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Abstract The benefits of using a non-linear stiff-
ness in an energy harvesting device comprising a
mass–spring–damper system are investigated. Analy-
sis based on the principle of conservation of energy
reveals a fundamental limit of the effectiveness of any
non-linear device over a tuned linear device for such
an application. Two types of non-linear stiffness are
considered. The first system has a non-linear bi-stable
snap-through mechanism. This mechanism has the ef-
fect of steepening the displacement response of the
mass as a function of time, resulting in a higher ve-
locity for a given input excitation. Numerical results
show that more power is harvested by the mechanism
if the excitation frequency is much less than the natural
frequency. The other non-linear system studied has a
hardening spring, which has the effect of shifting the
resonance frequency. Numerical and analytical stud-
ies show that the device with a hardening spring has
a larger bandwidth over which the power can be har-
vested due to the shift in the resonance frequency.
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1 Introduction

Vibration-based energy harvesting devices have re-
ceived much attention over the past few years because
of the need to power wireless devices in remote or hos-
tile environments. To date, a resonant linear generator
has been the most common type of generator used in
harvesting energy. Simple tuning and modelling meth-
ods described in [1] make it a more favourable solution
theoretically, if not practically. The model for such a
device provides valuable insight into the main trans-
duction mechanisms, such as electromagnetic, piezo-
electric and electrostatic [2], used for this application.
However, good performance of the generator is lim-
ited to a narrow frequency band when the device is
optimally tuned so that its natural frequency coincides
with the excitation frequency. The performance of the
resonant generator drops off rapidly if mistuned. Sari
et al. [3] have developed a wide-band micro power
generator in order to overcome this limitation by em-
ploying a series of cantilevers with various lengths
and resonance frequencies, which is suitable for high
frequency applications (3.5–4.5 kHz). In addition, the
power harvested by a resonant device is proportional
to the cube of the excitation frequency [1], which then
limits the performance of the resonant generator even
more at low frequencies.

mailto:rr@isvr.soton.ac.uk


R. Ramlan et al.

The low frequency applications of interest in the
work presented here are body-worn devices such as
mobile phones, ipods, digital cameras and a cochlear
implant. The body-worn device is improving in terms
of technology and is becoming smaller in size. From
the energy harvesting point of view, this will limit the
distance that the seismic mass in the generator can
travel even more. This means that system damping has
to be increased to limit the travel of the mass [4]. How-
ever, an increase in system damping considerably re-
duces the power harvested by a resonant generator op-
erating at resonance. Another factor is that a linear de-
vice must be designed to have a low natural frequency,
which means that a large mass and a soft spring ele-
ment are required. For body-worn applications, a soft
spring may be acceptable but a larger mass, which
adds extra weight to a small device, is not. In addition,
having a large mass supported on a soft spring may
result in some non-linearity due to the large extension
of the spring. Thus, to overcome this limitation, other
types of generator need to be investigated, including
non-resonant generators, which have comparable or
better performance than a resonant generator. Kulah
and Najafi [5] developed a generator which converts
low frequency ambient vibrations to a much higher
frequency through an electromechanical frequency up-
converter using a magnet that provides efficient energy
conversion even for low ambient frequencies. Another
frequency up-conversion mechanism has been studied
by Lee et al. [6] employing piezoelectric technology.
Mitcheson et al. [7] discussed three architectures for
energy harvesting devices. One of the architectures
described is a new non-resonant non-linear mecha-
nism termed a Coulomb-force parametric generator
(CFPG). This mechanism is useful when the allowable
mass frame displacement is small compared to the vi-
bration source amplitude and for frequencies well be-
low the resonant frequency of the resonant generator.
However the limit of the ratio of the power harvested
using the CFPG mechanism to that using a resonant
mechanism was found to be 4β/π where 0 < β < 1.
This CFPG mechanism was then used in [8] along with
other mechanisms described in [7] to study the amount
of energy that can be harvested from human walking
motion by using measured data from various parts on
the body. A recent advance in this field has been to
incorporate a non-linear compliance, typically a hard-
ening system, to increase the bandwidth of the sys-
tem [9] by shifting the resonance frequency. However,

to the authors’ knowledge, no analytical solution has
been presented for the bandwidth of such a device.

This paper describes two non-linear mechanisms
for energy harvesting devices. They consist of two
types of non-linear spring connected to a mass and
a linear viscous damper i.e. the mechanical element
of the energy generating component. Analysis is con-
ducted using the energy conservation principle to
reveal a fundamental limit on the performance of
any non-linear device compared to that of a tuned
linear system. The first system employs a bi-stable
non-linear spring, termed a snap-through mechanism,
which rapidly moves the seismic mass between two
stable states. The aim is to steepen the displacement
response curve of the mass as a function of time, which
results in an increase of the velocity for a given exci-
tation, thus increasing the amount of power harvested.
The second non-linear mechanism described in this
paper uses a hardening-type stiffness element. The aim
of this mechanism is to provide a wider bandwidth
over which the power can be harvested so that it can
accommodate mistune. The performance of each non-
linear system is compared with its respective equiva-
lent linear system.

2 Available power from a non-linear device

In this section, the maximum power harvested by de-
vices that can be modelled as a single degree-of-
freedom (SDOF) mechanical system containing lin-
ear and non-linear springs is determined. Consider the
equation of motion of a base-excited SDOF linear sys-
tem given by [1, 4]

mz̈ + cż + kz = −mÿ, (1)

where m is the mass, k is the stiffness and z = x − y

is the relative displacement between that of the seis-
mic mass, x, and the housing, y. The amount of en-
ergy harvested is represented by the energy dissipated
by the dashpot, c, because the conversion of mechan-
ical energy into electrical energy is assumed to have
the same effect as mechanical damping. Assuming that
y = Y cos(ωt) and multiplying both sides of (1) by the
relative velocity ż gives

mz̈ż + cżż + kzż = mω2Y(cosωt)ż. (2)

Integrating each term in (2) over one period of the
excitation and assuming that the power harvested in
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one cycle is the same as the power dissipated by the
damper results in

Ph = Pin, (3)

where Ph = ω
2π

∫ 2π
ω

0 cż2 dt is the harvested power and

in this simple model, Pin = ω
2π

∫ 2π
ω

0 mω2Y(cosωt)ż dt

is the input power.
Now consider a general non-linear system with the

equation of motion given by

mz̈ + cż + f (z) = −mÿ, (4)

where f (z) is a conservative non-linear spring force.
If a similar analysis is conducted and each term in (4)
is integrated over a cycle, the result is the same as that
in (3). Note that the integrals involving the mass and
the stiffness vanish since the net change in the kinetic
and potential energies of the system over one period of
motion are zero. This occurs for any non-linear mech-
anism due to the conservative properties of the mass
and spring elements.

For the linear system with a given amount of damp-
ing, the maximum input power occurs when ż and y

are in phase. This is the case when the system is tuned
so that its natural frequency equals the excitation fre-
quency. The power harvested over a cycle for the linear
mechanism in this case is given by [7]

Pl = ω

2π

∫ 2π
ω

0
mω2Y(cosωt)ż dt = mω3YZ

2
, (5)

where Z is the amplitude of the relative displacement
between the housing and the seismic mass and the sub-
script l denotes the linear system. Equation (5) shows
that the maximum harvested power depends on the
size of the mass, the amplitude of the input displace-
ment, the amplitude of the relative displacement be-
tween the seismic mass and the housing and the cube
of the excitation frequency. For a device containing a
non-linear spring, ż is not harmonic and so the integral
in (5) does not have an analytical solution. However,
an upper bound can be found for the power harvested
by the non-linear device by noting that

Pn ≤ ω

2π

∫ 2π
ω

0
mω2Y

∣
∣cos(ωt)

∣
∣|ż|dt, (6)

where n denotes the non-linear system. Since
| cos(ωt)| ≤ 1, the inequality in (6) can be further sim-

plified to

Pn ≤ mω3Y

2π

∫ 2π
ω

0
|ż|dt. (7)

Because ż is a periodic function, the integral in (7) can
be rewritten as

∫ 2π
ω

0
|ż|dt = 4

∫ π
2ω

0
ż dt, (8)

which can also be written in terms of the relative dis-
placement z rather than t as

4
∫ π

2ω

0
ż dt = 4

∫ Z

0
dz = 4Z. (9)

Combining (7), (8) and (9) gives the upper bound for
the power harvested by a device containing a non-
linear spring

Pn ≤ 2mω3YZ

π
. (10)

For the non-linear case here, ż can also be expanded
as a sum of time harmonics since the motion is as-
sumed to be periodic. However, note that only the
first harmonic of the response contributes to the har-
vested power since the harmonics are orthogonal to
each other.

The ratio of the power harvested by a non-linear
device to that by a tuned linear device can be found by
dividing (10) by (5) to give

Pr = Pn

Pl

≤ 4

π
. (11)

However the actual power harvested by a non-linear
device depends on the form of the non-linearity f (z).
Equation (11) shows that, if optimally tuned, the
maximum amount of power harvested by a non-
linear mechanism, is 4/π times larger than the power
harvested by the tuned linear system. In the most
favourable non-linear system, the displacement re-
sponse approximates a square wave, so that ż is non-
zero only when | cosωt | ≈ 1. However, it should be
emphasised that the ratio of the power harvested by a
device with a non-linear mechanism to that of a lin-
ear system may be greater than 4/π when the linear
system is not tuned and hence the non-linear system
may be able to cope better with mistune than a linear
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system. In this paper, two physically realizable non-
linear systems are studied. The first system is a non-
linear bi-stable stiffness termed a snap-through or a
click mechanism and the second system is a non-linear
system comprising a hardening stiffness.

3 Snap-through mechanism

Figure 1 shows a possible arrangement of the mass-
spring-damper for the snap-through mechanism. It
consists of two linear oblique springs connected to a
mass and a damper. Unlike a linear system [1], when
the springs are unextended, they are inclined at an an-
gle ±θ to the line x = 0. Although the springs provide
a linear restoring force along their axes, this partic-
ular arrangement yields a non-linear restoring force
in the x-direction. The purpose of this mechanism
is to steepen the gradient of the displacement curve
as a function of time so as to approximate a square
wave. The snap-through mechanism has been stud-
ied by Brennan et al. [10] to model the flight mech-
anism of an insect; they determined the peak kinetic
energy which can be produced using this mechanism
and compared it to that for the linear system.

3.1 Static analysis of the oblique springs

This section focuses on a static analysis of the two
oblique springs and shows how the arrangement re-
sults in a negative stiffness mechanism [10]. Figure 2
shows two inclined springs attached together with an
axial force acting on both springs. The total axial com-

Fig. 1 Arrangement of the mass-spring-damper for the
snap-through mechanism

ponent of the spring force F at any displacement x is
such that

F = 2Fk, (12)

where Fk is the axial component of each spring force.
The total axial restoring force as a function of x is
given by

F = 2ks

(√
x2 + l2 − lo

)
sin θ, (13)

where
√

x2 + l2 is the length of the spring, lo is the
original length of the spring and θ is the inclination
of the spring with respect to the origin. Referring to
Fig. 2,

sin θ = x√
x2 + l2

. (14)

Substituting this into (13) gives

F = 2ks

(

1 − lo√
x2 + l2

)

x, (15)

which can be expressed in dimensionless form as

F̂ =
(

1 − 1
√

x̂2 + γ 2

)

x̂, (16)

where F̂ = F
2ks lo

, x̂ = x
lo

and γ = l
lo

. Figure 3 shows
the non-dimensional axial restoring force of the sys-

Fig. 2 The force acting on the oblique spring
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Fig. 3 Non-linear
dimensionless restoring
force F̂ as a function of x̂:
γ = 0 (thick solid line),
γ = 0.1 (−−), γ = 0.5
(· · ·), γ = 0.7 (− · −) and
γ = 1.0 (thin solid line)

Fig. 4 Dimensionless
non-linear stiffness k̂ as a
function of x̂: γ = 0
(thick solid line), γ = 0.1
(−−), γ = 0.5 (· · ·),
γ = 0.7 (− · −) and
γ = 1.0 (thin solid line)

tem as a function of x̂ for various γ . The non-

dimensional stiffness, k̂ = dF̂
dx̂

of the system is

k̂ = 1 − γ 2

(x̂2 + γ 2)
3
2

, (17)

where k̂ = kn

2ks
and kn = dF

dx
is the physical stiffness of

the system in Fig. 2. The non-dimensional stiffness of
the spring is shown in Fig. 4 as a function of x̂. It can
be seen that it changes from positive to negative and to
positive again when 0 < γ < 1.

The total elastic potential energy, Ep is given by

Ep = 2

[
1

2
ks

(√
x2 + l2 − lo

)2
]

, (18)

which can also be represented in dimensionless form
as

Ê = (√
x̂2 + γ 2 − 1

)2
, (19)

where Ê = Ep

ks l2o
. The non-dimensional potential en-

ergy is plotted in Fig. 5, which shows that the system
has a double-well potential [11, 12]. The equilibrium
positions, x̂1,2,3 of the system are given by

x̂1 =
√

1 − γ 2 {stable} , (20)

x̂2 = −
√

1 − γ 2 {stable} , (21)

x̂3 = 0 {unstable} . (22)

If the amplitude of the motion is small, the system
will oscillate about one of its stable equilibrium po-
sitions depending on the initial conditions. If the am-
plitude is large, the system starts to oscillate between
the two stable equilibrium positions, which can also
be described as cross-well motion. The critical static
force F̂C = dF̂

dx̂
that the system can withstand before

snap-through occurs is given by

F̂C = (
1 − γ

2
3
) 3

2 . (23)
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Fig. 5 Dimensionless
elastic potential energy Ê

of the springs as a function
of position x̂: γ = 0.1
(−−) and γ = 0.5 (· · ·)

This shows that the smaller the value of γ , the larger
the force needed to snap the spring from one equi-
librium position to another. Substituting F̂C into (16)
and solving for x̂ gives the position at which the snap-
through occurs

x̂C = γ
2
3

√

1 − γ
2
3 . (24)

3.2 Numerical simulation of the power harvested

The power harvested by the device containing either
linear or snap-through mechanisms as a function of
frequency is discussed in this section. A numerical
simulation is conducted to compare the performance
of both systems. The equation of motion of a linear
system described in (1) can be written in dimension-
less form as

u′′ + 2ζu′ + u = Ω2Ŷ cos(Ωτ), (25)

where u = z
lo

, ω2
n = k

m
, τ = ωnt , Ω = ω

ωn
, ζ = c

2mωn
,

Ŷ = Y
lo

, (•)′ = d
dτ

and (•)′′ = d2

dτ 2 .
The equation of motion of the snap-through mecha-

nism given by (4) can also be written in dimensionless
form where the non-linear stiffness force f (z) of the
form given in (16) is used to give

u′′ + 2ζu′ +
(

1 − 1
√

u2 + γ 2

)

u

= Ω2Ŷ cos(Ωτ), (26)

where 0 < γ < 1. Here Ω = ω
ωn

where ωn =
√

2ks

m

is the natural frequency of small amplitude vibra-
tions about a stable equilibrium position. The non-
dimensional power harvested by the device for both

linear and snap-through mechanisms is obtained nu-
merically using the equivalent non-dimensional ex-
pression for power dissipated by the damper, Ph as
described in (3)

P̂ = Ωζ

π

∫ 2π
Ω

0

(
u′)2

dτ, (27)

where P̂ = P

mω3
nl2o

. Equation (26) is solved numeri-

cally using the 4th order Runge–Kutta method and the
power harvested is calculated using (27).

Figure 6 shows the power harvested for the linear
system and the snap-through mechanism for different
values of γ . It should be noted that the system para-
meters are fixed, rather than being optimised to pro-
duce maximum harvested power at any frequency Ω .
The main objective of the simulation is to investigate
the general trend of the power harvested by the de-
vice with the snap-through mechanism and to com-
pare it with that for the linear mechanism. It can be
seen in Fig. 6 that there is a sudden increase in the
power harvested with the snap-through mechanism
when γ = 0.1 and Ω ≈ 0.2. Equation (23) shows that,
the smaller the value of γ , the larger the force needed
to move the mass from one equilibrium position to the
other. Thus when γ = 0.1 and Ω = 0.1, the mass just
oscillates about one of its stable equilibrium positions
resulting in a small amount of power being harvested.
When Ω is increased to about 0.2, the excitation is
large enough to oscillate the mass between the two
stable equilibrium positions, which reflects the sudden
increase in the harvested power. This is not the case for
the system with γ = 0.5 since the input is large enough
to throw the mass between the two stable equilibrium
positions even when Ω = 0.1. It can also be seen in
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Fig. 6 Power harvested in
the damper when ζ = 0.1
and Ŷ = 30: linear
mechanism (—),
snap-through mechanism
γ = 0.1 (∗) and
snap-through mechanism
γ = 0.5 (•)

Fig. 6 that the snap-through mechanism outperforms
the linear mechanism at low frequencies. The snap-
through mechanism starts to behave like a linear sys-
tem at about Ω ≈ 0.6 due to the large response. At low
frequencies, the rate at which the normalised power
increases with frequency is 60 dB per decade for the
linear case but only about 30 dB per decade for the
non-linear case. Thus considerably more power can be
harvested from the non-linear system if Ω is much less
than unity.

3.3 Practical constraints

Equation (11) suggests that the maximum amount of
power harvested by a non-linear mechanism can be at
most 4/π greater than the tuned linear mechanism as-
suming that the output displacement, for a given sinu-
soidal input, is a square wave. However, Fig. 6 shows
that the power harvested by the snap-through mecha-
nism is much greater than that harvested by the lin-
ear system at low frequencies. This is because the lin-
ear system is tuned to only one excitation frequency
and the power harvested drops off rapidly for excita-
tion away from the natural frequency of the device.
The ideal response of the snap-through mechanism
is a square wave for the displacement. However, the
response has to satisfy the equation of motion given
in (26), thus an approximation to the square wave is
produced, instead. This approximation becomes worse
at high frequencies. To produce a good approximation
to a square wave, the rise time τr (time to travel from
z = 0 to z = Z) has to be much shorter than a quar-
ter of a period i.e. τr � T/4, where T = 2π/Ω is the
period of oscillation. For a given physical system, τr

is further limited by the presence of the mass and the

damping. As the frequency increases, the system is un-
able to produce a square-wave-like response since the
period becomes shorter and the condition τr � T/4
can no longer be achieved. As a result, an approx-
imately sinusoidal response is produced at high fre-
quencies rather than a square wave, which results in
a similar amount of power harvested as the linear de-
vice. As shown in Fig. 6, the power harvested at low
frequencies by the linear system rolls off at a higher
rate than the system with the snap-through mecha-
nism. Thus a potential benefit of this mechanism is that
it can accommodate mistune better. Also the figure
shows that the real benefit of the snap-through mecha-
nism is by having a system with a much higher natural
frequency compared to the excitation frequency.

4 Hardening mechanism

In Sect. 3, it was shown that it is not possible for a
mechanical system to produce a perfect square wave.
Thus the performance ratio of 4/π between a non-
linear and a linear system may not be achievable. In
this section, another type of non-linear system termed
a hardening mechanism is considered. This type of
non-linear system is used to provide a greater band-
width over which the power can be harvested by shift-
ing the resonance frequency to a higher frequency.
Thus the discussion on this hardening mechanism
mainly focuses on the determination of the bandwidth.
While such a mechanism can be obtained from a snap-
through mechanism by setting γ > 1 into (26), the
equation of motion used here is

mz̈ + cż + klz

(

1 + kn

kl

z2
)

= −mÿ. (28)
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The system consists of a mass connected in series with
a parallel combination of a damper and a non-linear
spring whose spring force is of the form klx + knx

3.
The system is base-excited with kn > 0 denoting a
hardening system. Equation (28) can be expressed in
non-dimensional form as

u′′ + 2ζu′ + u + αu3 = Ŷe cos(Ωτ). (29)

In this case ωn =
√

kl

m
, Ω = ω

ωn
, u = z

Xo
, Xo =

mg
kl

|kn=0,ω=0, α = knX2
o

kl
, Ŷe = Ω2Y

Xo
= ω2Y

g
and g is

the acceleration due to gravity.
It is assumed that higher order harmonics are negli-

gible and that the steady-state solution of (29) is of the
form

u = U cos (Ωτ + φ) , (30)

where U is the amplitude and φ is the phase of the
response. Solving (29), using the Harmonic Balance
method [14], yields
(

3

4
αU2 + 1 − Ω2

)2

+ (2ζΩ)2 =
(

Ŷe

U

)2

. (31)

Solving (31) for positive Ω gives the frequency-
amplitude relationship for light damping (such that
ζ 2 � 1) as

Ωa ≈
[

1 + 3

4
αU2 − (Ŷ 2

e − 3αζ 2U4 − 4ζ 2U2)
1
2

U

] 1
2

,

(32)

Ωb ≈
[

1 + 3

4
αU2 + (Ŷ 2

e − 3αζ 2U4 − 4ζ 2U2)
1
2

U

] 1
2

,

(33)

where (32) gives the resonant response (steady-state
response with a larger amplitude at a given frequency)
and (33) gives the non-resonant response (steady-state
response with a smaller amplitude) of the system, in
the region where multiple stable solutions exist.

4.1 Frequency-response curves

Figure 7 shows a typical frequency-response curve
(FRC) for a hardening system plotted using equa-
tions (32) and (33) for arbitrary system parameters.
The solid line represents the stable steady-state solu-
tion and the dashed line denotes the unstable steady-
state solution. The maximum response is depicted
by Um and the frequency when the maximum re-
sponse occurs is given by Ωm. U2 and Ω2 represents
the jump-down amplitude and frequency, respectively.
The backbone curve of the system is the response
for undamped free vibration of the system, i.e. Ŷe =
ζ = 0. The amplitude of the half-power point is given
by U1 while the frequencies of the half-power points
are respectively represented by Ω1 (on the curve plot-
ted using (32)) and Ω1′ (on the backbone curve). An
approximation for the maximum amplitude, Um, and

Fig. 7 Typical frequency-response curve for a hardening sys-
tem; Um and Ωm are the maximum response and frequency at
which the maximum response occurs respectively, U2 and Ω2
are the jump-down amplitude and the jump-down frequency
respectively, U1 and Ω1 are the half-power point amplitude

and frequency respectively, and Ω1′ is the half-power point fre-
quency on the backbone curve (−·−). The solid line represents
the stable branch and the dashed line represents the unstable
branch
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frequency, Ωm, of the system can be found using the
backbone curve, which is given by

Ω2 = 1 + 3

4
αU2, (34)

which reduces to the resonance frequency of the lin-
ear system, Ω = 1, when α = 0. The amplitude at the
maximum response, Um can be determined by setting
the internal radicand in (32) to zero, to give

Ŷ 2
e − 3αζ 2U4

m − 4ζ 2U2
m = 0. (35)

Solving (35) gives the maximum response to be

Um =
[

2

3α
(μ − 1)

] 1
2

, (36)

where μ = (1 + 3α

4ζ 2 Ŷ 2
e )

1
2 . Substituting (36) into (32)

and rearranging gives the frequency at which the max-
imum response occurs

Ωm =
[

1

2
(1 + μ)

] 1
2

. (37)

These two equations relating the maximum response,
Um, and the frequency at which the maximum re-
sponse occurs, Ωm, are used in the next section to de-
termine the bandwidth of the hardening system.

4.2 Bandwidth of the hardening system

Referring to Fig. 7, the bandwidth of the hardening
system, ΔΩh, is defined as

ΔΩh = (Ω2 − Ωm) + (Ωm − Ω1) . (38)

If ζ 2 � 1 and ζ 2 � α, the jump-down frequency, Ω2

is approximately equal to the maximum response fre-
quency, Ωm, and (38) reduces to

ΔΩh ≈ Ωm − Ω1. (39)

The half-power point amplitude U1 is obtained by di-
viding the maximum response, Um in (36) by

√
2 to

yield

U1 =
[

1

3α
(μ − 1)

] 1
2

. (40)

Substituting U1 into (32) gives the half-power point
frequency Ω1 such that

Ω1 =
[

3

4
+ 1

4
μ − ζ(1 + 3μ)

1
2

] 1
2

. (41)

The approximate expression for the bandwidth of the
hardening system is thus given by substituting (37)
and (41) into (39) to give

ΔΩh ≈ 1

2

[√
2(1 + μ)

1
2 − (

3 + μ − 4ζ(1 + 3μ)
1
2
) 1

2
]
.

(42)

It can be seen that the bandwidth of the hardening
system is dependent on the damping ratio ζ , the non-
linearity α and the input acceleration Ŷe . Given that
the bandwidth of the linear system is equal to 2ζ [13],
Fig. 8 shows the plot of bandwidths for linear and
hardening systems obtained using (42). The band-
width of the linear system increases linearly with the
damping ratio, ζ . For a given ζ such that ζ � 1,

Fig. 8 Bandwidth of a
linear and hardening
systems (42) with Ŷe = 0.5:
linear (—), harden-
ing (· · · α = 0.0001),
hardening
(− · − α = 0.001) and
hardening (− − α = 0.01)
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and Ŷe, the bandwidth of the hardening system in-
creases with the degree of non-linearity, α. The dif-
ferences for large ζ are due to the approximation
Ωm = Ω2.

4.3 Approximation for the bandwidth based
on the backbone curve

The approximate expression for the bandwidth given
in (42) is fairly complicated. Thus an approximate and
reasonably accurate simple expression for the band-
width is sought. To do this, it is assumed that the
frequency of the half-power point Ω1 ≈ Ω1′ , where
Ω1′ is the half-power point frequency on the backbone
curve as illustrated in Fig. 7. This is a reasonable as-

sumption provided that 3αŶ 2
e

4ζ 2 � 1. Using the expres-
sion for the backbone curve in (34), the frequency at
which the half-power point amplitude occurs on the
backbone curve is given by

Ω2
1′ = 1 + 3

4
α

(
Um√

2

)2

. (43)

Substituting the expression for Um from (36) into (43)
gives

Ω1′ = 1

2
(3 + μ)

1
2 . (44)

The approximate bandwidth of the hardening system
ΔΩ ′

h determined using this method is simply given by

ΔΩ ′
h ≈ Ωm − Ω1′ , (45)

ΔΩ ′
h ≈ 1

2

[√
2(1 + μ)

1
2 − (3 + μ)

1
2
]
. (46)

4.4 Practical constraints

One of the main differences between a linear and a
non-linear system is that a non-linear system can pro-
duce multiple stable steady-state solutions which are
dependent on a set of initial conditions. A linear sys-
tem however always produces a unique stable solution
for all initial conditions.

In this section, the analytical and numerical so-
lutions of the hardening system are studied. Fig-
ure 9 shows the FRCs for different values of non-
linearity, α. The numerical solutions are found by
direct integration of the equation of motion and the
steady-state solution is compared with the approxi-
mate solution obtained using the harmonic balance

method. It can be seen that the analytical solutions
agree quite well with the numerical results, for the pa-
rameters chosen.

In the frequency range where multiple stable so-
lutions exist, different initial conditions give different
steady-state solutions. If certain initial conditions are
applied to the system, the steady-state solution con-
verges to the lower of the two possible values. To study
the effect of the initial conditions on the steady-state
response of the hardening system, the basins of attrac-
tion are produced for each case shown in Fig. 9. The
basin of attraction is shown in such a way that the

– White region gives the initial conditions that result
in the response being on the resonant branch (larger
amplitude).

– Dark region gives the initial conditions that result
in the response being on the non-resonant branch
(smaller-amplitude).

For the case where α = 0.001 (moderate non-linear-
ity), at a frequency reasonably far from the jump-down
frequency (Ω = 1.1), there is a fairly large set of ini-
tial conditions for which the steady-state solution is
on the resonant branch as shown in Fig. 10(a). As the
frequency gets closer to the jump-down frequency, the
set of initial conditions for which the steady-state so-
lution is on the resonant branch decreases as shown
in Figs. 10(b) and 10(c) for Ω = 1.15 and Ω = 1.16,
respectively. For a larger non-linearity, α = 0.01, the
change in the basin area for the resonant branch is
more dramatic especially in the region close to the
jump-down point as shown by Fig. 11.

Assuming that it is possible to obtain a numerical
solution using suitable initial conditions which con-
verges to the resonant branch, the power harvested
in the damper can also be calculated numerically us-
ing equation (27). In this case, P̂ = P

mω3
nX2

o
. The non-

dimensional power harvested for the linear and hard-
ening systems is plotted in Fig. 12 for ζ = 0.01,
Ŷe = 0.5 and for various α. Even though the maximum
displacement Um decreases with the non-linearity α as
shown in Fig. 9, the maximum normalised power har-
vested is almost the same for all cases but occurs at
a different frequency. In practice, however, it may not
be possible to achieve this because of the initial con-
ditions needed. The favourable combination of these
is quite limited, as illustrated by the domains of the
periodic attractors.

To study the effect of the non-linearity, α on the
maximum power harvested, it is necessary to examine
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Fig. 9 Frequency-response
curve for the hardening
system with ζ = 0.01 and
Ŷe = 0.5 for (a) α = 0.001
and (b) α = 0.01: analytical
solution (solid lines, dashed
lines) and numerical
solution (�,◦)

the FRC for the velocity response rather than displace-
ment since power is a function of velocity. The ampli-
tude of the velocity response is given by

|u′| = ΩU. (47)

The amplitude of the velocity, |u′|m at the jump-down
frequency, which is approximately the maximum ve-
locity, is given by substituting Um from (36) for U

in (47), which simplifies to give

|u′|m = Ŷe

2ζ
. (48)

Thus because the maximum velocity is independent of
the non-linearity, α, the maximum power harvested for
different values of α is also independent of the non-
linearity.

5 Conclusions

In this paper two non-linear mechanisms for en-
ergy harvesting devices have been investigated. The
first one was a non-linear bistable single degree-of-
freedom mass-spring-damper system, which results in
a negative stiffness that steepens the gradient of the
displacement response as a function of time and hence
increases the maximum velocity. Static analysis was
conducted to show how the spring arrangement can
be used to produce a region with negative stiffness.
This study also revealed that the amount of power har-
vested by a non-linear device is at most 4/π greater
than that of the tuned linear device provided the de-
vice produces a square wave output for given sinu-
soidal input. The snap-through mechanism is unable
to produce a square-wave-like response that satisfies
all operating conditions. However, the mechanism of-
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Fig. 10 Basin of attraction
for the hardening system
with α = 0.001, ζ = 0.01
and Ŷe = 0.5 corresponding
to the FRC in Fig. 9(a)
when (a) Ω = 1.1,
(b) Ω = 1.15 and
(c) Ω = 1.16 (jump-down
frequency, Ωm ≈ 1.170)
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Fig. 11 Basin of attraction
for the hardening system
with α = 0.01, ζ = 0.01
and Ŷe = 0.5 corresponding
to the FRC in Fig. 9(b)
when (a) Ω = 1.2,
(b) Ω = 1.4 and
(c) Ω = 1.6 (jump-down
frequency, Ωm ≈ 1.665)
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Fig. 12 Numerical solution
for non-dimensional power
harvested with ζ = 0.01
and Ŷ = 0.5: Linear system
(solid line) and, hardening
systems α = 0.001 (�) and
α = 0.01 (◦)

fers better performance than the linear mechanism at
low frequencies and also has the potential to cope with
mistune. The second mechanism is a non-linear mech-
anism with a hardening stiffness. The harmonic bal-
ance method was used to solve the equation of motion
and obtain the frequency–response relationship. The
analysis shows that the bandwidth of the hardening
system depends on the damping ratio, the non-linearity
and the input acceleration. Although the harmonic bal-
ance solution using just one harmonic matched the nu-
merical simulation results for the range of parameters
studied, the basins of attraction revealed that it may
not be easily achievable in practice. Ideally, the max-
imum amount of power harvested by a system with a
hardening stiffness is the same as the maximum power
harvested by a linear system, irrespective of the de-
gree of the non-linearity, although this may occur at a
different frequency depending on the degree of non-
linearity.
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