5.9 presents the the radiation efficiency of perforated plates with a small number

of holes in order to have a large hole separation. The hole distances are 0.2 m for 3× 3

holes and 0.32 m for 2 × 2 holes. The unit force is applied at (12dx, 10dy) from the

origin (0, 0).

The interesting phenomenon is found around 530 and 850 Hz where the radiation effi-

ciency from the perforated plate exceeds that of the unperforated plate. The phenom-

enon is more obvious in the effect of perforation, as plotted in Figure 5.10. It can be

seen that above fl1 for 2× 2 holes and fl2 for 3× 3 holes, the perforated plate does not

reduce the radiation (≥0 dB). This occurs when the hole distance is at or more than

half of the acoustic wavelength. The frequency at this condition is the frequency limit

for the assumption of the continuous acoustic impedance.
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Figure 5.8: Comparison of the effect of perforation on sound power radiation of a perfo-
rated baffled plate (—) with that of a perforated unbaffled plate (−−): 0.65 × 0.5 × 0.003
m, do = 0.04 m, dx = 0.02 m, η = 0.1; (a) τ=6%, (b) τ=12%, (c) τ=22%, (d) τ=31%.
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Figure 5.9: Radiation efficiency from modal response of a perforated baffled plate from
discrete monopole sources showing the frequency limit of continuos impedance assumption:
0.65× 0.5× 0.003 m, dx = 0.02 m, η = 0.1 (−unperforated; do = 0.06 m: —Nh = 2× 2,
−−Nh = 3× 3; do = 0.075 m: · · ·Nh = 2× 2, − · −Nh = 3× 3 ).
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Figure 5.10: Effect of perforation from modal response of a perforated baffled plate from
discrete monopole sources showing the frequency limit of continuos impedance assumption:
0.65 × 0.5 × 0.003 m, dx = 0.02 m, η = 0.1 (do = 0.06 m: —Nh = 2 × 2, −−Nh = 3 × 3;
do = 0.075 m: · · ·Nh = 2× 2, − · −Nh = 3× 3 ).



Chapter 6

Conclusions

Several models for calculating the radiation efficiency of perforated plates have been

investigated. It is shown that for moderate size of holes (diameters do > 1 mm), the

effect of fluid viscosity in the hole can be ignored. The fluid reaction in the holes is

purely inertial. It is also shown that the effect of the near-field from adjacent holes can

be neglected even up to high perforation ratios.

The analytical model of a perforated plate set in a perforated baffle can be evaluated

considerably more easily than for a rigid baffle or unbaffled plate. Due to the equally

perforated baffle, at low frequencies, the radiation efficiency reduces drastically. The

plate changes from monopole-like radiator to dipole-like radiator as the perforation is

introduced. For this model, the effect of perforation is found to be independent of the

plate dimensions.

A model for a perforated unbaffled plate is developed by introducing the perforation

parameter into Laulagnet’s model. The results shows that the effect of perforation is

independent of frequency in the fundamental mode and corner mode regions. At low

perforation ratio, the radiation efficiency is smaller than that for the perforated baffle.

However, it is found that as the perforation increases, the results of the two models

become similar. The effect of the baffle decreases as the perforation ratio increases.

Unlike the perforated baffled case, the results show that the effect of perforation depends

on both the plate thickness and on the plate dimension. Comparison with existing

measured results on an unbaffled perforated plate shows a good agreement except at

very low frequencies and high perforation ratio.

Sound radiation from a perforated plate can also be calculated by modelling the plate

as discrete monopole sources. This can be done by discretizing the Rayleigh integral.

The model provides the sound radiation from a perforated plate set in an infinite rigid

baffle. For a vibrating piston, the perforation gives a constant reduction in the radiation
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efficiency over the frequency range before it converges to unity. For a vibrating plate with

modal response, the constant effect of perforation only occurs in the fundamental mode

region. In the corner and edge mode regions, it decreases as the frequency increases.

In these regions, the effect of perforation is lower than that of the perforated unbaffled

plate.

It is found that when the distance between holes are greater than half the acoustic

wavelength, the assumption of a continuous impedance accross the plate surface is no

longer valid and the perforation no longer reduces the sound radiation.

The results from all the models show that the sound radiation from a perforated plate

decreases either as the perforation ratio τ increases or the hole size do decreases. In

other words, with the same perforation ratio, increasing the hole density (number of

holes per unit area of the plate) can reduce the sound radiation.



Appendix A

Sound Radiation by a Uniformly

Vibrating Perforated Strip

Fahy and Thompson [7] have developed a model of radiation of a uniformly vibrating

perforated strip set in an infinite similarly perforated baffle. This two-dimensional model

allows the baffle to have arbitrary specific acoustic impedance. For a strip set in a rigid

infinite baffle, the specific acoustic impedance associating with the perforation of the

baffle zh2 is set to have very large value compared to that associated with the perforation

of the plate zh1 (|zh1/zh2| → 0). Meanwhile for an unbaffled perforated strip, the specific

acoustic impedance zh2 should be very low (|zh1/zh2| → ∞). The complete mathematical

derivation of the method can be found in reference [7].

As mentioned in Introduction, for an unbaffled strip, it is found that the matrix to

be inverted is singular or nearly singular, which reduces the quality of the solution.

Figure A.1 presents the radiation efficiency of a perforated strip with length L plotted

against the non-dimensional parameter kL for the perforated strip set in the similarly

perforated baffle (zh2 = zh1) and in the rigid baffle. For the rigid baffle, the results are

proportional to kL at low kL, i.e. it has a frequency dependence of 10 dB/decade. The

perforation of the baffle drastically changes the frequency dependence of the radiation

efficiency to 30 dB/decade. The results are proportional to (kL)3 and the radiation

efficiency for the perforated baffled is lower than that for the rigid baffle. Figure A.2

shows the radiation efficiency of the unbaffled perforated strip compared with that of

the perforated strip set in the rigid baffle. The results for the unbaffled perforated strip

are expected to be lower than those for the rigid baffle but have the same frequency

dependence at low kL. As seen in the figure, the inverted near-singular matrix gives

poor quality results.
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Figure A.1: Radiaiton efficiency of a strip-piston in a perforated baffle (thick line) and in
a rigid baffle (thin line): —h/kL=0.44, −−h/kL=0.22, · · · h/kL=0.11, − · −h/kL=0.055.

Both results from Figure A.1 and Figure A.2 are presented for different h/kL where h is

the non-dimensional specific acoustic impedance as defined in Section 5.1.4. The strip

itself has implicitly an infinite width. Consequently, arbitrary number of holes can be

introduced even though they are limited in the strip length direction. Therefore it is

convenient to represent a non-dimensional parameter as a function of the surface area

of the strip (plate), the area of the hole and the perforation ratio.
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Figure A.2: Radiaiton efficiency of a strip-piston in a perforated baffle (thick line) and in a
low impedance baffle (zh1 = 0.1zh2, thin line): —h/kL=0.44, −−h/kL=0.22, · · · h/kL=0.11,
− · −h/kL=0.055.
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