UNIVERSITY OF

Institute of Sound

and Vibration Research Sout a mpton

ISVR Technical Report




SCIENTIFIC PUBLICATIONS BY THE ISVR

Technical Reports are published to promote timely dissemination of research results by ISVR personnel. This
medium permits more detailed presentation than is usually acceptable for scientific journals. Responsibility
for both the content and any opinions expressed rests entirely with the author(s).

Technical Memoranda are produced to enable the early or preliminary release of information by ISVR
personnel where such release is deemed to be appropriate. Information contained in these memoranda may
be incomplete, or form part of a continuing programme; this should be borne in mind when using or quoting

from these documents.

Contract Reports are produced to record the results of scientific work carried out for sponsors, under
contract. These reports are confidential to sponsors, and are not normally available for general circulation. An
individual sponsor may, however, authorize the release of a contract report for open publication.

COPYRIGHT NOTICE -

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or transmitted,
in any form or by any means, electronic, mechanical, photocopying, recording, or otherwise, without
the permission of the Director, Institute of Sound and Vibration Research, University of Southampton,

Southampton SO171BJ, England.



UNIVERSITY OF SOUTHAMPTON
INSTITUTE OF SOUND AND VIBRATION RESEARCH

ACOUSTICS GROUP

Dynamics of Gas Bubbles in Viscoelastic Media Accounting for High
Amplitude Pulses and Second Harmonic Emissions

by

H. Dogan and T. G. Leighton

ISVR Technical Report No. 337

December 2015‘

Authorized for issue by
Professor P F Joseph

® Institute of Sound and Vibration Research



ACKNOWLEDGEMENTS
This work is funded by National Environment Research Council UK (Grant number
NE/J022403/1, Principal Investigator Prof T.G. Leighton).



CONTENTS

1
2

4

INEFOAUCTION ..ttt bbb bbb ne e 4
I =T 2SS 5
2.1  Matching asymptotiC SOIULIONS .......ccveiuveieiiciecie e 7
2.2 Evaluating Stress COMPONENTS .....ecviieerieeiesieseeiesee e eeeseesteeeeseesreeseesreesseeneesseesneas 9
2.3 BUDBDIE dYNamMICS .......oiiiiiiie e 9
2.4 ANAIYEICAL SOIULIONS. .....eoiiiiicie e 11
2.5 HarmONIC EXPANSIONS ....oveiiiiiieiiieieeiie st e stesee st e et beesbessee e e besseesbeesbeeseesreenbeenee e 14
2.6 SCAEriNg CroSS SECLIONS ......c.eiiiieiiriieieesie et ettt sttt nbe e e 16
RESUILS ..ttt bbbttt bbb bt 17
3.1  Reproduction of results for soft tissue (Yang and Church 2004)..........cccccccevevvennenn. 17
3.1.1  RESONANCE TIEQUENCY ...vveveeeieiieeiiectie st e sie et te ettt te e ste et esnaenee e nre e e 17
3.1.2  Linear damping COETFICIENTS .....ccueiiiiieieie e 18
3.1.3  SCAtLering CroSS SECLIONS .......ccveeueiiieirieiieiiesteesiesieeste e e reesbeeee e sbe e sneesreenee e 21
3.1.4  Radius-time curves (Numerical ReSUILS) ........cccovriieiiiiiiiiie 24
3.1.5  Second harmoniC eMISSIONS.........civiiieriirie ettt 26
3.2 Application of the model t0 SEAIMENLS.........c.oviiiririiiiee e 27
3.2.1  Linear damping COETFICIENTS .....ccueiiiiieiicie e 28
3.2.2  SCAttering CroSS SECLION......cueiverieeieseesieeriesteeste s e ste et e s e steeee e e sseeseesneesreenee e 32
DiscusSioNs and CONCIUSIONS .......cueiviiiiiiiiiiiiieeie e 34



Dynamics of gas bubbles in viscoelastic media
accounting for high amplitude pulses and second
harmonic emissions

Abstract

More than three decades ago, Anderson and Hampton [1980a, 1980b] (A&H) presented the
theories for wave propagation in gassy water, saturated sediments and gassy sediments in
their two-part review, which has been cited by many researchers in the geoacoustics and
underwater acoustics areas. They gave an empirical formulation based on the theory of
Spitzer [1943] for the wave propagation in gassy water by adapting that for a viscoelastic,
lossy medium, though without providing a detailed derivation. Following Leighton [2007],
this paper presents a theory based on non-stationary nonlinear dynamics of spherical gas
bubbles and extends that 2007 paper to include liquid compressibility and thermal damping
effects. The paper then shows how that nonlinear formulation can be reduced to the linear
limit, and from this it derives the expressions for the damping coefficients, the scattering
cross section, the speed of sound and the attenuation, and compares these with the A&H
theory. The current formulation has certain advantages over A&H theory such as
implementing an energy conservation based, nonlinear model for the gas pressure inside the
bubble, having no sign ambiguity for the speed of sound formula (which is important when
estimating the bubble void fraction in marine sediments) and correcting the ambiguity on the
expression for scattering cross section, as identified in the recent work of Ainslie and
Leighton [2011].



1 Introduction

Extensive distributions of seafloor methane gas and hydrates have been detected at many
locations around the world by geological surveys (Best et al. [2006]). The presence of gas
and its effects on the physical properties of the marine sediment are of interest for several
applications, including drilling operations, construction of seafloor structures, and
environmental considerations such as global warming, climate change and the slope stability
of the sediments (Best et al. [2004]). Furthermore, as part of future Carbon Capture and
Storage (CCS) projects, which aim at reducing atmospheric greenhouse effects, the long term
acoustic monitoring of greenhouse gases’ seepage in sub-seafloor reservoirs will be crucial.
As such, the acoustic estimation models and tools, either via remote sensing or in laboratory
conditions, require in-depth and accurate theoretical framework for the wave propagation in
gassy mediums. The latter currently relies on the benchmark work of Anderson and Hampton
[1980a, 1980b] (will be abbreviated as A&H theory hereafter) which presented an extensive
review of the theories for wave propagation in gassy water, saturated sediments and gassy
sediments up until their publication date. Given the amount of the subsequent research in
geoacoustics, it is surprising that neither the fundamentals underlying their theory are
questioned nor the experimental results are compared with the predictions of the theory (few
exceptions to authors’ knowledge include Lyons et al. [1996], Best et al. [2004]).

The A&H theory needs to be reconsidered owing to following reasons: (i) it assumes that
only linear, steady state pulsations occur, which makes the method inapplicable for high
amplitude pulses and second harmonic or combination frequency signals, (ii) the expression
for the viscoelastic losses are given a posteriori without a rigorous derivation, (iii) at a later
date, Prosperetti et al. [1988] presented a formulation for the thermal behaviour of the gas
pressure inside the bubble, which is more complete than the use of polytrophic relation A&H
employed especially when bubble resonance effects are present and can be incorporated into
the current problem, and (iv) the expression for the scattering cross-section, when used
together with the radiation damping, involves an inconsistency in terms of frequency
dependence of the expressions.

Following the pioneering work of Church [1995] on the dynamics of gas-filled,
encapsulated biomedical contrast agent bubbles in an incompressible viscoelastic medium,
Yang and Church [2004] presented an analysis of a similar problem assuming bubbles
without a shell and taking into account the compressibility of the surrounding medium.

Leighton [2007] adapts the approach of Church to study the non-stationary nonlinear



dynamics of gas bubbles in marine sediments. This report extends that prior one to include
liquid compressibility and thermal damping effects, and then in the linear limit, it derives
expressions for the damping coefficients, the scattering cross-section, the speed of sound and
the attenuation. It differs from the work of Yang and Church [2004] by using Prosperetti’s
model for the thermal losses during the gas pulsations (Prosperetti et al. [1988]). It compares
results based on three different models for thermal losses, the three models being: polytrophic
gas state, thermal viscosity and a nonlinear formulation. Further, it removes the ambiguity in
the expression for the linear scattering cross-section based on the recent work of Ainslie and
Leighton [2009, 2011].

One further comment should be noted on how the above mentioned theories for acoustic
propagation (the forward problem) can be used for the estimation of bubble void fraction and
bubble size distribution in marine sediments (the inverse problem). As A&H theory assumes
linear, steady-state pulsations of gas bubbles, it is not capable of simulating either the
transient period of bubble oscillation, or the ring-down period when the insonifying field is
turned off or short acoustic pulses are used. Given the current powerful state of
computational sources, it is possible to use time-dependent formulations for the speed of
sound and acoustic scattering and extinction cross sections (Clarke and Leighton [1998],
Leighton et al. [2004]). Further the linear theory is not appropriate for high amplitude, high

frequency insonification which is of increasing interest.

2 Theory

Caflish et al. [1985] presented a set of equations which describes the wave propagation in a
bubbly liquid. The mass conservation equation of the model reads

1 dp or Q)

pczor VT o

where p(#,t), ¥(7,t) and I'(# t) are the spatio-temporal acoustic pressure field, velocity
field and void fraction of bubbles, respectively, p is the density and ¢ is the sound speed in
the host medium. Eg. (1) is assumed heuristically to hold also for an incompressible
viscoelastic medium containing bubbles, such as marine sediments, assuming that the host
medium (saturated sediment) behaves as an effective medium with equivalent bulk
properties. For a mono-disperse distribution of bubbles, bubble void fraction can be

expressed as
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with N (#) being the local density of bubbles and R(#, t) the bubble radius.
The conservation of momentum is given by

v

v 3
p(at+(ﬁ-V)ﬁ>=—Vp+V-?, ®)

where T denotes stress tensor. Since the surrounding medium is assumed to be

incompressible, the trace of the stress tensor is zero:

Trr = —(199 + T¢,¢,). 4)

For a spherically symmetric radial flow, Eq. (3) reduces to:

) <6vr 6vr> _ Op N 0T,

9vr oy _ 9P (5)
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where v, is the radial velocity. Note that 799 = 744 for a spherically symmetric flow. In

order to complete the above problem, the boundary and initial conditions are prescribed as

follows:
20
p(R;t)_Trr(R:t) :pg_? at r =R,
P = Do at r = oo,
R=Ry, R=0 at t =0,

where pg is the gas pressure inside the bubble, o indicates the surface tension, pyis pressure
in the far field in the undisturbed state, Rq is the equilibrium radius and the dot indicates the
derivative with respect to time.

In the following, the matched asymptotic solution method will be employed in order
to derive an equation for the radial dynamics of the bubble, which is based on matching the
near field and the far field expressions for v and p. The assumption of incompressibility
implies
_ R(MR* (D) (6)

1%
T TZ

Integration of (5) through the surrounding medium, from R to r in the near field gives:
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where f = R%R, py, is the pressure outside the bubble wall, p;, is the pressure in the internal
zone at a distance r and ’ indicates the total derivative. Note that the expression —p,f'/r
equals the radiated pressure by a pulsating bubble at a distance r.

In the far field stress components and the nonlinear convection terms are negligible;
the linear acoustic equation can be obtained upon eliminating p between (1) and (3) as
(Prosperetti and Lezzi [1986]):

1 9% 8)
Ve-a5z =0

where ¢ is the velocity potential, i.e. ¥ = V. The solution to (8) has the form

pox =2 (¢ =2) + v (640 R

where ¥, /r and Y, /r characterize an incident and outgoing spherical wave, respectively.
The expression for the pressure in the far field follows as (Prosperetti and Lezzi [1986])
_ o 09ex (10)
Pex = Po Po ot '

2.1 Matching asymptotic solutions

In order to match the near field and far field solutions in the intermediate zone, the

volumetric flow and the pressure matching conditions should be applied:

4'7-”'2177*(in)|7,_>Oo = 4'7-[T2v7‘(ex)|r_,0 pinlr—mo = pexlr—>0- (ll)

Assuming the stresses vanish as r — oo, neglecting second order convective terms, and
matching the solutions for pressure in (7) and (10) yields:

0Pex

. s (12)
Po T Po ot

—Trr(R,t)+3f —dr
R r

. 3. Po .,
Po (RR + ERZ) =pt+—f
r r—00 r—0

The time retarded quantity p,f (t —r/c)’'/r in (12) can be expanded into Taylor series as
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in which the first term on the right hand side vanishes as r — co. Further, the time derivative

of the velocity potential possesses a division by zero as r — 0. It can be evaluated as

T T
00 _0d[pi(e=D e+l awmye . _
at |, ot r S ¢ W Wle
r—0
Inserting (13) and (14) into (12) gives
RR'+ER2=pL_p°+2¢g+f”—T”(R't)+§joohdr (15)
2 p c p pJr T

The above equation includes third order derivative of R because of the term f''/c and it can

be eliminated by subtracting a term which is at the order of accuracy O(c™). Multiplying (15)

nr

with R/c, taking the time derivative and assuming f'" /c is small gives

RE SRRE 3R®_f" RRRE 1R d R(py—pw) (16)

c c 2¢ ¢ c 2 ¢ dt pc

where p., is the pressure at the infinity, p, = po — 2p¥3 /¢ + T,-(R, t) + 3fR°° Ty /7dr.
Adding (15) and (16) results in the following equation for radial bubble dynamics which

accounts for the compressibility of the surrounding medium to first order:

R\ . 3 R\ . R\p.—ps R d (17)
_ _ _ 2 _ - _
<1 C)RR + > (1 3C>R <1 + C) p + pedt (PL — Po)

where

20

® (18)
PL=Pw = Pg~ 7 ~Po + Pag(t) + 3f Tpr/TdT.
R

In (18) P,g(t) = 2py; /c is the time-dependent acoustic pulse with Pabeing a positive real

number that scales the driving pressure.



2.2 Evaluating stress components

The choice of Voigt model and thus the constitutive relation given in (19) is appropriate
for most marine sediments such as saturated soils (Leighton [2007]) and for soft tissues in low
megahertz frequency range (Yang and Church [2004] and references therein). However,
relaxations to this form of the equation such as non-Newtonian behaviour of the host medium
are discussed by several authors as mentioned in the Introduction which may be considered in
the future stages of this research in order to model the rheological behaviour of clay- and
mud-like sediments.

The constitutive relation of the Voigt model is given as (Church [1995])
Trr = 2(G Ver + R ¥r) (19)

where y,,. is the strain, ¥,.,. = dv/dr is the strain rate, G is the shear modulus and [ is the
viscosity of the medium. Using the incompressibility condition (6) in the near field, strain and
strain rate can be evaluated as y,, = —(2/3r3)(R®—R3) and ¥, = —(2R?/r®)R ,
respectively. Upon evaluation of the integral term in (18), one obtains:

4G 4uR (20)

3
ﬁ(ﬁ —Ry) ———

3J-T Jrdr = — :
R rr R

2.3 Bubble dynamics

Using the results in the previous section obtained using Voigt constitutive relation, the
Keller-Miksis type equation which describes the radial motion of a spherical bubble in an

unbounded viscoelastic medium can be written as follows;

1 i RE+2p(1 i R? ¢y
P c 2P 3c

= (1+=+ 20 o+ Pag(6) — R 4G s _ pay
- c Tcdr)\PeT g TPoTrAg R 3R3 0

In order to complete the set of equations given above, the behaviour of the internal
gas pressure of the bubble (p,) should be known. In the undisturbed state (in the absence of
acoustic excitation in the liquid), the following equation holds for the bubble’s interior

pressure;



20 (22)

pg0:p0+R_0

where pg, is the bubble interior pressure at equilibrium. The most common way of

calculating p, is to appeal to the polytrophic law

Ro\™ (23)
7o =P (5)

where « is the polytrophic exponent which take the value 1 for isothermal conditions and the
value y for adiabatic conditions. In the above model, the temperature within the bubble is
assumed to be uniform. Unless the value of k changes during the oscillatory cycle, which is
rarely allowed to do in most studies, Eq. (23) can never predict any net thermal losses.

In order to account for the thermal processes more precisely, the continuity and the
energy conservation equations for a perfect gas would need to be solved, which are given

respectively by

Dpg e (24)
E + ng Vg = 0
DT T apg ng _ (25)

C_ — —°
pngt+p ot |, Dt

In above equations, py is the density of the gas, U, is the velocity field within the bubble, T is
the temperature, C, is the specific heat at constant pressure, and K is the thermal conductivity
of the gas. This formulation still assumes the uniformity of the internal pressure. However, it
provides the ability to model the temperature profile within the bubble, thus an estimate of
the heat flux from the thermal boundary layer near the bubble wall. Unsurprisingly, this
approach is computationally expensive since it requires the evaluation of the spatial
distribution of the temperature field at each acoustic cycle by using numerical integration
schemes (Kamath and Prosperetti [1989]).

The above formulation can be modelled to first order accuracy by using an artificial
thermal viscosity term uy, though the detailed derivation will not presented here and can be
found in Prosperetti et al. [1988]. By doing so, the equation for the internal pressure (23) is

modified as

R0>3"(“’) R (26)

Pg = Dg, (; — 4l R

10



where py, = (pg,/4w)Im(P) is the “thermal viscosity”,  is the angular frequency, and

3y (27)
T :

b =

[N

1-3(¢r - Dixl(y)’ coth ()i() 1]

with y being the polytrophic exponent during adiabatic behaviour of the gas content,
x = D/wRg representing the thermal diffusion length and D is the thermal diffusivity of the
gas. The effective polytrophic index in (27) obeys the relation

1
K(w) = §Re(¢>) (28)
The derivative of the bubble interior pressure can be evaluated as
, Ro\** R R? R (29)
v = =3, () 74 (7t

2.4  Analytical solutions

An analytical solution to equation (21) may be obtained by assuming small perturbations of
the bubble radius; i.e. R=Ry(1+x(t)) where x <<1. In order to study the second order
harmonics, the second order terms in x are retained;
R = R,%, R = Ry%,
0 0 (30)
R '=RyM(1—x+x?),

R™3% = Ry3*(1 — 3kx + —3K(3:+1)x2).

Assuming polytrophic behaviour of the bubble interior, the spatially uniform bubble pressure
(26) and its derivative (29), can be expanded by the use of (30) as

3k(Br+1) , ) ) (31)
Pg = Pg, | 1 — 3Kkx + — X 4pgpx + 4 xx
and
Pg = —3Kkpg % + 3K(3K + 1)pg, Xx — 4ty (X — %2 — ¥x) (32)

11



Substitution of equations (30-32) into (21), only retaining second order terms, using the
definition of the equilibrium pressure for the bubble interior (23), and assuming that
g(t)~e'®? yields;

4(pen + H)R0> (33)
Cc

3
¥ + pR3%x + = pREx?

RZ
<p o+t 2

20 R, Ry1 .
+ [(3Kpg0 - R_o + 46) " + (4p + 4u) — Pag(t) 7] X

Ry .
— [(31((3}( — 1)pg, + 8G) -+ 4, + u)] xx

20 ilwR,
+ [3Kpg0 — — 4+ 4G—P,ug(t) ]x
R, c
3k(3k + 1) 20 iwR,
- [Tpgo “* 8Gl x2 = Pg(t) (1 +— )

The term P,g(t)(iwR,/c) in brackets multiplying x is to first order equivalent to the linear

expression for the radiated pressure wave (Landau and Lifshitz [1958])

_ pRR, (34)
foae = TRy
C
(1-29)
and therefore can be further written as
iwR, pRR, —w’pRix (35)

Pag(t) ——==~ (1 Fay 1+ (WRy/0)?
c

Furthermore the last term multiplying x in (33) can be arranged as;

1 pRE(—w?x) <1 N inO) _ pR§(—w?x) (RO N 1) (36)
c /] 1+ (wRy/c)?\c iw/

Py Lp, =
AGRE R g s " iw1+ (wRy/c)?

the real part of which gives

Ry _ —(wRy/c)
PAg(t)? ~ Ww(pRg).

(37)

Inserting (37) and (35) into (33), one obtains

12



4(pen + H)Ro) (38)
c

3
<pR(2) + ¥ + pR&ix + > pR3X?
(wRy/c)

T+ (wko/ RO

20 Ry
+ [(Skpgo - R_O + 4G> ? + (4H + 4ﬂth) +
Ry .
— [(31((3}( — 1)pg, + 8G) —+ 4(uy, + y)] xx
20 w?pR?
+[3Kpg0——+4G P20

R, T T ¥ @Ry 0)2|*

3k(3k + 1) 20 iwR,
- lTpgo “t 8Gl x2 = Pag(0) (1 +— )

The linear part of (38) has the form,
mi + bx + kx = —P,e'®t (39)

where the effective mass, m, total damping, by, and stiffness, k, are given by

4 + wR 40
Cc
(wRy/c)

T (0Ry/0)2 w(pR}), (40b)

20 R,
biot = <3Kpg0 N + 4G> ” + (4p+ 4py) +
0

20 1 46 4 —2"PRo
R, 1+ (wR,/0)? (40c)

k = 3kpg, —
Note that equations (40) are the same as those found in Yang and Church [2004] except that
the effective mass and thermal damping are increased by an amount proportional to p
which arises because of the use of artificial thermal damping. Comparison of (39) with that of
a damped harmonic oscillator,

P eia)t (41)
% 4 2Bk + wix = — 2

where S is the total damping and w, is the natural frequency, yields expressions for the

five components of damping (viscous, thermal, acoustic, interfacial and elastic) as,

)

by 4(1en + Ry (42a)
Buis = 522 = 2/ (pRE + —E )

13
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8 bth (3Kpg0R0 4(u + #)Ro> (42b)
th = 5. -
Cc

+2 th) / (PRO

2c
b R + R 42c
,Bac _ _ac _ ((‘) O/C) . ( R(Z))/ (ﬂth [,l) 0 , ( )
2m 1+ (wRy/c)? 2 c
bint 42d
Bint = o _U/(PCRO + 4(uen + WRo) (42d)
ber 42e
Bat = 52 = 26/ (pcRo + 4 + 1)), (42¢)
where
Brot = Buis + Btnh + Bac + Bint + Ber, (42f)
and the natural frequency satisfies
20 w?pRE ] (43)
3 + 46 + ——F—5——
wi= LT T+ (@R, /c)? \ ;
(pRg 4+ A, ;ru) 0)_

2.5 Harmonic expansions

In this section, the second order terms in equation (38) are maintained together with the linear
elements of the equation since the second order components of the acoustic propagation are
also of interest. Note that Yang and Church analysed only the first harmonic component.
Church [1995] presented the second harmonic components for an encapsulated bubble in an
incompressible viscoelastic medium. Here, the same notation will be used though the
modified expression will be evaluated for a bubble without a shell, in a compressible

viscoelastic medium. Equation (38) may be rearranged in the form,

P, sin wt
¥+ apkx + agnx? + 6gx — Sgp Xx + wix — wi x? = A - (44)
where
= pRG/m (45a)
3 45b
Adqn — Ean ( )
8a = 2Prot (45c)

14



|(3k(3K — D)pg, + 86) % + 4(uen + u)]/ (45d)
- m

dn —

[BK(BK + 1) 2 (45e)

2 Tt 8G] /
Wiy =
Equation (44) is nonlinear (second order), thus a potential solution has the form (Church
[1995])
x(t) = Xy + Xy sin(wt + ¢1) + X,cosQwt + ¢,) (46)

where X, is the change in the time-average radius due to nonlinear response of the bubble, X;
is the amplitude of the first harmonic pulsation and X, is the second harmonic pulsation. The
former and the latter are assumed to be relatively small compared to X;, i.e. 1 > X; > Xg ~ Xz,
therefore only terms of order X;, X?, X,, and X, are retained in the expansions. The values and

phases determined in this way are

X2 1
Xo = ﬁ [_E a,w? + w(z,n], (47a)
X1 = Pyxq1/m, (47b)
x?
Xy = 7Y)(2' (47c)
¢, = arctan[wdy/(w? — w3)], (47d)
and
B, sin 2¢p; — B; cos 2¢4 (47¢)
¢, = arctan : ],
B, cos 2¢, + B;sin 2¢,
where
X1 = [(0? — wd)? + (w6q)?] Y2, (48a)
X2 = [40282 + (w2 — 402)?] 7, (48D)

15



211/2 48¢
Y = [a)25§ + (ganwz + a)(zm) ] ) (48c)
5 4
B, = —(w3 — 4w?) [E a,w? + w%n] — 2w?%6464n, (480)
and
B; = (w3 — 40?)wlgy — 2084 E ayw? + w(zm]. (48e)

2.6 Scattering Cross Sections
Scattering cross section of a bubble may be defined as the ratio of the total acoustic power
scattered by an object at a particular frequency to the incoming acoustic intensity lo:

Amrel, (49)
Iy

05 =

where I, = |P5|?/2pc and Is = |Ps|?/2pc. The amplitude of a scattered pressure wave, for a
spherical bubble oscillating at low amplitude, is given by

_iwpRGU  _,, (50)
s=— ¢

with k = w/c (the acoustic wave number) and U = Rx.
Using (48b) to define X, the scattering cross section at the first harmonic can be evaluated as
ATRZw*p?RE x? (51)

Os

Neglecting the thermal and viscous contributions to the effective mass, i.e. m ~ pR3, and
using the expression (48a) for y; gives

4R w* B 4R w* (52)
(W% — wd)? + w282 (w? — wd)? + 4BEw?

Og =

The above equation was used by Yang and Church [2004] (their Eqg. (25)) with a
typographical error which omits the factor 4 multiplying the term pZ.w?. It is noted here that
their results (their Fig. 4) inherited this typographical error. Nevertheless, Ainslie and
Leighton [2011] noted that the above expression for the scattering cross-section involves an
error because of a missing second order term in & (where € = wRy/c) in the expansion of

exp(—ikr) in (50) and gave the corrected expression as

16



4TRE (53)

2 2 2 2
Wy 1 5B Bo , wo
(wz 1 Zwe) +(2w w2£>

05 =

where £, is the total of the damping coefficients other than acoustic damping.

3 Results

3.1 Examples for soft tissue (Yang and Church 2005)

3.1.1 Resonance frequency

In this section, Fig. 1 of Yang and Church is re-plotted. The expression for the resonance
frequency is given by (43) and it is highly dependent on the viscoelastic properties of the
medium, i.e. the shear modulus. In Fig. 1, it can be seen that the resonance frequency
decreases with increasing bubble radius. Further, for a given bubble radius, the resonance
frequency increases with increasing shear modulus (G).

1 E: .......... VWater (G:O)

0 F G=05 MPa
= : -—=-G=1MPa
= G=15MPa
&
=
]
=
[=p
E
FR T
] L
[
[xa]
=
L]
o
]
[

10'1 | ! !

0 5 10 15 20

Eubble Radius (pm)

Figure 3.1: Resonance frequency of air bubbles in water and in viscoelastic mediums with
different shear moduli.
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3.1.2 Linear damping coefficients

In this section, the computed damping coefficients are plotted versus driving frequency for a
fixed bubble radius and versus bubble radius for a fixed driving frequency in Figs. 3.2 and
3.3, respectively. The thermal damping calculated using thermal viscosity in (26) (denoted as
“P-Th*") differ from those in Yang and Church [2004] because their results are based on the
formulation given by Prosperetti [1977]. Further, computed values using the polytrophic
relation (23) are also plotted as was done by Yang and Church. It should be noted that
nonlinear, time-dependent computations for the pressure and the temperature inside the
bubble will be performed in Section 4 of this report by solving (24) and (25), thus a
quantification of the inaccuracy involved in thermal and other loss mechanisms using linear

models will be presented.

18



0 3
— Ty Acoustic |7
= T, Viscous |
=y L Elastic

10 ¢ Thermal |7

--------- P_Th
= |nterfacial | |
103_ Total 3
102 - / L |E A |?
10 10 10 10
(a) o (1/5)
10° : :
5 Acoustic
10 F Viscous
Elastic
Thermal
4 I ICELITIEEE P-Th

0F Interfacial 3
0 Total
=

10° ]

" / ------ 3

104 L L L |/ L L L PR |

6 7

(b) ® (1/s)
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3.1.3 Scattering cross sections

The results for scattering cross-sections as obtained by Yang and Church are re-plotted here
by using the formula which contains a typographical error (their Eq. 25), thus demonstrating
the effect of the error. In Figure 3.4, the scattering cross-section over a range of bubble radii
is plotted using driving frequencies of 1 MHz and 10 MHz. The effect of tissue elasticity in
these results is to shift the resonance peak to larger bubble radii when compared to the
resonance peak in water. Additionally, the cross-sections for bubbles in tissue are less (in
some cases by one order of magnitude), indicating that bubbles in a viscoelastic medium are
more difficult to detect acoustically than bubbles in water at the same frequency. It should be
noted that if the multiplication-by-4 error in the denominator of Yang and Church’s equation
was corrected, the cross-section values shown in Fig. 3.4 would be reduced.
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Figure 3.4: Scattering cross-sections versus bubble radius for driving frequencies of (a) 1
MHz and (b) 10 MHz.

Nevertheless, the above results reflect not only the typographical error involved in the
formula of the scattering cross-section but also the largely unnoticed mistake in the derivation
of an expression for the scattering cross-section. The corrected formula (53) was given by
Ainslie and Leighton [2011] and the above results are replotted in Fig. 3.5, based on their
formulation. It can be noted that the values of the cross-sections are less than the values

reported by Yang and Church for all of the cases. Further, careful inspection of the graphs
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reveals the shifts to the resonance peaks which are due to a fractional correction to the
resonance frequency in the new formulation (amounting to S, (wqy)Ry/c ) as noted by Ainslie
and Leighton [2009]).
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Figure 3.5: Scattering cross-sections versus bubble radius for driving frequencies of (a) 1
MHz and (b) 10 MHz using the formulation of Ainslie and Leighton [2011].
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3.1.4 Radius-time curves (Numerical Results)

The theory presented by Yang and Church aimed to provide an understanding of the
behaviour of the cavitation bubbles in soft tissues which are usually driven by high amplitude
ultrasonic fields. Under transient or stable cavitation conditions, bubble radius may increase
even up to an order (or two) of magnitude larger of its initial value. In these conditions, linear
models do not simulate the behaviour of the bubble radius accurately. Note that a further
simplification used by Yang and Church was assuming the adiabatic behaviour of the gas
inside the bubble, which suggests no heat transfer between the bubble content and the
surrounding viscoelastic medium, which may be well violated in the case of stable cavitation
since the bubble interior temperature may rise to a few thousand Kelvin (Storey and Szeri
[2000]). At the instant of minimum bubble radius during the stable cavitation, bubble
temperature reaches its highest and a thermal boundary layer forms inside the bubble, near
the bubble wall, creating a heat flow from the bubble to the surrounding due to the high
temperature gradient. Such heat transfer effects can be modelled more accurately by solving
the set of equations (24)-(25) or alternatively by incorporating an ordinary differential
equation derived from the first law of thermodynamics applied to the bubble content (Storey
and Szeri [2000], Stricker et al. [2011]). In this report, the radius-time plots for bubbles in a
viscoelastic medium are obtained by solving the Keller-Miksis type equation (1) together
with equations (24)-(25) for the bubble interior pressure and temperature, respectively. In
Figure 3.6, the radial response of a 1 um air bubble driven by a 3.5 MHz pulse is plotted for
in vivo and in vitro cases. This figure reproduces Fig. 6 of Yang and Church [2004]. The
results obtained are almost identical, even though a quantification of the thermal losses due to
the use of two different models (the nonlinear formulation and the polytrophic model) would
be of interest and is left to later stages of this work. Similarly, the radial response of a 5 um
air bubble driven by a 3.5 MHz pulse, in vivo and in vitro, is plotted in Fig. 3.7 (which
reproduces Fig. 7 of Yang and Church [2004]).
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Figure 3.6: Radial responses of 1-um bubbles driven by a 3.5 MHz pulse at (a) 1 MPa and (b)
3 MPa, for G=0 (thin line) and G=1 MPa (thick line).
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Figure 3.7: Radial responses of 5-um bubbles driven by a 3.5 MHz pulse at (a) 1 MPa and (b)
3 MPa, for G=0 (thin line) and G=1 MPa (thick line).

3.1.5 Second harmonic emissions

The analytical solutions including the emissions up to second order harmonics as derived in
Section 2.5 can provide the solution of the radial oscillations of bubbles at low pressure
amplitudes without the need for a time dependent computation. In Figure 3.8, the dynamic
pulsations of a 1 mm air bubble in a viscoelastic medium with material properties G=1 MPa,
p = 1060 kg/m®, 1 = 0.015 Pas and o = 0.056 N/m are shown using both the time-dependent
results obtained with MATLAB o0de45 and the analytical expressions given in Egs. (44)-(48).
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The acoustic pulse is chosen as a uniform sinusoid waveform with pressure amplitude P, =

50 kPa and the wave frequency is set as 10 kHz.
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Figure 3.8: Radial response of a 1 mm bubble in a viscoelastic medium simulated by non-
linear formulation (solid line) and the second order analytical solution (dashed line). Acoustic
forcing is applied as a 10 kHz pulse with 50 kPa zero-to-peak amplitude.

3.2 Application of the model to sediments

The proposed model can be applied to sediments with several advantages over A&H model
such as having no sign ambiguities in the speed of sound formula, defining the higher order
scattering coefficients etc. In this section, the results obtained by applying the model to the
marine sediments are presented and compared to those obtained by A&H model. As
mentioned above the formulation of the A&H model is not explicitly stated in this report.
Two different sediments types, ocean bottom silt and harbour mud, which were investigated
in A&H papers (see Figs. 15 and 16 of Part Il of their paper) will be examined here as well,
to facilitate a direct comparison of two models. The mixture properties of ocean silt and
harbour mud, as given in A&H, are listed in Table 1. Among the parameters, porosity refers
to the void fraction of liquid in the sediment when there is no gas bubbles present. In the
computations, where necessary (for example in the speed of sound and attenuation plots), the
value of bubble gas volume fraction (Sg) is evaluated by multiplying porosity of each

sediment sample by 0.1 (which is the value of n; in A&H).
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Table 3.1: Model input parameters for harbour mud and ocean silt

Harbour Mud Ocean Silt
Porosity 0.75 0.68
Shear Modulus (G) 1 GPa 250 GPa
Bubble void fraction (B;) 0.075 0.068
Density (p) 1400 kg/m® 1550 kg/m”
Speed of sound (c) 1488 m/s 1552 m/s

3.2.1 Linear damping coefficients

One major difference between the A&H theory and the current formulation is the use of non-
dimensional damping coefficients in A&H. The non-dimensional damping coefficients for
thermal and acoustic losses are used in their work following the theory of Spitzer [1948]
which was originally written for bubbly liquids. The viscous damping is neglected in their
work assuming that the frictional losses will occur due to the dynamic shear modulus only.
They introduced a complex dynamic shear modulus G*=G+iG’ where the imaginary part (G’)
of the shear modulus is a posteriori taken as one-fifth of the real part of G* and used in the
expression for viscoelastic losses (their Eqg. (9) of Part II). In this section, the thermal,
acoustic, elastic and viscous damping constants of the current formulation are plotted for air
bubbles in ocean sediments and compared to the predictions from the A&H theory by
assuming 6 = 2f/w, where 6 is the non-dimensional and B is the dimensional damping
coefficient. Ainslie and Leighton [2009] noted that there exist three different definitions for 9,
thus there is no simple explanation to define their relationship. More specifically, Spitzer’s
theory is identical to the Wildt-Medwin model (defined in Ainslie and Leighton [2009]) and
has an incorrect expression for the frequency dependence of the radiation damping which
persists in the expression for the scattering cross-section. Noticing the latter fact, A&H
attempted to correct the expression for the scattering cross-section; though they did not
present a rigorous analysis but an inconsistent formulation (see Ainslie and Leighton [2009]
for details).

In Fig. 3.9, the linear damping coefficients for acoustic propagation in harbour mud
are plotted as a function frequency for both formulations. It can be observed that the thermal
losses (evaluated by using a thermal viscosity term) are higher than other losses when the
frequency of the driving pulse is less than 1 kHz. In contrast, the radiation damping becomes
dominant for frequencies higher than 10 kHz. Within the 1-10 kHz range, elastic damping
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losses are the highest. According to A&H theory, the elastic damping is the largest source of
losses for driving frequencies of less than 10 kHz. One may note that the elastic damping

coefficient decreases with increasing frequency in A&H theory, whereas it remains constant
in the current formulation.
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Figure 3.9: Damping coefficients vs driving frequency for a 1 mm equilibrium radius bubble
in mud, by using (a) Eq. 42 and (b) the A&H theory with dimensional coefficients (6 ®/2).

In Fig. 3.10, the linear damping coefficients for acoustic propagation in ocean silt are
plotted as a function frequency. It can be observed that the thermal losses (evaluated by using

a thermal viscosity term) become important when the frequency of the driving pulse is very
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low, i.e. less than 0.1 kHz. The radiation damping increases with driving frequency similar to
the previous case. Nevertheless, the elastic damping is the largest loss mechanism in ocean
silt for driving frequencies less than 10 kHz. Similarly, A&H theory predicts the friction

losses to be the most dominant for these conditions; however it suggests that these losses

decrease with increasing frequency.
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Figure 3.10: Damping coefficients vs driving frequency for a 1 mm equilibrium radius bubble

in ocean silt, by using (a) the current formulation and (b) the A&H theory with dimensional

coefficients (6 ®/2).

It is also useful to observe the behaviour of the damping coefficients with varying

radius at a given driving frequency. In Fig. 3.11, the linear damping coefficients using the
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current formulation are plotted for air bubbles in harbour mud at a pulse frequency of 10 kHz.
The elastic damping, decreasing with increasing bubble radius, appears to be the most
important loss mechanism. It is worthwhile to note that the thermal damping evaluated with
the use of thermal viscosity gets higher than other damping constants for intermediate range
size bubbles (10-100 um), revealing the importance of the thermal model chosen for the
bubble interior gas pressure. Also note that the radiation damping increases with equilibrium
bubble radius and viscous damping becomes high only for very small equilibrium radii, i.e.
~1 um. The results from the A&H theory are not plotted versus the bubble radius since at
given conditions, both for harbour mud and ocean silt, the elastic damping dominates over,

being at least a few orders of magnitude of higher than, the other loss mechanisms.
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Figure 3.11: Damping coefficients vs equilibrium bubble radius in harbour mud at a pulse
frequency of 10 kHz by using the current formulation.

In Fig. 3.12, the linear damping coefficients are plotted for air bubbles in ocean silt at
a pulse frequency of 10 kHz. The elastic damping, similarly to the previous case, is the
largest source of the dissipation. Among the other damping mechanisms, the thermal
damping gets higher for intermediate range size bubbles (10-100 um). Also note that the
radiation damping increases with equilibrium bubble radius and viscous damping becomes

high only for very small equilibrium radii, i.e. ~1 um. The results from the A&H theory are
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not plotted versus the bubble radius since at given conditions, both for harbour mud and
ocean silt, the elastic damping dominates over, being at least a few orders of magnitude of

higher than, the other loss mechanisms.
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Figure 3.12: Damping coefficients vs equilibrium bubble radius in ocean silt at a pulse
frequency of 10 kHz by using the current formulation.

3.2.2 Scattering cross section

Scattering cross-section (and/or the extinction cross-section) is one of the most commonly
used measures in the estimation of bubble populations as it relates the energy of the incident
wave to the scattered wave for each bubble radius. Owing to the wide range of assumptions
with the physics of wave propagation in bubbly medium (more generally in water or in
viscoelastic mediums as in this research), the formulations for the damping coefficients may
differ significantly as shown in the previous sub-section which may, in turn, affect the value
of the scattering cross-sections. In this section, the scattering cross-section, as predicted from
two different theories, will be plotted. As previously mentioned, the original formulation of
Yang and Church involves an error, therefore the recently derived formula of Ainslie and
Leighton [2011] will be used in the computations. The theory of A&H involves an
inconsistency: Their Eqn. (55) of Part | (abbreviation A&H-n will be used hereafter where n
is the equation number) gives the correct dependency of radiation damping on the resonance

and the driving frequencies; however, when the equation for the radiation damping (A&H-43)
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is used together with the corrected equation for the scattering cross-section (A&H-56), it
results in an inconsistent expression with A&H-55 (Ainslie and Leighton [2009]).

Calculated values of scattering cross-section of bubbles in harbour mud and ocean silt,
normalized with respect to their geometrical cross sections, are plotted in Figs. 3.13 and 3.14,
respectively. The current theory predicts a cross section almost two orders of magnitude
higher for a bubble with radius approximately 1 mm in mud. It is interesting to note that

A&H-55 agrees better with current formulation off-resonance, although A&H-56 was rather
favoured by Anderson and Hampton.
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Figure 3.13: Scattering cross-sections for bubbles in harbour mud, driven by a 10 kHz pulse
predicted by the current theory and A&H theory.

In Fig. 3.14, calculated values for the scattering cross-section of bubbles in ocean silt,
driven by a 10 kHz are plotted. In contrast to the previous case, the current theory predicts a
smaller value at the peak, resonant bubble radius. Similarly to the previous case, A&H-55

agrees better with current formulation for bubble radii less than its resonant value.
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Figure 3.14: Scattering cross-sections for bubbles in ocean silt, driven by a 10 kHz pulse
predicted by the current theory and A&H theory.

4 Discussions and conclusions

The commonly referred theory of Anderson and Hampton for the acoustic propagation
in gas-bearing marine sediments involves semi-empirical expressions for the damping
coefficients and some ambiguities with the speed of sound and scattering cross-section
formulas. Further, some assumptions on linearity and mono-chromaticity limit its
applicability in nonlinear time-dependent acoustic estimation models. Given the advances
over few decades on the theory of both acoustics of gassy water and acoustics in a
viscoelastic medium containing bubbles, a formulation which starts from fundamental
physics principals, keeps the nonlinear time-dependent nature of the problem, and thus
renders it applicable for more advanced acoustic estimation tools can be postulated and is
presented in this report.

Both A&H theory and the current formulation agree on the fact that most effective
dissipation mechanisms are the elastic, thermal and acoustic damping; where the former
mainly depends on the bulk shear properties of the saturated sediment matrix, the thermal
damping gets more significant when the driving frequency is low and the bubble radius is
small, and the acoustic damping becomes more effective with increasing driving frequencies
and larger bubble radius. For the expressions of damping coefficients, the two models
significantly differ. For example, the thermal damping proposed by A&H, after multiplication

by ®/2 in order to match the dimensions, increases with increasing frequency whereas the
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thermal damping modelled using the thermal viscosity decreases and the thermal damping
given by Yang & Church (based on polytrophic relation) remains as constant with increasing
frequency. Further, similarly after multiplication by ®/2, the elastic damping given by A&H
decreases with increasing frequency whereas it is independent of the frequency in the current
formulation. Among the most significant results, A&H theory predicts the elastic damping to
be much higher (at least a few orders of magnitude) than other losses for all the cases studied
here, for the given range of driving frequency and bubble radii.

For the scattering cross-section, the current formulation evaluates considerably higher
values near the resonance regime for bubbles in harbour mud which is a fact consistent with
observed lower values of damping and near resonance regime values of speed of sound. The
case of ocean silt is somehow slightly different as three expressions, the current formulation
with a correction owing to Ainslie and Leighton [2009, 2011], A&H-55 and A&H-56,
produces different results for resonant bubbles and bubbles with larger radii than that.
Nevertheless, for the given parameters the resonant bubble radius is 10 mm and it is unlikely

to observe many bubbles with that size or larger.

References

Ainslie, M. A. and T. G. Leighton (2009), Near resonant bubble acoustic cross-section
corrections, including examples from oceanography, volcanology, and biomedical
ultrasound, J. Acoust. Soc. Am., 126(5), 2163-2175.

Ainslie, M. A. and T. G. Leighton (2011), Review of scattering and extinction cross-
sections, damping coefficients, and resonance frequencies of a spherical gas bubble, J. Acoust.
Soc. Am., 130(5), 3184-3208.

Anderson, A. L. and L. D. Hampton (1980a), Acoustics of gas-bearing sediment. I:
Background, J. Acoust. Soc. Am., 67(6), 1865-1889.

Anderson, A. L. and L. D. Hampton (1980b), Acoustics of gas-bearing sediment. II:
Measurements and models, J. Acoust. Soc. Am., 67(6), 1890-1905.

Best, A. I, Tuffin, M. D. J., Dix, J. K., and J. M. Bull (2004), Tidal height and frequency
dependence of acoustic velocity and attenuation in shallow gassy marine sediments, Journal
of Geophysical Research, 109, B08101.

Best, A. I., Richardson, M. D., Boudreau, B. P., Judd, A. G., Leifer, I., Lyons, A. P,
Martens, C. S., Orange, D. L. and S.J. Wheeler (2006), Shallow Seabed Methane Gas
Could Pose Coastal Hazard, EOS Transactions, 87(22), 213-217.

35



Caflisch, R.E., Miksis, M.J., Papanicolaou, G.C. and L. Ting (1985), Effective equations
for wave propagation in bubbly liquid, Journal of Fluid Mechanics,153, 259-273.

Church C. C. (1995), The effects of an elastic solid surface layer on the radial pulsations of
gas bubbles, J. Acoust. Soc. Am., 97(3), 1510-1521.

Clarke, JW.L. and T. G. Leighton (2000), A method for estimating time-dependent
acoustic cross-sections of bubbles and bubble clouds prior to the steady state, J. Acoust. Soc.
Am., 107(4), 1922-1929.

Kamath, V. and A. Prosperetti (1989), Numerical integration methods for gas-bubble
dynamics, J. Acoust. Soc. Am., 85(4), 1538-1548.

Landau L. D. and E. M. Lifshitz (1958), Fluid Mechanics, Pergamon, Oxford, Chap. Il
Leighton, T.G., Meers, S.D. and P. R. White (2004), Propagation through nonlinear time-
dependent bubble clouds and the estimation of bubble populations from measured acoustic
characteristics, Proc. R. Soc. Lond. A, 460(2049), 2521-2550.

Leighton, T. G. (2007), Theory for acoustic propagation in marine sediment containing gas
bubbles which may pulsate in a non-stationary nonlinear model, Geophysical Research
Letters, 34, L17607.

Lyons A. P., Duncan, M. E. and A. L. Anderson (1996), Predictions of the acoustic
scattering response of free-methane bubbles in muddy sediments, J. Acoust. Soc. Am., 99(1),
163-172.

Prosperetti, A., and A. Lezzi (1986), Bubble dynamics in a compressible liquid. Part 1.
First-order theory, Journal of Fluid Mechanics,168, 457-478.

Prosperetti, A., Crum, L. and K. W. Commander (1988), Nonlinear bubble dynamics, J.
Acoust. Soc. Am., 83, 502-514.

Spitzer, L. Jr. (1943), Acoustic properties of a gas bubble in a liquid, OSRD Report
1705 (Division of War Research, Columbia University)

Storey, B. D. and A. J. Szeri (2001), A reduced model for cavitation physics for use in
sonochemistry, Proc. R. Soc. Lond. A, 457, 1685-1700.

Stricker, L., Prosperetti, A. and D. Lohse (2011), Validation of an approximate model for
the thermal behavior in acoustically driven bubbles, J. Acous. Soc. Am. , 130(5), Pt. 2, 3243-
3251,

Yang, X. and C. C. Church (2004), A model for the dynamics of gas bubbles in soft tissue,
J. Acoust. Soc. Am., 118(6), 3595-3606.

36


http://resource.isvr.soton.ac.uk/staff/pubs/PubPDFs/Pub2873.pdf
http://resource.isvr.soton.ac.uk/staff/pubs/PubPDFs/Pub2711.pdf
http://www.ncbi.nlm.nih.gov/pubmed/16419805

	ISVR TR 337_December 2015_Part1
	Technical Report- Dogan - Leighton
	1 Introduction
	2 Theory
	2.1 Matching asymptotic solutions
	2.2 Evaluating stress components
	2.3 Bubble dynamics
	2.4 Analytical solutions
	2.5 Harmonic expansions
	2.6 Scattering Cross Sections

	3 Results
	3.1 Examples for soft tissue (Yang and Church 2005)
	3.1.1 Resonance frequency
	3.1.2 Linear damping coefficients
	3.1.3 Scattering cross sections
	3.1.4 Radius-time curves (Numerical Results)
	3.1.5 Second harmonic emissions

	3.2 Application of the model to sediments
	3.2.1 Linear damping coefficients
	3.2.2 Scattering cross section


	4 Discussions and conclusions


